Publ. Math. Debrecen
72/1-2 (2008), 111-128

Compactness of Riemann—Stieltjes operators between F(p,q, s)
spaces and a-Bloch spaces

By SONGXIAO LI (Shantou) and STEVO STEVIC (Beograd)

Abstract. Let H(B) denote the space of all holomorphic functions on the unit
ball B C C". In this paper we investigate the following integral operators

T, = [ feamge)F L) = [ 02T,

f € H(B), z € B, where g € H(B) and Rh(z) =377, ng—:j(z) is the radial derivative
of h. The operator T, can be considered as an extension of the Cesaro operator on the
unit disk. The compactness of the operators Ty and Ly, between the general function
space F(p,q,s), which includes the Hardy space, Bergman space, Bloch space, and @,
space, and the a-Bloch space are discussed.

1. Introduction

Let B = {# € C" : |z| < 1} be the open unit ball in the complex vector
space C", OB = {z € C" : |z| = 1} be its boundary, B(a,r) be the ball centered
at a with radius r. Let z = (21,...,2,) and w = (w1,...,w,) be points in C*
and (z,w) = >.}_, z,wy. Let H(B) denote the class of all holomorphic functions
on the unit ball. For a,z € B, a # 0, let ¢, denote the Mobius transformation of

Mathematics Subject Classification: 47B38, 30HO05.
Key words and phrases: Riemann—Stieltjes operator, F'(p, q, s) space, a-Bloch space, compact.
The first author of this paper is supported in part by the NNSF China (No. 10671115),

grants from Specialized Research Fund for the doctoral program of Higher Education (No.
20060560002) and NSF of Guangdong Province (No. 06105648).



112 Songxiao Li and Stevo Stevié

B taking 0 to a defined by

a — Pa(z) — /1 —[a]*Qa(2)

1—{z,a) ’

Pa(2) =

where P,(z) is the projection of z onto the one dimensional subspace of C"
spanned by a and Q,(z) = z — P,(2). It is known that

o z)=12z2 =a a) = _ 2 = (1—|a|2)(1—|z|2)
Va0 9a(2) =2 ©a(0)=a, @ala)=0, 1—|pa(2)] T ar

va belongs to the group of biholomorphic automorphisms, Aut(B), of B (see, for
example, [26]).

For f € H(B) with the Taylor expansion f(z) = 3_ 550 apz?, let Rf(z) =
2218150 |Blagz” be the radial derivative of f. It is well known that Rf(z) =
> zjg—gj(z), where 8 = (81, 82, ..., n) is a multi-index and 2% = 2 ... 2P~

Let a > 0. The a-Bloch space B* = B%(B) is the space of all holomorphic
functions f on B such that

ba(f) = sup(L — [2[2)* [RF(2)] < .

z€B

The little a-Bloch space B = B§(B), consists of all f € H(B) such that

lim (1 - |22)* [Rf(2)] = 0.

|z|—=1

It is clear that B* is a normed space with the norm || f||g« = |f(0)] + ba(f), and
B> C B* for a; < as.
The Hardy space H?(B) (0 < p < 00) is defined on B by

HP(B)={f|f € H(B) and || f||lgr(p) = OiuglMp(f, r) < oo},
where

NMﬁN=(AJﬂ%WM«OUP

and do is the normalized surface measure on 9B.
For p € (0,00), @ > —1, the weighted Bergman space AL (B), is the space of
all holomorphic functions f on B for which

|W%=LU@W%@=%LWMW—MWM@<w
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where dv(-) denotes the normalized Lebesgue measure of B, and ¢, is the nor-
malizing constant, ¢, = % When a = 0, A}(B) = AP(B) is the classical
Bergman space.

For a € B and 0 < p < o0, the @, space is defined by ([13])
Qp:@Am:{feHuﬂwm@,:$%LRU@WGNa@w@><m}

Here Vf(z) = V(f 0¢.)(0) denotes the invariant gradient of f, and G(z,a) is the
invariant Green’s function defined as G(z,a) = g(paq(2)), where

n+1

1
oe) = 2= [ -,
2n 2|

dA(z) = T (Il I(,f))nﬂ is a Mobius invariant measure, that is, for any ¢ € Aut(B)
and f € L*(B), we have

/fd)\ /foqsd)\)

For more details about @, spaces, see [13] and [22].
Let 0 < p, s < oo, —n —1 < g < co. A function f € H(B) is said to belong
to F(p,q,s) = F(p,q,s)(B) (see [24], [25]) if

115,y = |p+sup/ V()P (1 = [2*)7g° (2, a)dv(z) < o0, (1)

where g(z,a) = log|p.(2)| 7! is the Green’s function for B with logarithmic singu-
larity at a. We call F(p, ¢, s) a general function space because we can obtain many
function spaces, such as BMOA space, (), space, Bergman space, Hardy space,
Bloch space, if we take special parameters of p, ¢, s. For example, F'(2,0,s) = Qs
and Fy(2,0,s) = Qs.0; F(2,0,1) = BMOA and Fy(2,0,1) = VMOA; F(2,1,0) =
H?, F(p,p,0) = AP. If ¢ + s < —1, then F(p,q,s) is the space of constant func-
tions. For the unit disk setting, see [25].

For an analytic function f(z) on the unit disk D with Taylor expansion

f(z) =300 yanz"™, the Cesaro operator acting on f is
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The integral form of C is

e =1 [ rortaic= [0 (nity)

taking simply as a path the segment joining 0 and z, we have that

1 1\
C(f)(z):/o F(t) <1n1_<> Cthdt.
The following operator i
e = [
0o 1=¢

is closely related to the previous operator and on many spaces the boundedness
of these two operators is equivalent. It is well known that the Cesaro operator
acts as a bounded linear operator on various analytic function spaces (see, for
example, [4], [12], [15], [16], [17], [20] and the references therein).

Suppose that g € H(D), the integral operator J, and its companion operator
I, with symbol g are defined by

z 1 z
Jof(z) = / fdg = / F(t2)zg (t2)dt = / F(6)g'(€)de

and

1,f(z) = / T ©gle)de,

for z € D and f € H(D).

The operator J, can be viewed as a generalization of the Cesaro operator.
In [14] POMMERENKE introduced J, and showed that J; is a bounded operator
on the Hardy space H? if and only if g € BMOA. ALEMANN and SISKAKIS ([2])
showed that J, is bounded (compact) on the Hardy space H?, 1 < p < oo, if
and only if g € BMOA (g € VMOA), and that J, is bounded (compact) on the
Bergman space AP if and only if g € B (g € By), see [3]. Recently, J, acting
on various function spaces, including the Dirichlet space, the Bloch space, the
weighted Bergman space, BMOA and VM OA spaces, have been studied (see [1],
[2], [3], [9], [18], [23] and the related references therein).

The operator J,; can be naturally extended to the unit ball. Suppose that
g € H(B), define

dt
t?

P 1
W= [ o) )

t

1
T, f(2) = / £(t2)
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for z € B and f € H(B). This operator is called Riemann—Stieltjes operator (or
Extended Cesaro operator), it was introduced in [5], and studied in [5], [6], [7],
[8], [10], [19], [21]. Similarly, the companion operator L, with symbol g is defined
as follows (see [8] and [10]):

:/O %f(tz)g(tz)%, z€ B, feH(B). (3)

The purpose of this paper is to study the compactness of these two Riemann—
Stieltjes operators, between F(p,q,s) and the a-Bloch spaces as well as to the
little a-Bloch spaces. These results can be seen as extensions of our earlier results
on these operators (see [8], [19]), where we investigated the boundedness.

In this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation a < b means that there is a
positive constant C' such that a < Cb. If both a < b and b < a hold, then one
says that a < b.

2. Auxiliary results

In order to prove the main results of this paper, we need some auxiliary
results which are incorporated in the following lemmas. The first one is an analog
of the following one-dimensional results

([ rew@ic) =sowe. ([ resor) =rese

Lemma 2.1 (see e.g. [5]). For every f,g € H(B) it holds

RTy(N(2) = fF(2)Rg(2)  and  R[Ly(f)](2) = Rf(2)g(2).
The following lemma can be found in [24].

Lemma 2.2. Assume that 0 < p,s < oo, —-n—1<g< o0, ¢+ s> —1 and
f€F(p,q,s). Then, f€B e

and

||f||8n+;+q < C”f”F(p,q,s)a (4)

for some positive constant C' independent of f.

The following lemma is probably folklore. For a proof of the lemma see, for
example, [19, Lemma 2.2] and [21].
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Lemma 2.3. If f € B?, then

LFO)]+ 11 flls 0<p<1,
1
1£(2)| < 0 NFO)]+ [ fll5s lnl_—|2|2 B=1,
[RAlE

|f(0)|+W B> 1.

for some C' independent of f.

In order to investigate the compactness of operators T, and L,, which map
a space into Bg, we also need the following lemma. For the case av = 1 in the
unit disk, the lemma was proved in [11]. For the general case the proof is similar,
thus we omit the details.

Lemma 2.4. A closed set K in B§(B) is compact if and only if it is bounded
and satisfies

lim sup(1l— |Z|2)a|%f(2)| =0.
l2|=1 feK

The next lemma can be proved in a standard way.

Lemma 2.5. The operator T, (or Ly) : F(p,q,s) — B (or BY) is compact if
and only if for any bounded sequence (fi)ren in F(p, q, s) which converges to zero
uniformly on compact subsets of B, Ty(fi) — 0 (or Ly(fr) — 0) in B* (or Bf)
as k — oo.

Remark 2.1. If we interchange the position of the spaces F(p,q, s) and B,
Lemma 2.5 still holds.

3. Compactness of Ty, Ly : F(p,q,s) — B*(Bg)

In this section we study the compactness of the operators Ty, L, : F(p, ¢,s) —
B*(B§). We distinguish three cases: p < ¢+n+1,p > g+n+landp=g+n+1.
Before we formulate our main results, we introduce the following notation.
We say that a sequence (fi)ren, which belong to F(p, g, s), is F-weakly convergent
to zero if it is bounded in F(p,q,s) and converges to 0 uniformly on compact
subsets of B as k — oo. We will use the letter L for a bound of the sequence

(fe)ren in F(p,q,s) space.
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3.1. Case p < ¢+ n + 1. In this subsection we consider the case p < g+ n + 1.
Our first result is the following theorem.

Theorem 3.1. Assume that g is a holomorphic function on B, 0 < p, s < 00,
—n—-1<g¢g<oo,¢g+s>—-1,a>0andp < qg+n+1. Then, T,: F(p,q,s) — B*
is compact if and only if

Jim (1 =) R ()] = 0. 5)
2=

PRrROOF. First assume that condition (5) holds. In order to prove that Ty is
compact, by Lemma 2.5 it suffices to show that if (fx)ren is a sequence that is
F-weakly convergent to zero, then ||T fx||g« — 0 as k — co. Hence, assume that
(fr)ren is a sequence in F(p, q,s) such that supyey || fellp(p,g,s) < L and fr, — 0
uniformly on compact subsets of B as k — oo. From (5), we have that for every
€ > 0, there is a constant § € (0, 1), such that ¢ < |z| < 1 implies

at+n

(1= 2[5 [Rg(2)] < e/2.

By Lemma 2.3 with 0 = ‘H+f1 and Lemma 2.2, we have

Ty frllse = sup(1 — [2]*)*|R(Ty fir) (2)] = sup(1 — |2[*)*[Rg(2)||fu(2)]
zeB z€B

gtnt1 gtn+1

< sup (L= [2P)*T T [Re(2)|(1— )7 T fe(2)]
z€B(0,9)
a _gtn+1
+C  sup  (1— 2P 1Rl s
2€ B\B(0,0)
<M osup (1— |25 7 fu(z) + CLe/2,
z€B(0,9)

atntl

where M; := sup,c (1 —|2[)*T ™7 |Rg(2)| < oo, by (5).
Using the fact that (fi)ren is a sequence F-weakly convergent to zero, we
obtain

limsup || T, fx||g= < C'Le/2.
k—o0

Since € is an arbitrary positive number we have that limg_.oo || Ty fx||B~ = 0, and
therefore, T, : F(p,q,s) — B® is compact.

Conversely, suppose T, : F(p,q,s) — B® is compact. Let (zx)ren be a
sequence in B such that |zx| — 1 as k — oo. Set

1— [z
—T ke N. (6)

(1= (z2)) 7

fe(z) =
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Then

R/ (2)]

_gtntl (- )z 2] C—|zl?)
- 14 atntl S 14 atntl "

P 1=z 1= (zzm)| T w
Similar to the proof of Theorem C in [24] we see that fr € F(p,q,s) for every
k € N, moreover supyey || fellp(p,q,s) < C and fr converges to 0 uniformly on
compact subsets of B as k — oo. Since T}, is compact, we have || T, fx||g= — 0 as
k — oo. Thus

atntl

(1= =) Ry (i) = (1= [2al*)*[Rg (2)| | £ (20)]
< jlelg(l = 12*)*| fu ()R ()]

= Sug(l = 2 R(Ty fi) (2)] = 1T fills= — 0

z€E

as k — oo. Hence, we obtain (5), finishing the proof of the theorem. O

Theorem 3.2. Assume that g is a holomorphic function on B, 0 < p, s < 00,
—n—1<g<oo,q+s>-1,a>0andp <qg+n+1. Then, L,: F(p,q,s) — B*
is compact if and only if

lim (1 —|2[%)*~ 5 |g(2)] = 0. (7)

|z|—=1

PROOF. Assume that (7) holds and that (fx)ken is a sequence that is F-
weakly convergent to zero. By the assumption, for every € > 0, there is a constant
d € (0,1), such that 0 < |z| < 1 implies

+n41

(1= [ g (2)] < e/2.

By Lemmas 2.2 and 2.3, we have
1Lg frlls = Slelg(l = [2)R(Ly fr) ()] = Slelg(l = [2[*)2 g ()R fr(2)]

< sup (1= [2P)%g(2)Rf(z)|+  sup (1= |2*)*|g(2)l[Rf(2)|
2€B(0,0) 2€B\B(0,9)

< sup (1 [2%)g(2)[|Rfx(2)]
z€B(0,6)

o aEntl
+C  sup  (1—]z) P g full P(p.as)

2€B\B(0,0)

<M, sup (1—|z)" 5" [Rfiu(2)| + CLe/2, (8)
z€B(0,6)
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atntl

where My :=sup,c5(1 — [2[))* 7 |g(2)] < oo by (7).
By Cauchy’s estimate the condition fr — 0 as kK — oo uniformly on compact

subsets of B, implies that Rf;, — 0 as K — oo uniformly on compact subsets of
B. Hence, we have || Lg fx||ge= — 0 as k — oo. Therefore, L, : F(p,q,s) — B is
compact.

Conversely, suppose L, : F(p,q,s) — B® is compact. Let (zx)ken be a
sequence in B such that |z;| — 1 as k — oo. Let the sequence (fi)ren be
defined by (6). As we have previously mentioned supyey || fxllF(p,q,s) < C and
fr converges to 0 uniformly on compact subsets of B as & — oo. Since Ly is
compact, we have || L, fx|[g» — 0 as k — oco. Thus

qg+n+1

gtnt1

(1= larl?)*™ |9(Zk)||2k|2Sjgg(l—|Z|2)“|9(Z)|3?fk(2)|

= sup(l — |2*)*|R(Ly fr)(2)| = | Ly frll 2 — O
zeB

as k — oo, which implies that (7) holds. O
Now we characterize the compactness of the operators Ty, L, : F(p, q, s) — B§.

Theorem 3.3. Assume that g is a holomorphic function on B, 0 < p, s < o0,
—n—-1<g¢g<oo,¢g+s>—-1,a>0andp < qg+n+1. Then, T,: F(p,q,s) — B§
is compact if and only if

a+n+1

lim (1 —[2*)*7 7 [Rg(2)] = 0. 9)

|z|—=1

ProoOF. Sufficiency. From Lemma 2.4, we know that T, : F((p,q,s) — B is
compact if and only if

lim sup (1= [2])*R(T,f)(2)] = 0. (10)

2= £l p g, <1

On the other hand, by Lemma 2.3 with § = q++fl and Lemma 2.2, we have that

atntl

(1= ) R(Te ) ()] < O = )75 R () 1F 1| prg.)- (11)

Taking the supremum in (11) over the the unit ball in the space F(p,q, s), then
letting |z| — 1 and applying (10) the result follows.
Necessity. It is a consequence of the proof of Theorem 3.1. O
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Theorem 3.4. Assume that g is a holomorphic function on B, 0 < p, s < 00,
—n—1<g<oo,q+s>-1,a>0andp <qg+n+1. Then, L,: F(p,q,s) — B§
is compact if and only if

lim (1 — |z]?)

|z|]—1

a— gtnt1
3

l9(2)] = 0. (12)
PRrOOF. Sufficiency. By Lemma 2.2 we have that
(1= 2[Ry )] < O = 25 g g
From this, by Lemma 2.4 and (12), the result can be obtained similar to the proof

of Theorem 3.3.
Necessity. It is a consequence of the proof of Theorem 3.2. ([

gtn+1
» g

Using some facts mentioned in the introduction, we have the following corol-
laries.

Corollary 3.1. Assume that g is a holomorphic function on B and o > "Tfl.

Then the following statements are equivalent:
(i) Ty:AP — B is compact;
(ii) T,: AP — B§ is compact;
(iif) Jim (1= [22)755 g ()] = 0.
Corollary 3.2. Assume that g is a holomorphic function on B and o >
1+ "T'fl. Then the following statements are equivalent:
(i) Lg:AP — B is compact;
(ii) Lg: AP — BY is compact;
(iii) |,5211(1 — 122)* 5 g(2)| = .
Corollary 3.3. Assume that g is a holomorphic function on B and o > 3.
Then the following statements are equivalent:
(i) T,:H?— B is compact;
(ii) Ty:H? — B is compact;
(iif) Jim, (1 |21%)°7 % [Rg(2)] = 0.

Corollary 3.4. Assume that g is a holomorphic function on B and o > %+2

2
Then the following statements are equivalent:

(i) Ly :H? — B* is compact;

(ii) Ly:H? — BY is compact;

(iil) |1}ml(1 — [z]2)2"1= % |g(2)| = 0.
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3.2. Case p>qg+n+1.

Theorem 3.5. Assume that g is a holomorphic function on B, 0 < p,s < 0o,
—n—-1<g¢g<oo,¢g+s>—-1,a>0andp>qg+n+1. Then, T,: F(p,q,s) — B*
is compact if and only if g € B*.

Proor. If T, : F(p,q,s) — B® is compact, then Ty : F(p,q,s) — B is
bounded. By Theorem 2.8 of [8], we see that g € B~.

Assume that g € B%, and (fx)ren is a sequence that is F-weakly conver-
gent to zero. Since fi € F(p,q,s) C B ¢ A(B), k € N (see [26, Theo-
rem 7.9]), where A(B) is the ball algebra, consisting of all functions in H(B) that

are continuous up to the boundary of the unit ball. It can be easily proved that

limy_—,00 sUp,c g | fi(2)| = 0. Hence, we have that
1T frlls= = Slelg(l — 2P Rg ()l fu(2)] < llgll s sup |fk(2)] =0, (13)

as k — oo. Therefore, T, : F(p, q,s) — B is compact. O

Theorem 3.6. Assume that g is a holomorphic function on B, 0 < p,s < 0o,
—n—-1<¢g<o0,q+s>—-1,a>0andp>q+n+1. Then, L, : F(p,q,s) — B*
is compact if and only if

. a— +n41
lim (1= [2[%)*" "5 |g(2)] = 0. (14)

|z|—=1

The proof of Theorem 3.6 is identical to the proof of Theorem 3.2, hence will
be omitted.
Now, we characterize the compactness of Ty, L, : F'(p,q,s) — B§.

Theorem 3.7. Assume that g is a holomorphic function on B, 0 < p, s < o0,
—n—-1<g¢g<oo,¢g+s>—-1,a>0andp>qg+n+1. Then, T,: F(p,q,s) — B§
is compact if and only if g € Bg.

PRrooOF. Sufficiency. Since

(1= ) IR(T,f)(2)] < CA = ) * Ry (21| £ (p.g,5):

similar to the proof of Theorem 3.3, we obtain the desired result.
Necessity. Assume that Ty, : F(p,q,s) — B§ is compact. Then T, : F(p,q, s)
— B is bounded. Taking f(z) = 1, then T, f € B, i.e. we obtain g € Bf. O
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Theorem 3.8. Assume that g is a holomorphic function on B, 0 < p, s < 00,
—n—1<g<oo,q+s>-1,a>0andp>qg+n+1. Then, L,: F(p,q,s) — B§

is compact if and only if
gtn+1

lim (1 - [22)* "5 [g(2)] = 0.

|z|—=1

PRrROOF. Sufficiency. Since

atntl

(L= 2 R(Le ) () < CA=[z)* % lgDIN | ppugos)-

Similarly to the proof of Theorem 3.4 the result follows.

Necessity. It is a consequence of Theorem 3.6. O

3.3. Case p=q+n+ 1. Here we consider the case p =q+n + 1.

Theorem 3.9. Assume that g is a holomorphic function on B, 0 < p, s < 0o,
—n—-1<g¢g<oo,¢g+s>—-1,a>0andp=q+n+1. Then, T,: F(p,q,s) — B*
is compact if and only if

1
lim (1 —]2[*)%Rg(z)|In —— = 0. 15
lim (1~ [=f%)° Rg(2) 0 = (15)

PROOF. Assume (15) holds and that (fx)ken is a sequence that is F-weakly

convergent to zero. We have that, for every € > 0, there is a € (0, 1), such that

(1= [21*)*[Rg(2)|In 5 <€/2,

1
1—|z]
when § < |z| < 1.

In addition

I Ty fellse = sup(1 — [2[*)*RU(Ty fir) ()| = sup(1 — [2[*)* Ry (2)|| fu(2)]
zEB z€B

< sup (1 o) Rg(2) fi(2)]

z€B(0,6)
o 1
+ Ol fillppgsy  sup (1 —|2[*)*Rg(2)] 1n1_7||2
2€B\B(0,6) z
< M, sup M + CLe/2,
2€B(0,0) "L 1—[2]2

where )

My = sup(1 — [2[2)°Rg(2)| In —— < ox,

z€B 1- |Z|

by (15).

Similar to the proof of Theorem 3.1, we obtain || T, fx|[s~ — 0 as k — oo.
Therefore, Ty : F(p,q,s) — B is compact.
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Conversely, suppose Ty : F(p,q,s) — B is compact. Assume that (zx)ren
is a sequence in B such that |zx| — 1 as k — oo. Set

1 -t 1 2
fr(z) = <ln m) <ln m) , keN. (16)
Then
1 -t 1 1 C
Rf(2)] =2l 2] (1“1—|Zk|2) T ’1—<z,zk> ST

From this and after some calculations or from [24], we find that || fx||p(p,q,s) < C
for some positive C' independent of k, and fj, converges to 0 uniformly on compact
subsets of B as k — oo. Since Ty is compact, we have ||T, fx||ge — 0 as k — oo.
Thus

(1= l2kl*)*[Rg(zr) | In 1_71|Zk|2 < sup(l — |22)° [ fi ()[R (2)]

= sup (1 — [2[*)*[R(Ty fir) (2)] = [Ty fulls= — 0
zeB

as k — oo, which is equivalent to (15). O

Theorem 3.10. Assume that g is a holomorphic function on B, 0 < p,s <
00, n—1<g<oo,g+s>—1,a>0andp=qg+n+1. Then, L,: F(p,q,s) —
B® is compact if and only if
Jim, (1= 212 Hg(2)| = 0. (17)
z|—1
PROOF. Assume that (17) holds and that (fi)ren is a sequence that is F-

weakly convergent to zero. From (17) we obtain that for every € > 0, there is a
constant ¢ € (0,1), such that

(L= 12 M a(2) < e/2,

when § < |z| < 1.
From (8), by Lemmas 2.2 and 2.3, we have that

ILg fillse < sup (1= [2*)*7Hg(2)|(1 = [2*)[Rfx(2)]
z€B(0,9)

+C sup (1= 2P) a1l pa,s)
z€B\B(0,6)

<Ms; sup (1-— |z|2)|3?fk(z)| + CLe/2,
z€B(0,6)
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where
My = sug(l — |z|2)°‘_1|g(2)| < 00
zE

by (17). Similar to the proof of Theorem 3.2, we obtain || Ly fx||ge — 0 as k — .
Therefore, L, : F(p,q,s) — B* is compact.

Conversely, suppose Ly : F(p,q,s) — B® is compact. Assume that (zx)ren
is a sequence in B such that |z;| — 1 as k — co. Let (fi)ren be defined by (16).
Since the sequence is F-weakly convergent to zero and L, is compact, we have
that || Ly fx|l e — 0 as k — oco. Thus

2(1 = |z*)* g (an) 2] < Sgg(l — 2 R(Lg i) (2)] = |1 Ly fillse — 0

as k — oo, form which (17) follows. O

Next, we characterize the compactness of Ty, Ly : F(p,q,s) — B§. Similar
to the proof of Theorems 3.3 and 3.4, we obtain the following theorems.

Theorem 3.11. Assume that g is a holomorphic function on B, 0 < p, s <
00, n—1<g<oo,g+s>-1,a>0andp=gqg+n+1. Then, T, : F(p,q,s) —
B is compact if and only if (15) holds.

Theorem 3.12. Assume that g is a holomorphic function on B, 0 < p, s <
00, n—1<qg<oo,q+s>—-1,a>0andp=q+n+1. Then, L,: F(p,q,s) —
B§ is compact if and only if (17) holds.

Remark 3.1. Note that if a < H:%'H in Theorems 3.2, 3.4, 3.6, 3.8, 3.10, 3.12
respectively, by using the maximum modulus theorem, we see that L, is compact
if and only if g = 0.

4. Compactness of Ty : B* — F(p,q,s)

In this section we investigate the compactness of the operator T, : B —
F(p,q,s). Before we formulate the main results of this section, we note that

£l 7 p.g.0) = [£(O |p+SuP/ Rf(2)P(1 = [21*)7(1 = |pa(2)*) dv(2),

which can be proved similar to [5, Lemma 2], and by using the following asymp-
totic relation In1 ~ 1 — 2 as z — 17,

Theorem 4.1. Assume that g is a holomorphic function on B, 0 < a,p, s <
00, —n — 1 < g < 00, g+ s > —1. Then the following statements hold.
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(i) If T, : B* — F(p,q,s) is compact, then

2
|1}m1(1 — |21+ D/P|Rg(2)| In e =0, when a = 1; (18)
z|— — |2
and
Jm, (1 - |2[2) (IO Rg ()] = 0, when o # 1. (19)

(ii) If T, : B— F(p,q,s) is bounded and

2
lim (1 — |2[2)(a+t)/p n—2 — 92
p}ﬁll( |2|%) Rg(2)|In — EE 0, (20)

for some t < 1, then Ty : B — F(p,q, s) is compact.
(ili) Assume that o <1, T, : B® — F(p,q, s) is bounded and

lim (1 — |2[%) /P |Rg(2)| = 0, (21)

|z|—=1

for some t < 1. Then T, : B* — F(p,q, s) is compact.
(vi) Assume that o> 1, Ty : B* — F(p,q,s) is bounded and

lim (1 — |2[?)(@H0/PH=0 R ()] = 0, (22)

|z|—1
for some t < 1, then T, : B* — F(p,q, s) is compact.

PRrOOF. (i) First, we consider the case of & = 1. Suppose that T, : B —
F(p,q,s) is compact. Assume that (zx)gen is a sequence in B such that limg_,

|zi| = 1. Let
2 ! 2 2
wo)=(nipep) (wii) - fen

Then for any z € B,

In —2— 1
1—(z,z
(L= PYREE) < 200 = o) T2 = < .
1—[z]?

On the other hand, |f4(0)] < (lnL)_l(htﬂ)2 < In2. Thus ||fxllg < M,

1—[zx]?
where M is a constant independent of k. For |z| < r < 1, we have

2
|0 =25 | _ (nZ +0)
e e

|fr(2)| = -0 (k— o),

In
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that is, fr — 0 uniformly on compact subsets of B as k — oco. By Lemma 2.5,
it follows that limg oo || Ty fe| F(p.q,s) = 0. Since Tyfx € F(p,q,s) C BnH1+a/p,
k € N, by Lemma 2.2 we have

Ty frllsent1+a/0 ClTgfrllFp,a,9)
IR(Tfie) ()] < (1 — |z|2)(nt1ta)/p < (1 — |z[2)(n+1+a)/p’

Hence
[Rg(2)[] fr(2)|(1 = |2)THDP < CTy fr )l p(prgs)

and consequently
" 2
(1- |Zk|2)( +1+q)/p|%g(zk)| 1n1—7|zk|2 <N Ty fellFpgs) — 0
as k — oo. Therefore we obtain that (18) holds.

When « # 1, we choose the following family of functions
1 — |zi|?
(1= (2, 21))

It is easy to see that fi € Bf, k € N, suppcy || fxlls« < C and fr — 0 uni-
formly on compact subsets of B as k — oo. Since T, is compact, we have

fr(z) = keN.

limg oo [|Tgfr |l F(p,q,s) = 0. The rest of the proof is similar to the proof in the
case o = 1 and will be omitted.
(ii) From (20), for any € > 0, there exist an r, 0 < r < 1, such that

2y Ltt 2
(1—1z)" I%g(Z)Ian <¢, (23)
when |z| > r, and that there exist C' > 0 such that
sup (1 — [2[*)77|Rg(2)| < C. (24)

|z<r

From the boundedness of T, by taking the function f = 1, we have that g €
F(p,q,s). Let (fr)ren be any sequence in the unit ball of B converging to 0
uniformly on compact subsets of B. For the above e, there exists a kg € N
such that sup, <, |fk(2)| < € for k > ko. Hence, by (23), (24), the fact that
g € F(p,q,s) and Lemma 2.3, we have

Hquk”?r(p,q,s)
s ([ [ JREAIEPO B0~ ) () < 02

a€EB



< CeP + £P|| fullB sup/
a€B
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(1= lea2))*

a-ppyr

2 P
ey |%g<z>|p<1n—2> (1= [Pyt
|z|>r 1- |Z|

a€EB
dv(z
G < oer v cer il

5 (1—z%)

for k > ko. From which we obtain the desired result.

(iii)—(iv) The proofs of these two statements are similar to the proof of state-

ment (i), hence they will be omitted. O

Remark 4.1. We are not able, at the moment, to obtain significant results

regarding the compactness of the operator Ly : B* — F(p, ¢, s). Hence, we leave

the problem to the readers interested in this research area.
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