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On the monotonicity of an additive representation function

By SANDOR Z. KISS (Budapest)

Abstract. Let A = {ai1,a2,...} (a1 < a2 < ...) be an infinite sequence of positive
integers, and let k > 2 be a fixed integer. Let r1(A, n, k) denote the number of solutions
of a;, +aj, +--++aiy, =n, a;; € A,...,a;, € A. For k=2, P. ERDOS, A. SARKOZY
and V. T. S6s studied the monotonicity of r1(A,n,k). In this paper I extend one of
their results to any k > 2.

1. Introduction

Let N denote the set of positive integers, and let & > 2 be a fixed integer.

Let A= {aj,a9,...} (a1 < az < ...) be an infinite sequence of positive integers,
and put
An) =Y 1L
an

For k > 2 integer and A C N, let r1(A,n, k), r2(A,n, k), r3(A,n, k) denote the
number of solutions of the equation

ai, + i, +--+a;, =n, ay €A,...,a; €A,

ai, +ap, +--+a;, =n, a;, €A, ...aq; €A, iy, < Giy < -0 < Qg
and

iy + @iy +Fa, =n, a;; €A,...a;, €A, iy < iy <00 < ay,
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respectively. For i = 1,2,3 we say r;(A, n, k) is monotonous increasing in n from
a certain point on, if there exists an integer ng with

ri(An+1,k) > ri(A,nk) forn>ng.

In the special case k = 2 we write r;(n) = r;(A,n,2) for i = 1,2,3. In a series
of papers P. ERDOs, A. SARKOzY and V. T. SOs studied the monotonicity
properties of the three representation functions rq(n), r2(n), r3(n). In [1] they
proved the following theorems:

Theorem 1. The function ri(n) is monotonous increasing from a certain
point on, if and only if the sequence A contains all the integers from a certain
point on, i.e., there exists an integer ny with

Aﬂ{nl,nl—i—Lnl—f—Q,...}:{nl,n1+1,n1—|—2,...}.

Theorem 2. If

Aln) = O(logn)

then the functions r2(n) and rs3(n) cannot be monotonous increasing from a cer-
tain point on, i.e., for j = 2 or 3, there does not exist an integer ny such that

ri(n+1) >rj(n) forn > ng.

A. SARKOzZY proposed the study of the monotonicity of the functions r;(A,n, k)
for k > 2 [2, Problem 5]. He conjectured [3, p. 337] that for any k > 2 integer, if
ri(A,n, k) (i = 1,2,3) is monotonous increasing in n from a certain point on, then
A(n) = O(n*/*=¢) cannot hold. In this paper I will prove the following slightly
stronger result on (A, n, k) by using similar methods as in [1]:

Theorem 3. Ifk € N, k > 2, A C N and r1(A,n, k) is monotonous increas-
ing in n from a certain point on, then

0 =(age)

cannot hold.

Unfortunately I have not been able to prove the conjecture for ro(A,n, k)
and r3(A, n, k), thus the conjecture remains open in these cases.



On the monotonicity of an additive representation function 491
2. Proof of Theorem 3

We write 71(A,n,k) = Ri(n). We prove the result by contradiction. As-
sume that Rj(n) is monotonous increasing from a certain point on and A(n) =

(W) First we show that there exist infinitely many integers IV satisfying

A(N +j) < A(N) (N;j> forj=1,2,.... (1)

If (1) holds only for finitely many N, then there exists an integer Ny such that

A(No) >1
and for N > Ny, there exists an integer N’ = N'(N) satisfying N’ > N and

A = a0 ()

Then we get by induction that there exist integers N; < Ny < -+ < N; < ...
such that

N1 \>

A(N]"rl)ZA(N]) (ﬁ) for]zO,l,Z,,
J

hence

= A(Np) (J\][VO ) > (%?) > N2 (2)

for large enough [. On the other hand, clearly we have

A(Npg)= > 1< Y 1=Ni (3)

acA a<N;41
a<Ni41

I I 2
A(Nia) = A(Vo) [ | % > A(No) H ( JH)
7=0

(2) and (3) cannot hold simultaneously and this contradiction proves the existence
of infinitely many integers N satisfying (1).

Throughout the remaining part of the proof of Theorem 3 we use the following
notations: N denotes a large integer satisfying (1). We write e?™® = ¢(a) and
we put 7 = e~ /N 2 = re(a) where « is a real variable (so that a function of form
p(z) is a function of the real variable a : p(z) = p(re(a)) = P(a)). We write

—+o0
= E 2%,
Jj=1
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(Since r < 1, this infinite series and all the other infinite series in the remaining
part of the proof are absolutely convergent.) Then we have

k _ = n
15(2) ZRk(n)z .

Let I denote )
1= [ 1) da.
0

We will give lower and upper bound for I. The lower bound will be greater then
the upper bound, and this contradiction will prove that our indirect assumption
cannot hold which will complete the proof of Theorem 3.

First we will give lower bound for I. Using Holder’s inequality and Parseval’s
formula we have

e ( /01 Htan) ”’“( /01 Ma)””“ . /01 () Pde

= ZrQa > Z 2N =72 Zl:eiZA(N)

acA acA acA
a<N a<N

hence
I e H(AN)H2, (4)

Now we will give upper bound for I. First we will estimate Ry(n) in terms of
A(2n). Since Ry (n) is monotonous increasing from a certain point on, i.e., there
exists an integer ng such that Ri(n + 1) > Ry(n) for n > ng, we have

<A<2n>>’“—(21>k— ) SRR D S

acA a1€Aa2€A,...,a,EA ai+az+-+ap<2n
a<2n a1<2n,a2<2n,...,ap<2n a1€EA,...,a €A
2n 2n 2n
> Ri(i) = Y Ri(i) > Y Ri(n) =nR(n)
i=1 1=n—+1 i1=n—+1
hence .
A(2n
HCI > ki) (5)

for n > ng. In view of the monotonicity of Ri(n), and since A is infinite, we have
Ry(n) > 1 for n large enough. Thus we obtain from (5) that

(A2n))* 2 n (6)
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for n large enough. We have

1 1 1| too
£ = [ 15 @lda= [ |3 Ruw:" da
) 0 0 1,=
1 +o0
:/ 0-2) Y Re(m)="|1 - 2|~Xda (7)
0 n=1
By the monotonicity, and if N and ng large enough we have
+oo “+o0
‘(1 —2) Y Ri(n)z"| = | Y _(R(n) — Ri(n —1))z"
n=1 n=1
no —+o00
< Z |Ri(n) — Ri(n = 1)|r" + Y |Ri(n) — Ri(n — 1)|r"
n=no+1
+oo
< Z |Ri(n) = Re(n =)+ > |Ri(n) — Re(n — 1)|r"
n=no+1
+oo
—Z|Rk — Ri(n—1)| + Z (Rk(n) — Ri(n—1))r"
n=no+1
<22|Rk Rkn—1|+z Ri(n) — Rie(n —1))r"
n=1
=c1+ Z Ri(n)(r™ — ™t
n=1
400 no—1 +o00
=ci+ (1= Re(m)yr" <ci+ Y Ri(n)+(1—=7) Y Ri(n)r
n=1 n=1 n=ngo
“+oo
<ept(1-eV) ( LIS ka)r”).
n=ng n=N+1

Thus by (1), (5) and (6) we have

= k +oo n k
‘(1—2)2_:1Rk(n)z" <e+ N7 (N(A(QAJZV))+ D Wi))rn>

S (L (i@v)k s (40w (%‘))ki)

n=N+1
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k 2k 1 22k = 2k—1
<CQ+(A(N)) 2" N +W2n ?"n)

22k foo
<cg+ (AN)F( 22PN + NI Z(n +1)(n+2)...(n+2k— 1)7“”)
n=1

m=0

22k) 1 (2k—1)
=C2 + (A(N))k 22kN71 + <1—T> )

(
(
(
<+ (AN))F (22’<N—1 + ]Vi';(f rm><2k—1>>
(
(
(

N2k+1

=co+ (AWN))F( 22N~ + ﬂ(% — D1 =)

- "2 N2k +1 :
o 2%k(2k —1)! C1/Ny—

=co+ (AN))F( 22N~ + NI (1—e /Ny 2’“).

Since
l—e?=ux x—Q—i—x—S >a:——2—33(1—§)>E

21 3l 2! 2 2

22k (2k — 1)!

+oo
‘(1 —z) Z Ri(n)z"| < ca + (A(N))* (2%]\7_1 + ]\72k+1(2N)2k)

=cy + (AN))PNTL(22F 1 2% (2k — 1)) < e3(A(N))PN L. (8)
Furthermore we have

11—z =((1-2)(1—2)"2 = (1+|2]> — 2Rez)"/?
= (14 r% = 2rcos2ra)t/? = (1 — r)? + 2r(1 — cos 2ma))/?
> (2r(1 — cos 2ma))/? = (267N 2sin? 1) Y/? > (2(20)3)V2 > 20 (9)

for 0 <a < % and for large N, and

1= 2] = (1= 1) + 20(1 - cos2ma))!/2 > (1 - r)?)1 2
:1—r:1—e_1/N>1/2N (10)
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for all a.. Tt follows from (7), (8), (9) and (10) that

1 1/2
I< / c3(AN)ENT1 — 2|7 Yda = 2¢3(A(N))* N1 / 11— 2| tda
0 0

1/N 1/2
c4(A(N))kN1(/O |17,z|*1aloz+/1 1z|1da>

/N

< ca(A(N))FNL (/OI/N INda + /11/2(2a)1da>

/N

1
< cy(AN)FNTL(2 + 5 log N) < cs(A(N))*N~tlog N. (11)
In view of (4), (11) and our indirect assumption we have

eFA(N))H/2 < T < e5(A(N))* N~ log N,

k/2

N2/k
N < (AN og N <o (o) e ) <o)

This contradiction completes the proof of Theorem 3.
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