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Coefficient Problem for Certain Classes of
Analytic Functions using Hankel Determinant
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Abstract: In this paper, we introduce some classes of
analytic-univalent functions and for any real p, determine the

2

sharp upper bounds of the functional lazas—pag| for the

o0
. k

functions of the formf(z) - “+Z k=

k=2

belonging to such classes in the unit disc E ={z : |z| <1}.
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I. INTRODUCTION

Let A be the class of analytic functions of the form

0

X )
fQ)=z+ az
k=2

in the unit disk A = {z : |z| <1}.

Let S be the class of functions f(z) € A and univalent in
A. In the present paper, we consider the following
subclasses of A.

Definition 1.1.
Let

S5y = {f € A, Re { 2A2f(2) + 2(2))]

Az[f'(2) + f1(=2) + (1 = A)[f(=)

f(—z)]] >0,0<A< 1}

the class of starlike functions with respect to symmetric
points.

Ky = {f €A

{ 2Df1(e) + 2 ,] >0,0<A< 1}
[A=f'(2) + fr=2)] + (1= N[f(z) = f(==2)]]

the class of convex functions with respect to symmetric
points.

N P 2NEF() + 2f'(2)]
("‘“"{”A'R L/Lﬂ( o e 1 e e

>0,g€ S5):2 € A}
’

the class of close-to-convex functions with respect to
symmetric points.
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The classes Ksand Cswere introduced by Das and Singh
[2].

N2 (o) 4 2 (=
Cory = {f A Rs:{ 2[Az°f"(2) + 2f"(2)]

Az[W(2) + W (—=2)] + (1 = N)[h(z) — h(—2)

J >0.he I\'S(,\].:EA}

2N2S1(2) + 2 (2))

Chany = {f €A Re

)]],} >0.h € Kgpyy,2 € A}

[Az[(2) + B (=2)] + (1 = N)[h(2) — h(—
Definition 1.2.
Let
3 . 2yr23f }H’*H—w —A)22 () +2f'(2)]
Ssn =4 1 A NS — = (- R + AT |

+(i - ~,- +FNF) ~ f(-2 )1
0<A<y<1

the class of starlike functions with respect to symmetric
points

(1.1)
c A Re ‘-f[vk BF ()4 (2 A=) ‘f’( +zf(=)] y > 0.
Kstyn) = ! AR - f” 2+ (v ) [f (z} f(=2)]
F(L =y + NS ) 2]
N<A<y<1
the class of convex functions with respect to symmetric
points.
‘e A: Re 2D () (A= ) S )2 () 0.
Csmy = T €V R~ ol + (3 R [,,( Erico e
(1 =5+ Ng(z) (—2)]
geSEzeA
the class of close-to-convex functions with respect to
symmetric points.
A: Re z[x‘f()u,\ﬁ M~rf~+ (z)] 0.
Csaipmy = 4 1 €A N SR — W (—2)] + (r — Nl () + == |~
+1l=—7v+2A) [h —h( —z)]
he Kg,z€ A
3 C Re 2y Az 7 (2)+H(2yA+y—A) 2 f(J +zf'(=)]
Clatny = e A Re | iy — (2 4 (v Nl B | Y
+(1— 5+ N)[h(z) — h(— }’
heKgzeA

In 1976, Noonan and Thomas [12] stated the g™ Hankel
determinant for

g=landn=>1as
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Coefficient Problem for Certain Classes of Analytic Functions using Hankel Determinant

Qn An+1 An+q+1
Hg(n) = | tnp1
Aptg41 Gp42¢—2

This determinant has also been considered by
several authors, for example, Noor [13] determined the
rate of growth at Hg(n) as n — oo for functions given by
Equation (1.1) with bounded boundary. Ehrenborg [3]
studied the Hankel determinant of exponential
polynomials and in [6], the Hankel transform of an
integer sequence is defined and some of its properties
discussed by Layman.Also Hankel determinant was
studied by various authors including Hayman [5] and
Pommerenke [14] and recently by Choc and Janteng
[1], Mehrok and Singh [9] and Janteng et al. [10, 11].

Easily, one can observe that the Fekete and Szeg“o
functional is H,(1). Fekete and Szeg“o [4] then further

. . 2 .
generalized the estimate |laz — paz| where M isreal
and f € S. For our discussion in this paper, we consider
the Hankel determinant in the case of q=2and n =2,

o as
as Qg

In this paper, we seek upper bound for the functional

2
|asay — paz| where W is real, for the functions belonging to
the above defined classes.

Il. PRELIMINARY RESULTS

Let P be the family of all functions p analytic in A for which
Re(P(z)) >0 and
P@2) =1+ piz+pz°+ - forze A(2.1)

Lemma 2.1. [14]
IfpeP,then|py<2(k=123,..)

Lemma 2.2. [7, 8]
If p € P, then2p, = p? + (4 —p?)x

4ps = P+ 2pa(4 —p )X —pa(4 —pi’ I+ 2(4 —p*1)(1 — Xz,
for some x and z, satisfying x| < 1, |z] <1 and p; € [0,2].

I1l. MAIN RESULT
Theorem 3.1.
If f(z) € Csythen

[(1420)2 — (14+-3) (14+30) )2
[ [(l+2)\)2—2(1+/\)(1+3)\l)p] — (1+A)(1+3A\)u

(RN (T A1 43N j0<p<t
|azag —pmj < - :
(T N1 +3\)0 .
(LAY 1430 (14201 IEREEN If’lf H Z 1
ez LA LE3Y)
Proof:

Since f € Cs, by definition we have
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IN2F"() +2f(2)]

=nlz

Mg(2) + g/ (=2)] + (1= Nglz) —9(=2)] " 3
where
9@ =2+ bdeSsy (3.2)

k=2
Using (1.1), (2.1) and (3.1), (3.2) gives

1+2(1+A)agz + (1 +24)3a2°+ (1 + 32)4a,z°

=(L+pz 4+ )L+ (L4 222’ + -]
(3.3)

On equating co-efficients in (3.9), we get

2(1 + Aaz=py,
3as(1l +24) = (1 + 2A)bz + py,
4ay(1 +32) = (1 + 24)pabs + ps

(3.4)
From (3.2), we can easily verify that
o P2
ST 2(1+2))
So (3.4) yields
h b D3 P
g = ! o

R N T T M TR VR WY
(3.5) From (3.5),

gy — iy = L i ~ | i
PPN N4 )

Let X = 32(1 + A)(1 + 31)(1 + 24)%

Using Lemma 2.2, it gives

(1420 = (T4+ N1+ 3N ulpy

| B2 - g N4 3N - e
lagay — o3| = 3 21+ 204 - p)[L = |22

5 (=14 207 - 2L+ AL+ 3Ny
+8(14+A)(1+ 30y

Suppose now that p; = p, p € [0,2] and using triangle
inequality, we get
/(14 202 = (14 A)(1 4 3\)pp*
+2(1+20)p(4 - p) if p=<0,
Jagay — pag] < < | +B(1+ 20 = 41+ N1+ 3Nl (4~ p)p
F A=)+ 20 = 2T+ ) (14 3N)ufp?
+8|(1+A)(1+3N)u| = 2(1+ 24)*p)*

=F(p) withp =[x/ < 1.
This gives rise to
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[ B+ 20 =41+ N)(1 4304 - 1 u
7| 2=+ [+ 20 - 1+/\(1+3)\H <0,
L S(I+A)(1+3N)p-2(1+2)) 2o

31+ m)? A4N304 - PP
AP AN | 6
8L+ )1+ 3 - 214 2]

===

A

=

I
bol—

F'p)

I
=
I -
N

b=

'[31+2x’-4(1+>\ (14304 -y
A=) 4 [+ )P - 214 N) 1+3Aﬂp
8L+ X)L+ 30 =21+ 2)) o

s

=314+ 2X0) = 4(1+ A) (1 + 3N (4 - p*)p°
F2A4—p?) F [ 20)2 =201+ N1+ 3A)plp?

+8(1+ A) (143N — 21+ 20)%p)p ifp > 2

and for all the cases above, F °(p)>0 for p>0;
implying that
Max F(p) = F(1)

Now let
2 (1+20)- (H(HS)\)M;J
|| A - )+ 2
G(pJ=F(1)=X (A(+3)\)ﬂlp( [ 37)

A=) (420 = 2014 M) 1+3A)p\p
+8|(1+A 1+30 =21+ 2]

Now we discuss the following cases:
Case I: For u <0,

=2[(1420)% = 2(1+ A)(1 4 3\
Gp) = = | +16[(1+2)\)2 = (1+ M\)(1 + 3\))p?
=32(1+XN)(1+3\)p
and
)= 1 p [T+ 2P = 2L+ V) (L + 30
AN+ | L2 =41+ (1430
Easy calculation reveals that G  attains

=2 (14202 = (1+A) (1+3A)u
(142X3)2= 21+A Y+3A) 1

The upper bound for equation (3.6) corresponds to p =

- \/ (14202 (14+A) (1430
1and P (1422)2=2(1+N) (143N)x jn which case
(14200 = (14 AJ(1+3\)a]?
TS

gy — puag| < — (14 A)(1+3\)p

Case Il: For 0

<p<g

[=(14+ 207+ 2014 N1+ 3\)ulp*
H[B(1 4+ 20 = 16(1+ A)(1+ 3\
H16(1+ A)(1+ 3N

Glp) = 16(14 A)(143N)(1420)?
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! [T+ 202 -
IERVIERA +2A) H(1+ 20} -

2L+ A)(14 3Ny
81+ X143\

Glp)=

where G attains its maximum vlaue at p = 2, Hence we
obtain

lasay — pa3] < (14207 — (1+A)(1+ 32

Case Il1: For 2 5 < 1 <1 we consider
two subcases. Subcase (i): When
<p<?

Glp) = 1 (14207 =21+ A)(1+ 3\

AT+ N (L3N (L4202 [+ AL+ 3

here G attains its maximum value at p =0
Hencel@2a4 — paz] < (14 A)(1+ 3\)p
Subcase (ii): When

s<u<i

314 207 =41+ A)1+ 30t
=14 207 + (1 (143N p?
H16(14 AJ(14+ 3N

1
16(14+ A)(143A)(14 20

8
In this case G(p) is a decreasing function so if attains its
maximum value at p = 0.
Case IV: Finally, for p>1,

[( QP =214+ N1+t ]
Glp)= AL+ A)(1434) - (14+ 27
H16(14+ X)(143M)u

1614 )14 3014 20

1
LN

Here G attains its maximum
\/ (14 X)(1430) — (142)2

21+ A 1+3A)u (1+2p ]

e H+ N1+ (142 |

value at?” — 214+ (1430 p—(1420)*  Hence
(TN (L 43N - (L+ 20
2y — i 1+ A)(1+3)
oy — piag] < DTN += L+ 2] +u(1+A)(1+34)

For u =1, Theorem 3.1 gives the following result.

its maximum value at
Corollary 3.1.

2 2
If f(2) € Csythen lasay — a3 < (14 2X)%
Theorem 3.2.

" *
Iff(z) € SS(A), then we obtain the same result as in
Theorem 3.1 on the same lines, we have

Theorem 3.3.

Iff(z) € K;‘(A), then
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if u<o
(914202 =8(14+X) (143\)p =Y,
(0 fﬁm lﬁ?HA)TL ) g1+ A)(1+34)
‘ » HL4 202 = H(14 X)(14+ 30 0<p< i
Gglly — [llg] = 9
T a4 3 W <n<y,

For u =1 Theorem 3.3 gives

Corollary 3.2.

2 1
I 1(2) € Ksgy, then |9204 — a3 < g,
Theorem 3.4.
If f(z) € Csy(y then

[ [135(14+20)%—98(1+A) (1+3))u)?

4 .
32A[SI(1+2A)Z—08(1+A) (13N SA+NA+3Np ifp<0

135 [1+’)\) —196(14+A)(143A) ] 49 i
lasts — ] < S2I(TH 20T gis(m) T et AL+ 3N if
24 3 =
(14 0)(1+ 3\ 0<p< i
]
- 135 135
if 06 1= 5%

95(1+A) (L+3Au-135(1+20) | 49 135
lau[gs ISR st AN > 3

Proof:
Since f € Cg() by definition we have

ANt f(2) + (2] -
Nl (2) + W (=2)] + (1= N[h(z) - h(=2)] ")

where
»h(z) = z + Xbkzk € Ks(1)

(3.8)
k=2

Using (1.1), (2.1) and (3.8), (3.9) gives

1+2(1 + Aayz + (1 + 22)3a32° + (1 + 3))4a, 2’

L+ @+ Az -]
(3.10)

= (L4 paz + P2+ paz’ + paz* + -

On equating co-efficients in (3.10) we get
2(1+ A)az=py,
3a3(1 +24) = (1 + 24)bs + py,
4ay(1+37) = (1 + 24)p1b3+ ps

(3.11)
From (3.9) we can easily verify that
o — P2
PT6(1+2))
So (3.11) yields
B 2 Iy h
)= N T — (312
WSy TR e e
From (3.12)

Retrieval Number: J105408810S19/2019©BEIESP
DOI: 10.35940/ijitee.J1054.08810S19

304

o i = | i . A9p;
e A TV T VR T T IV RSV TR}
Let X, = 2592(1 + A)(L + 34)(L + 24)>.
Using Lemma 2.2 it gives
[108(1+ 2% — 98(1+ )1 + 3\t
+[189(1 +20)% = 196(1+ A)(1 + 3\)][4 - )y
g =] < o +1621 4 (8 1 - e (4 i
UL BLL+ 202 = 08(1 4 A)(1+ 3\)p)
£309(14+ A1 43\

Suppose now that p; = p, p € [0,2] and using triangle
inequality we get

[108(1+2A) = 98(1+ A)(1 4 3\ )ulp*

+162(1+ 20 *(4 - 1)

+189(1+ 2)\)2 - 196(1+\)(1+ 3)\),u|p2(4 —pg)p
+(4 —pz)(|8](l + 2)«)2 - 8(1+A)(1+ 3)\)11\}72
+392)(1+ X) (14 3M)u| - 162(1 4 20)*p)?

1
2

(9ly — [ilta| < —
‘24 H}l—Xl

= F(p) with p = x| < 1.
This gives rise to
(3.9
[189( 1+M) —196(1 + A)(1 + 3A)u]d — p*Jp* if V1
18 24— )[BL(L+ 202 - 9801+ A)(1 + 3\)ulp? <
=302(1 4 A)(1 4+ 30 - 162(1 + 20y O_if

F2(4 = pP) 81T +20)? = 93(1 + A)(1 + 3\)ulp?

0
[189(1 +2X)% = 196(1 + A)(1 + 3A) ][4 — p?Jp° <p < 81
1 2) - -
+392(1 4+ A)(1+ 3\ ) — 162(1 + 2))%glp

[ [189(1+22)2 — 1961+ (1 +3Nuld - plp? )

| Xi] +2(4 — p?)[—[81(1 4+ 2X)% — 98(1 + A)(1 + 3M)ulp?
+392(1 + A)(1 4 3A) — 162(1 + 2)\)211],')

[ [-(189(1 + 2X)% — 196(1 + A)(1 + 3A) (4 — p2)p? )
- i +2(4 — p)[—[81(1 + 20)2 — 93(1 + A)(1 + 3\)pp?

4302(1 + A)(L+ 3\)p — 162(1 + 2)\)2pp
if o5 <n< 15,

. 80
f if o > }9;
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1
1296(1 4 A)(1+3A)(1+2))2
{ [=81(1+23)° + 98(1 + A) (1 + 3X)up’ ]

Glp) =
FA[135(1 + 20)% = 196(1 + A)(1 + 37 plp?
+784(1+ A)(1+ 30\

We consider two subcases,
Subcase (i): When 0

S S i,
Sl 1 IS+ 4 0814 1)1+ B
P ST T F N E I | +200(1+ 202 - 30201+ )1+ 34)

Here G attains its maximum value at

/270014202 196(14+A) (143A)u
P =\ Br(12n 7 9811 A (1130

, in which case

LS50+ 07 061+ (L) 9
IR P8\

Subcase (ii): When

135 81
To6 SHS g5

Glp) =

gy — 3\ {H)\J(H&\]p

1
1296(1 4 A)(14 3X)(1 4+ 2))?
[~81(1 4+ 20)% + 93(1 4+ A)(1 + 3\)plp*
X —4[196(1 +A) (143N —135(1 + 2,\)2];)2
841+ A)(1 430
In this case G(p) attains its maximum value at p = 0. So

49
lagay — paz| < 81(1+)\)(1+3)\),u

108
Case Il1: For 98 SHE 08 , we consider two subcases.

Subcase (|) When

81 189
08 S M= g,

1
G(p) =

162(1+ A)(1+3A)(1+2))?

27(1 4+ 2X)% — 49(1 +A)(1+3)\)u]pg}
FI98(1 + A)(L+3\)u

here G attains its maximum value at p = 0. Hence
49
lasay — pai| < 8—1(1 + M) (1 + 3\

Subcase (ii) When
189 108
196 = M < o5,

G(p) = !

1296(1 + A)(1 4+ 3A)(1 4+ 2X)?
[189(1 + 2A)% — 196(1 + A)(1 + 3\)ulp*
X | +4[=135(1 4+ 20)% + 98(1 + A)(1 + 3\ ulp?
+784(1+ A)(1+3\)p

In this case G(p) is a decreasing function so it attains its

maximum value at p = 0.
108
Case IV: Finally for # = o3,
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1
1296(1 4+ A)(1 4+ 3X)(1 4 2A)?
[(8T(1+20)% = 98(1 + A)(1 + 3\)ulp*
X | H4[98(1 4 A)(1 4 3A)u — 135(1 + 2X)*]p?
+T84(1+ M) (1+ 3\

G(p) =

we consider two subcases

130
Subcase (i): When e S K< G(p) isa
decreasing function so it attains |ts maximum value at p =
0.
Subcase (ii): When
135
=
1

524(1+ N (1430 (1 + 202"

{ [81(1+2)% = 98(1 + A)(1 + 3A)plp?
+2(98(1 4+ A)(1 4 3A)p — 135(1 + 2A)?]

G'(p) =

here G attains its maximum value

196(14A)(1+3X)u—270(1+2)2
at? =V TOB(1+A)(1+3N)u—8L(1+20)?

Hence
[98(1+ A (143X - 135(1+ 20 49

32081+ (14 3Np- 81+ 207 81

|ayy - pag\ < —(L+A)(1 43\

For p =1, Theorem 3.4 gives the following result.
Corollary 3.3.
2 49 2
If f(z) € Csythen |azaq — az] < §(1+2X)% o e
same lines, we can easily prove the following theorem:

Theorem 3.5.

f (2) € C

S1(A) then we get the same result as in Theorem
3.3.

Theorem 3.6.
If f(z) € Cs,,»then

[A2—B, Ciu]® iu<o,
2B — BiCin
o) < — BiCu if )
azay — prag| < 0<pu<s
BlCl,u. , |f
% <pn< 1,
l [wlcm A2] + BiCip if p>1.

where A;= (1 + 6y1 + 2y —21)
By=(1+12p4 + 3y -31)
Ci=(1+2pi+y-4)

Proof:

Since f € Cg,, 2 We have
[n\ $(2) 4 2’\/\+ =N f"(z)+2f(2)

e R g BB e
(3.15)
where
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9(z) = z + Xbkzk € Ssx(3,2)
k=2

Using (1.1), (2.1) and (3.15), (3.16) gives

(3.16)

1+ 22y + y —A + 1)agz + 3ag[6yl + 2y —24 + 1]7°
+4a,[1 + 6pA + 324 + y =)+ ---
= (L+piz + paz®+ ) (1 + ba(1 + 6pd + 2y 21)7° + --*) (3.17)

On equating coefficients in (3.17) we get

2[29A + y =L+ 1)a;=py,
3as[6y4 + 2y —24 + 1] = bg[1 + 6p4 + 2y —21) + p,
day[1 + 64 + 3(2p4 + y —2)] = pibs[1 + 64 + 2y —27) + ps3 (3.18)
From (3.16), we can easily verify that
_ P2
2[1 + 2 — 2\ + 6y

So (3.18) yields ]
g = — L | BAT - ABIC](4 - )P + 204 - )
20+ 290+ = A RABC | [(42 — 2B,Cyya)p? + 8B, Crp — 2439

[ 342 —4B.Cop)(4— PP + 24— )
| (A} - 2B,Cyn)p* - 8B1Cyp — 243p)p

11)3 1
SZA% BiCy

(3.19)

p
RETTENPYY o 2\’ Flo)= : , |
P2 D3 1 343 —4B1Cup)(4 - p)p* + 2(4 - p)
— YV a
U R 1290 £ 37— 3N AL+ 129M 37 - 3] PABC | [—(A3 = 2B, Cyp)p? + 8B, Cypp — 243p]p "
3
2 24,2 2 e
1 —[3A7 = 4B1C1p](4 — p*)p® + 2(4 — p7) ) o
3241B1Ch [—(A2 — 2B1Cyp)p? + 8B1Cypu — 2A2p)p and for all the cases above F ((f)zg)o for p >0, implying that

Max F(p) = F(1) Now let

+ A2 v 4 2 2
From (3.20) define i 1 247 = BiCuplp® + 2A7p(4 — p7)
A, = ((1 + 6?)//\ + 2y — 2)) G(P) = F(1) = g | #1347 — 4B Cualp*(1 - p?)
By = (1 + 129X + 37 — 3X) ST 44 = p) AT - 2B Cvpalp? + 8| B O] - 243
) = (1 + 29N+ v — /\) (3.22)
2 ; 2
s — pall < |PiP2 pips  P3 ; : .
lasay — pa?] < om0 T eme, ~ Mia Now we discuss the following cases:

Case I: For p<o0,

Using Lemma 2.2 it gives G(P) [ —2[A? — 2B, Cyplp* + 16[A7 — BiCyplp® — 32B1Cp |
2[A} — B1Chplp] + [3A2 — 4B, Cyp(4 — p?)pia

+2A2p, (4 —p)(1 — |2)*]z — (4 — pP)a?

1
T 34RO,

CRABCH e Do ot 4 SB Gy and |
Suppose now that p; = p, p € [0,2] and using triangle ap A2 9B Ctl? + 442 — 4
: € ) ) =———p| —|A] — 200U 1)U)] +-l“i —‘*lBlCli
inequality, we get (P) 4‘433101’0[ A i+ 44, ; }
Easy calculation reveals that G attainsits
=F(p) withp = x| <1 (3.21)
This gives rise to
2|A3 — B\Cyp|pt + 2A3p(4 — pd) H
asay — paj| < BB +|3A47 — 4B Cip|p? (4 — p?)p + (4 — p?) maélmum value at
1= [|A2 — 2B,Cypulp? + 8| B1Cyja| — 2A%p)p? p o 2 Al —B1Ciu
= S
if p < #<3<0, V AI=2BiCe
The upper bound for equation (3.21) corresponds to p
p=2 4%—3101#
=1and \ AT—=2B1C1t in which case
. ) W-Bl!
if 0, oty - g < AE—?MW -BC
1
Case I1: For 0= 1 < 3,
1 3
if 2 SH=7]
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G(P) = o [ (—A? 4+ 2B, Cop)p" + [8A? — 16B,Copilp? + 16B,Cypt (135A7 98B, C1p1)*
") = fomma; | A P Hp+ / [324(8]A2 98B1C1p) Blc”u
if <0,
I 135 135 135
! A2 _¢ 2 12 . ] > ]
G(P)= 1A2B CM ~(41 = 2B,C )y +44; ‘SBICIM it = p = 196, if 196 — Sps 198,
S (98B1C1u—135A2)
1o 100 13k
where G attains maximum value at p = 2, 324(388101¢1—81A2) Blcl’u ift = 2 o8
2 2
Hence| @204 — paz| < A7 — B1Cyp. For i = 1 Theorem 3.9 gives the following result:
1
Case IlI: For 2 Syl S1, we consider two subcases.  Corollary 3.6.

S 2 49
Sfug:aseg)é It f(z2) € Ceyy., then |azas — a3| < §1AT on the same
2 =M=, lines we can easily prove the following theorem.
G = 44,# [ (AT — 261 C)p® + A5 Chipl] ] Theorem 3.10.

Hence G attains its maximum value at p = 0 hence
|asay — paj| < BiCip

3
Subcase (ii): TSy,
o 1
G(P) = 16A2B,C,
In this case G(p) is a decreasing function so it attains its
maximum value at p = 0.
Case IV: Finally, for p>1,

G(P) = BB, [ (A3 = 2B,Cip)p" + 8(Bi1Cipu — ADp® + 168, Ciyp1 |
AZB,C
and
. 1 p §
CP) = g e [ —CBCu — ADP? + A — AY) ]
1

D=2 Bi1Cip—A3
here G attains maximum value at V 2B1C1u—AT

< (B1C1p—AY)?

Hence |azas — pas| < W + nBCy
For H =1, Theorem 3.6
gives the following result:
Corollary 3.4.
I (2) € s, then [@2aa — @3] < Af,
Theorem 3.7.

If f(z) € Ss*¢,, then we obtain the same result as in Theorem
3.6. On the same lines we have

Theorem 3.8.
If f(z) € Kgg, ) then

(.)AQ—SB]CU;
T2(9A7-16B1C1p)

For u =1 Theorem 3.8 gives:

Corollary 3.5.
A3

az| < 5

I 1(2) € Ks,, then 10204 —
Theorem 3.9. If f(z) € Cgy,5, then

(13547 198101 )
324(814] 98B, C141)

aB,Cipt

19 v
) + Bl
g — pag| <

Retrieval Number: J105408810S19/2019©BEIESP
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[ (BA? — 4B Chp)p* + 8(—AT + BiCip)p® +

307

s ”
Iff (”) € CS?(’Y-)\), then we get the same result as in
Theorem 3.8.
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