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Abstract  Codes over the chain ring are obtained by writing special matrices. Gray images of these codes 
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1      Introduction 

 Different codes over the ring 2 2u   with 2 0u   were studied before. Generally the  

relation between the codes over 2 2u   and binary codes were established. Some of these studies ; 

(1 )u cyclic and cyclic codes over the ring 2 2u   were studied by J.F.Qian, L.N.Zhang and S.X 

Zhu in [3]. Some results on cyclic codes over 2 2v   were studied by S. Zhu, Y. Wang and M. Shi 

in [9]. A relation between Hadamard codes and some special codes over 2 2u   were studied by M. 

Özkan and F. Öke in [1]. This last study,which was written by forming special matrices over the ring 

is the Pioneer reference for emergance of this article. In this study, codes over the ring 2 2u   are 

written by using special matrix. Special types of Hadamard codes ara discussed finding binary of 

these codes.            In the 

second section, basic code structure was described as weigth function on the ring 2 2u   and 

information about Hadamard codes were given. Gray map was defined. Matrices 21 ,
N were formed 
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by using elements of the ring 2 2u  . Then codes 1 2,
C

   were defined with the help of these 

matrices. It is shown that Gray images of the codes 1 2,
C

  are equal to the Hadamard codes. By this 

way it is shown that Hadamard codes could be obtained by without using Hadamard matrices.                                                                                                    

 In the third section, the definition of new code were made with the help of the codes 1 2,
C

  . 

The classification of the new codes were made. It is determined whether the are equivalent orequal to 

the code 1 2,
C

  . Also the definition of odd code an deven code is given fort he codes 1 2,
C

  . An 

important proposition about Gray map an even codes are written.     

  In the last section, the results about direct sum and direct product of these codes were 

given. Moreover looking duals of codes and their Gray images the classification is made whether 

they are self dua lor self ortagonal.  

 

2     Formulations 

 It is known that  2 2 0,1, ,1u u u     with 2 0u   is a ring with the usual addition and 

multiplication. Also it is known that this ring is isomorphic to the ring 2
2

[ ]u

u 


  where 2 0u  . 

The ring R 2 2u    has  ideals satisfied the inclusions; Ru  10 . The R  ring is finite 

chain  ring. Let C  be a _),,( dMn code. It means that C  has the length n , it has M elements and 

it’s minimum distance is d . 

The Lee weight of each r R  is defined as; 

                                           

0 ; 0

( ) 1 ; 1,1

2 ;

L

r

w r r u

r u




  
 

  . 

Then ( )Lw r =
1

( )
n

L i

i

w r


  is satisfied for each element 1 2( , ,..., ) n

nr r r r R  . 

The Hamming weight on 2  is defined as;  

0 ; 0
( )

1 ; 1
H

c
w c

c


 


. 

 Hence )(cwH =
1

( )
n

H i

i

w c


  is hold for each 1 2 2( , ,..., ) n

nc c c c  . 

The minimum distance of a code C  is defined as ; 

( ) min{ ( , )}L Ld C d x y , here yxCyx  ,,  if C  is a code over R and  

)},(min{)( yxdCd HH  , here yxCyx  ,,  if C  is a code over 2 . 

 Generally the Gray map is defined as : 

         2

2: n nR    

                                          1 2 1 2 1 1 2 2( , ,..., ) ( , ,..., , , ,..., )n n n nr r r b b b a b a b a b    

where  Rubar iii   for ni 1 . 
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 Therefore C  is a code over 2 2u   which has length n , it’s image )(C  under the Gray 

map will be a binary code which has length n2 . 

It is clearly seen that the equalities ( ) ( ( ))L Hw r w c   for each nr R  are satisfied. Therefore it 

means that   is an isometry from ( , )n

LR d to 2

2( , )n

Hd . 

A nn  matrix such that all components are 1  or 1  and  InMM t ..   is called Hadamard 

matrix. A nn  matrix is called binary normalized Hadamard matrix if it is obtained from nM  nn  

normalized Hadamard matrix writing 0 instead of 1 and writing 1  instead of 1 . Let nA  be binary 

normalized Hadamard matrix of a binary Hadamard matrix nM . If each two rows of nA are 

orthogonal then 
2

n
 elements are different for these rows of nA . 

 Think that each row of nA  is a vector. Then it is seen that the distance of between two rows is 

2

n
. Write each row of matrix as a vector which has n  length. Adding themselves and their 

complements to back of these vectors respectively, new vectors which has n2   length are obtained. 

Write these new vectors as a code words. If completions of these code words join to this set, it is 

obtained that a Hadamard code included n4  elements. Thus the minimum distance of this code is n . 

Choose that all elements of first row of the matrix 21 ,
N from the set }1{ , choose that the 

elements of the other row from the set }1,,1,0{ uu   if 02   and from the set },0{ u if 01  . 

Assume that colums of this matrix are lexicographically ordered. This matrix constructed above is a 

special matrix which has 121   rows. 

 Certain examples for the matrix 21 ,
N constructed above are given below : 

 10,0 N   , 









u
N

0

11
1,0   , 



















uu

uuN

00

00

1111
2,0  , 





















uuuu

uuuu

uuuu
N

0000

0000

0000

11111111

3,0 , 













uu
N

110

1111
0,1  , 





















uuuuuuuu

uuuuuuuuN

110110110110

111111110000

1111111111111111
0,2 , 



















uuuu

uuuuN

0000

111100

11111111
1,1

 . 

 Define the code  1 2 1 2 1 2, , 1

1 2 1 2 2{ ( , ). , }C c c N c R c        which has a generator matrix 21 ,
N  

where 21,  are inregers such that 0, 21  . The lenght of this code is 212
2

 
n . Moreover the 

parameter of the code 21 ,
C over 2 2u   are ),4,( nnn . If  21 ,

C  is a code generated by the matrix 

21 ,
N over 2 2u  , it’s image )( 21 ,

C under the Gray map is the _),4,2( nnn Hadamard code 

over the field 2 . 

The generating matrices of the )( 21 ,
C  codes over 2  are M  Hadamard matrices. 
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3      Odd codes, even codes and recurrent construction codes of 

         the code 21 ,
C  

Let  212
2

 
n  where 0, 21  . It is known that 1 2 1 2 1 2, , 1

1 2 1 2 2{ ( , ). , }C c c N c R c         is a 

),4,( nnn -code over the ring R . Hence  00...0, ...S uu u  is a ( ,2,2 )n n -code and 

 00...0,11...1, ... ,1 1 ...1S uu u u u u     is a ( ,4, )n n - code over the ring R . 

Definition 3.1 The codes  1 2 1 2, ,

1 { ( , ) , }C a a b a C b S         and 

1 2 1 2, ,

2 { ( , , , (1 ) ) , }C a a b a ub a u b a C b S            is defined by using the codes ,S S  and 1 2,
C

  . 

Let 1 2 1 2, ,

1 { ( , ) , }C a a b a C b S         and 1 2 1 2, ,

2 { ( , , . , (1 ). ) , }C a a b a u b a u b a C b S            where 

,S S and 1 2,
C

   are defined as above 1 2,

1C
   is called first repeat code over R which has parameters 

(2 ,8 ,2 )n n n . 1 2,

2C   is called second repeat code over R which has parameters (4 ,16 ,4 )n n n . 

 

Preposition 3.2 The code 1 2,

1C
  is equivalent to the code 1 2, 1

C
   . 

Specially 20,

1C
 20, 1

C
 

  is satisfied. 

 

Proof.  Here 00...0b   or  ...b uu u fort he code 1 2,

1C
  .  

For each codeword 1 2,
a C

 
  with length 1 22

2n
 

  then for each codeword 1 2,

1( , )x a a b C
 

    has 

length 2n . Thus 1 2 1 22 2 ( 1)
2 2.2 2n

     
   is satisfied. Similarly the number of elements of the code  

1 2,
C

   will be two times of the number of elements of S  . ( ) , ( )L Ld a n d a b n    since ( ) 0Ld b   or 

( ) 2Ld b n . Then ( ) 2Ld x n  for each 1 2,

1x C
 

  so the code which has length 1 22 ( 1)
2

    is equivalent 

the code  1 2 1 2 1 2, , 1 1 1

1 2 1 2 2{ ( , ). , }C c c N c R c          . Especially in the case 1 0  , each rows of the 

matrix 20,
N

 in except the first row are consisted of the elements 0  and u . It is seen that these codes 

are 20, 1
C

   

  Preposition 3.3 Let 1 2
, 0   ,  Then the code 1 2,

2C   is equivalent to the code 1 21,
C

  . 

1 2,

2C  is equal tho the code 1 21,
C

  when 1
0  . 

 

           Proof. Let the length of 21 ,
C be n . The length of the code 1 2,

2C   is 

1 2 1 22 2( 1)24 2 .2 2n
     

   since the length of the code 1 2,

2C   is 4 times of the length of the code 

21 ,
C . Proof is similarly completed to the proof of the Preposition 3.2. 

 

 Example 3.4     Since 0,1
11

0
N

u

 
  
 

 then 

 0,1 0,1 2

1 2 1 2 2{ ( , ). , } 00,11, ,1 1 ,0 , 0,11 ,1 1C c c N c R c uu u u u u u u R          is the (2,8,2) _ code. 

Let   00,S uu  . Then 0,1 0,1

1 { ( , ) , }C a a b a C b S     
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0000, ,0 0 , 0 0,1111,1 1 1 1 ,11 11 ,1 11 1

00 , 00,0 0, 00 ,111 1 ,1 1 11,11 1 1,1 111

uuuu u u u u u u u u u u u u

uu uu uu u u u u u u u u u u

        
  

        

4R  is a (4,16,4) _ code. 

It is seen that this is equal the code 0,2C  obtained by the matrix 0,2N  

          The code 0,1 0,1

2 { ( , , , (1 ). ) , }C a a b a ub a u b a C b S       cis equal to the code 1,1C  generated 

by the matrix 1,1N . The parameter of the code 0,1

2C  is (8,32,8).  

 

Example 3.5 Writing the code 



1,0 { 0000,1111, ,1 1 1 1 ,01 1 ,101 , 1 01,1 10,

0 0 ,11 11 , 0 0,1 11 1,01 1,1 1 0, 101 ,1 01

C u uu u u u u u u u uu u u uu

u u u u u u u u uu u u u u u u

        

       
 with the 

parameter (4,16,4), the code  
1,0

1 { 00000000,0000 ,01 1 01 1 ,01 1 1 01,

0 0 0 0 ,0 0 0 0,01 101 1,01 1 101 ,

11111111,11111 1 1 1 ,101 101 ,101 1 10,

1 1 1 1 1 1 1 1 ,1 1 1 1 1111,1 101 1

C uuuu u u u u u uu u

u u u u u uu u uu uu uu u u

u u u u uu uu uu uu

u u u u u u u u u u u u uu uu

    

   

       

              0,1 10101 ,

11 11 11 11 ,11 11 1 11 1,1 1 01 1 0,1 1 01 01 ,

1 11 11 11 1,1 11 111 11 ,1 01 1 01 ,1 01 1 1 0,

, 0 0 0 0, 1 1 0011, 01 10 11 ,

00 00, 00 00 , 1

uu uu

u u u u u u u u u u u u u u u u

u u u u u u u u u u u u u u u u

uuuuuuuu u u u u uu u u u u u u

uu uu u uu u uu

 

           

           

   

 81001 1 , 011 0 1 1u u u u u u R    

    is 

obrained. Hence, using a suitable rotation and permutation the components of 1,0

1C , the code  1,1C  is 

obtained. Then it is seen that the code  1,0

1C  is equivalent to the code 1,1C . Moreover it is seen that, 

the code 1,0

2C  is equivalent to the code 2,0C . 

 

 Definition 3.6  Let  1 2,
C

  nR  be a code. 

1 2 1 2, ,2
0 2 2 0 1 1( ) { ( , ,..., ) ( , ,..., ) }

n

n neven C c c c R c c c C
   

     is called an even code over 2

n

R .  

1 2 1 2, ,2
1 3 1 0 1 1( ) { ( , ,..., ) ( , ,..., ) }

n

n nodd C c c c R c c c C
   

     is called an odd code over 2

n

R . Even codes and 

odd codes are defined over the field 2  writing 2  instead of R .  

Preposition 3.7  Let  1 2,
C

   be a code. 

            i)  1 2 1 2 1 2, , 1, 1
( ) ( )even C odd C C

      
   is satisfied if 1 21, 0   .  

            ii)  1 2 1 2 1 2, , , 1
( ) ( )even C odd C C

      
   is satisfied if 1 20, 1   . 

 

Preposition 3.8  1 2 1 2, ,
( ( )) ( ( ))even C even C

   
   is satisfied. 

Proof. Let 1 2,

0 1 1( , ,..., )nc c c c C
 

   where  i i ic r uq   for 0 i n  . 

 If 0 1 1( ) ( , ,..., )nc c c c    0 0 1 1 1 1( , ,..., )n nr uq r uq r uq      

                             1 2,

0 1 1 0 0 1 1 1 1( , ,..., , , ,..., ) ( )n n nq q q r q r q r q C
 

        

then 1 2,

0 2 2 0 0 2 2 2 2( , ,..., , , ,..., ) ( ( ))n n nq q q r q r q r q even C
 

       . 

       On the other hand, 



 

 

 

      

 

 

Mustafa ÖZKAN and Figen ÖKE                                                                                                   22      

0 2 2( , ,..., )nc c c c 
   0 0 2 2 2 2( , ,..., )n nr uq r uq r uq    1 2,

( )even C
 

 .Then  

( )c  1 2,

0 2 2 0 0 2 2 2 2( , ,..., , , ,..., ) ( ( ))n n nq q q r q r q r q even C
 

      . 

This Preposition can be written fort he odd codes. 

 

           Example 3.9 For the code  
0,2

4

{ 0000,0 0 ,00 ,0 0,1111,11 11 ,111 1 ,11 1 1, ,

0 0, 00, 00 ,1 1 1 1 ,1 11 1,1 1 11,1 111 } ,

C u u uu uu u u u u u u u u uu

u u uu u u u u u u u u u u u u R

      

          
 

is obtained.  0,2( ) 00, 0,0 , ,11,11 ,1 1,1 1even C u u uu u u u u     is obtained. 

 0,2( ( )) 0000,0011,1111,1100,0101,0110,1010,1001even C  and 

0,2( ) {00000000,01010101,00110011,01100110,00001111,01011010,00111100,01101001,

11111111, 10101010,11001100,10011001,11110000,10100101,11000011,10010110}

C 
 

Hence  0,2 0,2( ( )) ( ( ))even C even C  is obtained. 

 

           Example 3.10 The even code of 1,0C  given in the example 3.5. is 

 1,0 1,0 0,1( ) 00, 0,11,11 , , 0,1 1 ,1 1 ( )even C u u uu u u u u odd C C       . 

 

          Example 3.11 Let 1,1 1,1 2

1 2 1 2 2{ ( , ). , }C c c N c R c    with the parameter (8,32,8).  

1,1

4

( ) { 0000,0 0 ,00 ,0 0,1111,11 11 ,111 1 ,11 1 1,

1 1 1 1 ,1 11 1,1 1 11,1 111 , , 0 0, 101 , 1 01 } .

even C u u uu uu u u u u u u

u u u u u u u u u u u uuu u u u u u u R

      

            
Th

e parameter of this code is (4,16,4).  Using a suitable rotation and permutation to the components of 

this code the code 



1,0 { 0000,1111, ,1 1 1 1 ,01 1 ,101 , 1 01,1 10,

0 0 ,11 11 , 0 0,1 11 1,01 1,1 1 0, 101 ,1 01

C u uu u u u u u u u uu u u uu

u u u u u u u u uu u u u u u u

        

       
 is obtained. 

It was shown that the Gray images of the codes 1 2,
C

  are Hadamard codes in [1]. In this 

sstudy; it is shown that 1 2,

1C
  , 1 2,

2C  , 1 2,
( )even C

  and 1 2,
( )odd C

   are either equivalent or equal to the 

code 1 2,
C

  and so these codes are Hadamard codes. 

 

4      The stucture of the linear code over 2 2u   

Let , nA B R . It is written that  ( , ) ,A B a b a A b B     and 

 ,A B a b a A b B     . Let 1 2,
C

   be a code with length n  over R . Define 

1 2 1 2, ,

1 2 2{ }nC x y x uy C           and 1 2 1 2, ,

2 2{ }nC x y x uy C        . 1 2,

1C   , 1 2,

2C    are binary 

codes. 
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Preposition 4.1  1 2 1 2 1 2, 1 , ,
C C C

     
   is satisfied. 

Proof. Take 1 2, 1

0 1 1( , ,..., )nc c c c C
  

   . The length of the code 1 2, 1 nC R
  

  is 1 22 1
2n

  
 . 

For each codeword 
1 2 1 2

2 1 2 2 2 11 2 1 2 1 2 1 2

, ,

0 1 1 0 1 0 12 2 2 1 2
( , ,..., ) ( , ,..., ) ( , ,..., , ,..., )nc c c c c c c c c c c c C C       

   
      

      is satisfied. 

 

Theorem 4.2  Let  1 2,
C

   be a code of length 1 22
2n

 
  over R . Then 

1 2 1 2 1 2, , ,

1 2 ( )C C C
     

   and 1 2,

1 2.C C C
 

 . 

Proof. For each 1 2 1 1 2 2( , ,..., , , ,..., )n n nr r r q r q r q r   is element of  1 2,
( )C

 
 . Let i i ic r uq  , 

1,...,i n . 1 2,

1 2( , ,..., )nc c c c C
 

  since   is a bijection. Using the definitions of 1 2,

1C    and 1 2,

2C   , 

we obtained that 1 2 1 2, ,

1 2 1 1 1 2 2 2( , ,..., ) , ( , ,..., )n n nr r r C q r q r q r C
   

     ,thus  

1 2 1 1 2 2( , ,..., , , ,..., )n n nr r r q r q r q r   1 2 1 2, ,

1 2C C   
  . This implies that 1 2 1 2 1 2, , ,

1 2( )C C C
     

   . 

1 2 1 2 1 2, , ,

1 2 ( )C C C     
   is similarly obtained. This means that all elements of the code 1 2 1 2, ,

1 2C C
   

  

are equivalent to the elements of the code 1 2,
( )C

 
 . The second result is easy to verify. 

 

Corollary 4.3 If  1 2 1 2 1 2, , ,

1 2( )C C C
     

    

i) 1 2 1 2 1 2, , ,

1 2( )C C u C
     

   when 1 0   

ii)  1 2 1 2 1 2, , ,

1 2( )C C u C
     

  when 1 0   

 

 Preposition 4.4   Let  1 2, nC R
 

  be a code. 

 1 2 1 2, ,

1 2min ( ), ( )H L H Hd d d C d C     is satisfied. 

 

Proof. It is known that distances are invariant under the map  . 1 2 1 2, ,
( ) ( ( ))L Hd C d C

   
  . 

Since 1 2 1 2 1 2, , ,

1 2( )C C C
     

   .  1 2 1 2 1 2 1 2 1 2, , , , ,

1 2 1 2( ( )) ( ) min ( ), ( )H H H Hd C d C C d C d C            

is obtained. 

 

 Preposition 4.5 The codes are a self orthogonal codes except the codes  0,0C and 0,1C . The 

codes 1,0C   and 0,2C  are self dual codes. 

 

Proof. It is known that code 1 2,
C

   is 1 22
2n

 
 . The number of elements of the code 1 2,

( )C
    

is
4

4.

n

n
 since the number of elements of the code 1 2,

C
  is 4n . So 

4
4

4.

n

n
n

  except the cases 

1 2( , ) (0,0)   and 1 2( , ) (0,1)    . Then  1 2 1 2, ,
( )C C

      is satisfied. 

 

Preposition 4.6  The code 1 2,
( )C

 
  a self orthogonal code, except the codes 0,0( )C and 

0,1( )C . Specially the codes 0,1( )C and 20,
( )C


  are self dual codes. 
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Proof. It can be similarly obtained to the proof of Preposition 4.5. 

Preposition 4.7  1 2 1 2, ,

1 1( ) ,C C
      except the codes 0,0C  and 0,1C . Either  1 2 1 2, ,

2 2( )C C
      or 

1 2,

2( )C
    is equal the a repeation code over 2  
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