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Abstract: The coloring of all the edges of a graph G with the minimum number of colors, such
that the adjacent edges are allotted a different color is known as the proper edge coloring. It is said
to be equitable, if the number of edges in any two color classes differ by atmost one. In this paper,
we obtain the equitable edge coloring of splitting graph of W,,, DW, and G, by determining its edge
chromatic number.
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1. Introduction

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G). We denote the maximum degree
of G by A(G). The first paper on edge coloring was written by Tait in 1880. Since all edges incident
to the same vertex must be assigned different colors, obviously y’ (G) > A (G).

In 1964, Vizing [1] proved that ' (G) < A(G) + 1. In 1973, Meyer [2] presented the concept of
equitable coloring and equitable chromatic number. The idea of equitable edge coloring was defined
by Hilton and de Werra [3] in 1994. It is the assignment of colors to all the edges of G, so that the
edges can be partitioned into color classes with the difference between any two classes is atmost one.

Sampathkumar et.al [4] introduced the concept of splitting graph of a graph G denoted by S (G).
It is framed by adding to each vertex v, a new vertex v’ such that v’ is adjacent to every vertex that is
adjacent to v in G. We construct the splitting graph of some families of wheel graph and obtain the
equitable edge coloring of such graphs.

In our day to day life many problems on optimization, network designing, scheduling problem:s,
allocation of memory in computer networks and so on are related to edge coloring. For example,
consider the time-tabling problem for the proper utilization of facilities, i.e., the minimum number
of rooms needed at any one time can be scheduled by equitable edge coloring. In this paper, we
determine the equitable edge chromatic number for splitting graph of W,,, DW, and G,,.
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2. Preliminaries

Theorem 1. [1] Let G be a graph. Then A(G) < ¥’ (G) < A(G) + 1.
Definition 1. [5] For any integer n > 4, the wheel graph W, is the n-vertex graph obtained by

joining a vertex v to each of the n — 1 vertices {v{,v,,...,v,} of the cycle graph C,_;.

Definition 2. /6] A double-wheel graph DW, of size n can be composed of 2C,, + K, which consists
of two cycles of size n, where the vertices of the two cycles are all connected to a common hub.

Definition 3. The gear graph G, is the graph obtained from a wheel graph W, by adding a vertex to
each edge of the n — 1 cycle in W,,.

Definition 4. [4] For each vertex v of a graph G, take a new vertex v'. Join V' to all vertices of G
adjacent to v. The graph S (G) thus obtained is called the splitting graph of G.

Definition 5. [3, 7, 8] An equitable edge coloring of a graph G is a k-proper edge coloring , if
||El-| - |Ej|| <1i,j=12,...,k where E;(G), E;(G) is the set of edges of color i and j repectively.
The minimum of such k is called the equitable edge chromatic number of G and is denoted by x’ (G).

Lemma 1. [9] For any simple graph G (V, E), x_ (G) > A(G).
Lemma 2. [9] For any simple graph G and H, x_ (G) = x' (G) and if H C G then ' (H) < ¥’ (G),
where x' (G) is the proper edge chromatic number of G.

Lemma 3. [8] Let G be a graph and let k > 2. If k 1 d(v) for each v € V(G), then G has an equitable
edge-coloring with k colors.

Lemma 4. [8] Let G be a graph and let k > 2. If the k-core of G is a set of isolated vertices, then G
has an equitable edge-coloring with k colors.

Additional graph theory terminology used in this paper can be found in [9, 10].
In the following section, the equitable edge chromatic number of wheel W,,, double wheel DW,,
and gear graph G,, are determined.

3. Equitable edge coloring of wheel, double wheel and gear graphs

Theorem 2. The equitable edge chromatic number of splitting graph of wheel graph is xy_ (S(W,)) =
2(n—1), forn > 5.

Proof. The wheel graph W, consists of n vertices and 2(n — 1) edges. Let

V(W,,):{v}U{vi:lsiSn—l}and

EW,) =le;: 1<i<n— 1 Jlea| Jtein1:2<i<n-2} Jeann)
where ¢; is the edge vv; (1 <i<n-—1), e, is the edge vvy, €(i1,-1y is the edge vivi 1 (2 <i<n-2)
and ej(,-) 1s the edge v,_;v;.
For the construction of splitting graph of wheel graph, new vertices and edges are chosen. It
consists of 2n vertices and 6(n — 1) edges. Let

visw)) = v st <isn-n Joji1<i<n-1)and

+jn=1.0 <j<3lsizn-l
E(S(Wn)):{ek},WheI‘ek: ! ](l’l ).] i n

i+jn-1)-2,j=6, 1<i<2
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Table 1. Classification of edges of S(W,,)

Divisions of kK Values of j Ranges of i Edges between
the vertices
i+ j(n—1) 0 l1<i<n-1 ;i
i+ jn-1) 1 1<i<n-2i=n-1 vy ,VeVi
i+ jn-1) 2 1<i<n-1 v,
i+ j(n—1) 3 1<i<n-1 Vv
i+ jn—1) 4 1<i<n-2 ViV,
i+jn—-1)-2 5 2<i<n-1 ViV,
i+jn—-1)-2 6 i=1,i=2 VIV s Vae1V]

The edges {e;} between the vertices of the splitting graph of wheel graph are tabulated as follows:
The coloring of edges is defined as

fESW,) — C, where C ={1,2,...,2(n - 1)}.

i, k=0, 1<i<n-1
n-1, k=1, i=1
i-1,k=1, 2<i<n-1

i+n-—1, 2<k<3,1<i<n-1

f (€i+k(n—1)) =

n+2, i=1
i+1, 2<i<n-2

f(€i+4(n—1)) = {

I (€irs-1-2) = 4, i=n-2
1, i=n—1

f( ) - ’
€itr6(n—1)-
+6(n—1)-2 1’ i 2

By this procedure, the assignment of colors to all the edges is attained with 2(n — 1) colors. The
edges of splitting graph of wheel graph are classified into independent color classes as E (S (W,,)) =
{E\,Ey,...,Eyy,-1)} such that |[Ej| = |Ep| = ... = |E2(n_1)| = 3 for any n > 4. Hence it is clear that
|E] - |Ej|| < 1 fori# j, thus satisfying equitablility condition. Therefore x_ (S(W,)) < 2(n — 1).
Since A = 2(n—1) and by lemma 1, it follows that y_ (S (W,))) > ¥’ (S(W,)) > A. Hence y_ (S(W,)) =
2(n—1). ]

Theorem 3. The equitable edge chromatic number of splitting graph of double wheel graph is
Y. (S(DW,)) =4(n— 1), forn > 5.

Proof. The double wheel graph DW,, consists of 2n — 1 vertices and 4(n — 1) edges.
Let V(DW,) = | Jvi:1<i<n-1| Jw:1<i<n-1)
and

EDW,) = fe:1<i<n-1|_Jted Jewr:2<i<n-2 Jean} |
{eivom-1 11 <i<n—1}) U{€3(n—1)+1} U{ei+3(n—l) :2<i<n-2} U{€4(n—1)}
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where e¢; is the edge vv; (1 <i < n—1), e, is the edge v|v,, €;1,_1 is the edge viv;y; 2 < i <n-2),
exu-1) 18 the edge v,_1vi, €iap-1) 18 the edge vu; (1 < i <n—1), e3-1)+1 1s the edge ujuy, €i30,-1) 18
the edge w;u; 1 (2 <i < n—2)and ey 1s the edge u,_u;.
The splitting graph of double wheel graph is constructed by adding new vertices and edges, which
consists of 4n — 2 vertices and 12(n — 1) edges. Let

ot <isn-n{ Jo1<i<n-1

Jwsr<isn-n Jug:1<i<n-1

VSW,)) =

and

i+ jn-1),0 <j<3,65j<9,
I1<i<n-1
j=4,10,1<i<n-2
j=511,2<i<n-1

j=6,12,1<i<?2

E(S(DW,)) = {er}, where k = i + j(n— 1),
i+jn-1)-2,
i+jn—-1)-2,
The edges {e;} of the splitting graph of double wheel graph lying between the vertices are summarized
as follows:

Table 2. Classification of edges of S (DW,)

Edges between
the vertices

Divisions of K Values of j Ranges of i

i+ j(n—1) 0 1<i<n-1 v

i+ jn-1) 1 1<i<n-2i=n-1 vyl ,VeVi

i+ jn—1) 2 1<i<n-1 w,

i+ jn-1) 3 l<i<n-1 Vv

i+ jn—1) 4 1<i<n-2 ViV,
i+jn—-1)-2 5 2<i<n-1 ViV,
i+jn—-1)-2 6 i=1,i=2 VIV (s Vas1V]

i+ jn—1) 6 I<i<n-1 vu;

i+ jn—1) 7 1<i<n-=-2,i=n—-1 ujti1,u,_1u;

i+ jn—-1) 8 I1<i<n-1 i,

i+ jn-1) 9 1<i<n-1 Vu;

i+ jn—1) 10 1<i<n-2 wit,,
i+jn-1)-2 11 2<i<n-1 wilt,_,
i+jn-1)-2 12 i=1,i=2 Ui,y Up (U}

The coloring of edges is defined as

f:ES(DW,) — C, where C ={1,2,...,4(n—1)}.

i, k=0, 1<i<n-1
n-1, k=1, i=1
Citk(n-1)) =
f (@iskn-n) i—1, k=1, 2<i<n-1
i+n-—1, 2<k<3, 1<i<n-1

n+2, i=1
i+1, 2<i<n-2

f(€i+4(n—1)) = {
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i+n+l, 2<i<n-3

f(ei+5(n71)72) =4qn, i=n-2
i=n-—1
2, i=1
(€z+6(n - 2) =
f(el+k(l’l 1)) -

i—-1+2n-1), k=7, 2<i<n-1
i+3(n-1), 8<k<9,1<i<n-1
3n, i=1

€; n— -
f(eiriom-1y) = i+1+2(n=1), 2<i<n-2

i—-1+3n, 2<i<n-3

i+2n-1), k=6, I<i<n-1
3n-1), k=7,i=1

f(eir11-1-2) ={3n -2 i=n-2
2n—1 i=n-1
i=1
€; n— =
f(eir120-1-2) = 3_1 I

All the edges of this splitting graph are assigned colors by the above process with 4(n — 1) different
colors. The edges are classified into E (S (DW,)) = {E|, E, .. ., E4,-1)} such that each of the indepen-
dent sets |Eq| = |E2| = ... = |E4(,,_1)| = 3 for any n > 4. It is clear that ||El-| - |E]|| < 1 fori # j, thus
satisfying equitablility condition. Hence it is observed that y_ (S (DW,)) < 4(n — 1). By lemma 1, it
follows that y_ (S (DW,)) = x’' (S(DW,)) > A = 4(n — 1). Therefore y_ (S(DW,)) = 4(n—1). o

Theorem 4. The equitable edge chromatic number of splitting graph of gear graph is x_ (S(G,)) =
2(n—1), forn > 4.

Proof. The gear graph G, consists of 2n — 1 vertices and 3(n — 1) edges. Let
VG =W Jvi:1<i<n-1n| Joj:1<i<n-1)and

EG) = le:1<i<n-W| JiE:1<i<n-1| i 1<i<n-2){ JIEL)

where E; is the edge vw;(1 <i<n-1), E] is the edge vv;(1 <i<n-1), E” is the edge
Vv (I <i<n-2)and E]_| is the edge v/_,v;.
The construction of splitting graph of gear graph consists of 4n —2 vertices and 9(n — 1) edges. Let

V(S(G,)) = {v}U{v'}U{v,-: lSiSn—l}U{ui l<i<n-—1)

U{v;:lsiSn—l}U{u,’-:lsisn—l}

and

ES@G)) ={E :k=i+jn-1),1<i<n-1,0<j<8)

The edges {E;} connecting each of the vertices of the splitting graph of gear graph is obtained by
substituting k = i + j(n — 1) and are tabulated as follows:
The edge coloring of splitting graph of gear graph is defined as

f 1 E(S(G,)) — C, where the color set C = {1,2,...,2(n— 1)}.
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Table 3. Classification of edges of S(G,)

Values of j Ranges of i Edges between the vertices
0 1<i<n-1 Vi
1 I1<i<n-1 Vill;
2 1<i<n-2,i=n-1 UVir] , Un_1V]
3 1<i<n-1 vill,
4 1<i<n-2,i=n-1 Vil , Vil _,
5 I<i<n-1 vl
6 I1<i<n-1 Vv,
7 I1<i<n-1 Viu
8 1<i<n-2,i=n-1 Vi Ui s Viltyy
F(E) =1, l<i<n-1

i+1, 1<i<n-2
f(Eivnn) = .
1, i=n-1

i, l<i<n-2
f (Eiva-1y) = :
l’l_l, l:n—l
i+2, l<i<n-3
Ei n— =
f(Eirzn-1) i +3-n, n-2<i<n-1
i+1+n, 1<i<n-3

f (Eivam-1) = n, i=n-2

N

/_/—\,N_/_\,_/_\/_/A

n+1, i=n-1
f(Eisp-n) =i+(mn—-1), 1<i<n-1
f(Eiem-1) =i+m—-1), 1 <i<n-1
i+n, 1<i<n-2

n, i=n—-1

f(Eivm-1) = {

i+(n—-1), 1<i<n-2

f (Birsan) = {2(71 ~1),  i=n-1

By the above method of coloring all the edges of the splitting graph of gear graph are allocated with
2(n — 1) colors. The edges are classified into E (S(G,)) = {E}, Es, ..., Ex,-1)} such that each of the
independent sets |E|| = |Es| = ... = |Eq_p| = 4 and |E,| = |Ei] = ... = |Exp-p| = 5 forall n > 4.
Hence it is observed that ||E;| - |Ej|| < 1 for i # j, satisfying equitablility condition. This implies
X- (S(G,)) £2(n—1). By lemma 1, it follows that xy_ (S(G,)) > x’ (S(G,)) = A = 2(n—1). Therefore
X2 (S8(Gy) =2(n—-1). O

4. Conclusion

In this paper, the equitable edge chromatic number of wheel graph families such as wheel W,
double wheel DW,, and gear graph G, are obtained, the proofs provides an optimal solution to the
equitable edge coloration of these splitting graphs. The equitable edge coloring in the area of splitting
graphs and other product graphs is vast explorable and the focus on the determination of equitability
in allocation can be extended to other families of graphs.

Ars Combinatoria Volume 156, 43-49



A note on distance irregular labeling of graphs 49

Acknowledgements

The authors sincerely thank the Referee for the careful reading, corrections and suggestions that
have resulted in the improvement of the quality of this manuscript.

Conflict of Interest

The author declares no conflict of interests.

References

1. Vizing, V.G., 1965. Critical graphs with given chromatic class (in Russian). Metody Diskretnogo
Analiza, 5, pp.9-17.

Meyer, W., 1973. Equitable coloring. The American mathematical monthly, 80(8), pp.920-922.

Hilton, A.J. and de Werra, D., 1994. A sufficient condition for equitable edge-colourings of simple
graphs. Discrete Mathematics, 128(1-3), pp.179-201.

4. Sampathkumar, E. and Walikar, H. B.,(1980-81). On spliting graph of a graph, Journal of the
Karnatak University-Science, 25 and 26, pp.13-16.

5. Kalimuthu, K., Joseph, V.V. and Moideen, A.A.M., 2013. Equitable coloring on mycielskian of
wheels and bigraphs. Applied Mathematics E-Notes, 13, pp.174-182.

6. Le Bras, R., Gomes, C.P. and Selman, B., 2013, June. Double-wheel graphs are graceful. In

Proceedings of the Twenty third International Joint Conference on Artificial Intelligence, pp.5877-
593.

7. Vivik, V.J. and Girija, G., 2015. Equitable Edge Coloring of Some Graphs. Utilitas Mathematica,
96, pp.27-32.

8. Zhang, X. and Liu, G., 2011. Equitable edge-colorings of simple graphs. Journal of Graph Theory,
66(3), pp-175-197.

9. Bondy, J. A. and Murty, U. S. R., (1976). Graph Theory with Applications, The Macmillan Press
Ltd, New York

10. . Harary, E., (1969). Graph theory, Narosa Publishing home.

Ars Combinatoria Volume 156, 43-49



	Introduction
	Preliminaries
	Equitable edge coloring of wheel, double wheel and gear graphs
	Conclusion

