1. Online Appendix
1.1. Details for the Proof of Part (ii) of Theorem 3.6

Forp>2,ki,...,kp—1 € Zand z1,...,2, € R, consider the Laplace cumulant of order p
'yii,f:A = cum [[{ Xy, < a1}, I{Xp, <a2},..., [{Xo < z}]

R

= Z (—I)Rfl(R—l)!H]P<in <z : iGI/j), kp:=0,
{vi,...vr} J=1

where the summation runs over all partitions {v1,...,vg} of {1,...,p}. All results in this

part of the Appendix are established under the following condition on Laplace cumulants:

(CS) Let p > 2,6 > 0. There exists a non-increasing function a, : N — R such that

kla--wkpfl

sup |yl | < ap(max|k;|)  and Z K a,(k) < co.
T1,eeey Tp J kelN

This condition follows from Assumption (C) but is in fact somewhat weaker.
Note that under assumption (CS) the following quantity, which we call Laplace spec-
trum of order p, exists as soon as p—1 < §

o0

]- xr1 xT i
o seedp 71(w1k1+...+w, 1k ,1)
fml ..... :rp(CUh...,(Upfl) = (27r)P—1 E ’ykl,..i,kp,le P P2,
ki,...,kp_1=—00
The existence of fz,, .. 2, (w1,...,wp—1) follows, since under (CS)
o0 o0
L1y Tp —i(w1k1+...+w 1k _1) .
D DR et s Y (maxky)
kl,...,kp_lz—oo kl,...,kp_lz—oo

o0

< ap(0) + Z ap(m)|{k1, ..., kp_1 : max |kj| =m}| < oo,
m=1

since |{ki, ..., kp—1 : max; |k;| = m}| = O(mP=2).

The main result in this section is Lemma 1.5, giving an asymptotic expansion of the
expectation B[G,, (71, T2; w)] that holds uniformly in 71,72, and w. Essentially, it is a
uniform version, for Laplace spectra, of Theorems 7.4.1 and 7.4.2 in Brillinger (1975).
The proof is based on a series of uniform reinforcements of results from Brillinger (1975).

We first prove the following version of Lemma P4.1 in Brillinger (1975) in the special

case where no tapering is applied, so that the constant can be chosen as 2.

Lemma 1.1. Let hyp(u) := I{0 < u < n} and A,(N) = Z?;OI e M. Then, for any
KeN,K>2,u,...,ux—1 €Z and N € R,

n—1

[ Dt + )bt 4 wse1)e ™ = Ap(N)] < 20wl + o+ Jureal) (L)
t=0



Proof. The left-hand side in (1.1) is bounded by

K—-1n-1 K—1
S halt ) — (] <23 Jugl. 0
j=1 t=0 j=1

Next, we extend Lemma P4.2, still from Brillinger (1975). Define

En(Tl, e TK, )\17 ey )\K) = cum(d;fU()\l), .. 7d:Lf(U()\K))

K K-1
7A"(ZAJ') DOIEED D i ,fé"leXp(fi /\juj).
j=1 [ui|<n lug—1]|<n =1
Lemma 1.2. Under (CS) withp =K and § > K,
En(n,...,TK,Al,...,AK))
§2 Z e Z (‘u1|+..+|’U,K71|) ry?;;l”,uq;('Kl <2(K_1)CK7

lui|<n |ur —1]<n

forallTy,...,7k €[0,1] and A1, ..., Ak € R, where Cx does not depend on A, qr,.

Proof. By multi-linearity of the cumulants, we have

cum(dT1 (>\1) e ,d;KU()\K))

S DL DU RIS G) pEVH et

t1=0 tr=0 Jj=1

Z Z eXp(—lZ)\ uj>,ygbfll7w,-f:«1

lui|<n |ur —1]<n
n—1

XZ’M(t—Fm)-- o (t 4w —1)hy eXp(—lZ)\t)
t=0

Therefore,
Eu(Ti, s TG A, o AK) = > e > exp(—leuj)vilf Sy
[ui|<n |ur—1]<n
n—1 K
‘ (Zhn<t+m>~ ot + )l exp(ﬂzw) 2 (20))
t=0 j=1

Applying the triangle inequality and Lemma 1.1, and taking condition (CS) into account,
completes the proof. O
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Finally, we establish a uniform version of Theorem 4.3.2 in Brillinger (1975). Recalling
the definition of d], ;; given in (2.6), let

En(T1yee s TR AL oy AK) = cum(d;fU(/\l), . ,d;f‘U(/\K))

k
—(2m)k1A, ( 3 )‘j)fqn ot AL AR
j=1

Theorem 1.3. If (CS) holds withp =K and 6 > K + 1, then

sup sup En(Tl,...,TK,)\l,...,)\K)‘ < 0.
noTi,., T €[0,1]
Aty AKER

Proof. By the definition of fg, . 4., , we have

cum(d]'y (A1), -+ -, A7 ()

(ZA) 2m) 5 g, g Moo, A1)

K-1

—An(g)\j) Z 7221,7“7'7’1‘}( 1eXp( i )\J )

\u1|\/...\/\uK_1\2n j=1

+E7L(T1,...,7'K,/\1,...,/\K).

Noting that |A, (\)| < n, we have by condition condition (CS),

K-1
drqselr g . A
sup 0.1 Yuy,...,ux—1 €XP | —1 5 Uy
Tlyeeny Tr€[0,1 i—1

A Ak ER \u1|\/...\/|uK,1\Zn Vi

o0

< swp Y > Pt < Y0 Om™ T )a(m) = O(1/n).

T1,,TRE[0,1] T _
Mo AgER m=n |ui|V...V|ug_1|=m

The claim follows by applying Lemma 1.2 to F,. O

In analogy to Theorem 5.2.2 in Brillinger (1975), we also have the following result.

Lemma 1.4. Under (CS) with K =2,§ > 3,

. 2
EI'M[,]T? (w) — fq7'17q7'2 ((U) + ﬁ |:S:im((w/22)):| T1T2 + 87’;1,7—2 (W) w 75 0 mod 27 (12)
7 fQT17QT2 (w) + 2777—17-2 + ETl e (OJ) W= O mOd 2

with sup-, 7o ef0,1]wer €77 (W) = O(1/n).



Remark: For the Fourier frequencies w = 2%, j € Z, the second term in the right-

n ?

hand side of (1.2) vanishes, leading to the useful simple result
T1,T2 n

BI772(0) = for, a0y (@) + 5

Proof. First note that, by definition,

T1Tel{w =0 mod 27} + /""" (w).

B ) = 5 (com(dp (), d7y (~0) + (Bl (@) (Ed7y ()

The result follows from applying Theorem 1.3 and noting that

n—1 i
. i e—lwn _ 1
Ed, g (w) = rg =T
for w # 0 mod 27, while, for w =0 mod 27, obviously, Ed;’U(w) =nr. O

Lemma 1.5. Assume that (CS), with p =2 and § > k+ 1, and (W) hold. Then, with
the notation of Theorem 3.5,

sup Eén(rl, T2 W) = fgr, gry (W) — B,(Lk)(rl, To;w)| = O((nb,) 1) + o(bF).
71,72€[0,1],wER

Proof. By definition of G, and Lemma 1.4, following the proof of Theorem 5.6.1
in Brillinger (1975), we have, uniformly in 71, 72 and w,

EG, (11, T2;w)

n—1 n—1
- % ; Wi (w = 2ms/n)fq,, q., (275/0) + 2% Sz:; Wy (w — 27ws/n)er 72 (2ms /n)
27

= Wi(w — )fq,, 4., (@)da + O(b,'n™")

0
=0 [ W e = Dy (@)da+ 00
= far, 0, (@) + BP (71, 7230) + 0(bE) + O(b;, 'n 1),

where the last equality follows from the fact that (CS) implies that the function w +—
far,.qr, (W) is k times continuously differentiable with derivatives that are bounded uni-
formly in 71, 72. O

1.2. Proofs for Section 3

In this Appendix, we give the proofs for Propositions 3.1, 3.2 and 3.4.



1.2.1. Proof of Proposition 3.1
Recall that, by the definition of cumulants,
cum(I{X;, € Ai},..., [{X;, € A,})|
= > eoPrm-pe( (XK e )PV {Xuea})|  (13)

{vi,....vr} 1€V i€EVR

where the summation is performed with respect to all partitions {v1,...,vgr} of the set
{1,...,p}. It suffices to establish that

| eum(I{X,, € Ar},... 11X, € A4,1)| < Kya([p™! max |t — 5]]).
7

In the case t; = ... = ¢, this is obviously true. If at least two indices are distinct, choose
J with max;—1_ p1(tiz1 — ;) = tj41 —t; > 0 and let (Y;,,,,...,Y;,) be a random
vector that is independent of (Xy,, ..., X;,) and possesses the same joint distribution as
(Xt, 115+, Xt,). By an elementary property of the cumulants [cf. Theorem 2.3.1 (iii) in
Brillinger (1975)], we have

cum(I{X;, € Ar},... I{Xy, € A}, I{Yy,,, € Aja},. .., I{Y:, € Ap}) = 0.
Therefore, we can write the cumulant of interest as
’cum(I{th €A}, I{X;, € A})
—cum(I{Xy, € Ar}, ..., [{Xy, € Aj}, I{Yy,,, € Aj), .., I{Y;, € Ap})

=| X ORI Pop = Quy - Qul

{vi,-.,wr}

)

where the sum runs over all partitions {v1,...,vr} of {1,...,p},
B, = ]P( M X € Ai}) and Q,, = ]P( M (X € A,-})]P( M X € Ai}),

r=1,..., R, with P(,.y{ Xt € Ai}) := 1 by convention. Since X; is a-mixing, it follows
that, for any partition v1,...,vg and any r =1, ..., R, we have |P, — Q.| < a(tjt+1—t;).
Thus, for every partition vy, ..., Vg,

R
|Puy v Pop = Quy - Qupl < Z|PV7‘ — Qu,| < Raltjy — ).
r=1

All together, this yields

leum(I{X¢, € A}, I{Xy, € AP < altjya—t;) Y R
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Noting that p(t;11 —t;) > max;, 4, [t;, —ti,| and observing that « is a monotone function,
we obtain
|lcum(I{X;, € Ar},..., [{Xy, € Ap})| < Ka(max|t; —t;]).

Now, additionally assume that a(n) < Ck™. Then

a([p~! max [t; — t;]])

C’,ilzf1 max [t; —t;]] < Cﬁ—l(ﬁl/P)Pszl max [t;—t;]]+1

< Cﬁfl(ﬁl/p)max [ti—t; \

IN

Setting p = /7 € (0,1) completes the proof. O

1.2.2. Proof of Proposition 3.2

We follow the ideas of the proof of Proposition 2 in Wu and Shao (2004). Let p > 2 and
assume without loss of generality that ¢; < to < ... < t,. For ¢t > 0, define the coupled
random variables X| := g¢(...,e*1,&{,€1,...et). Choose an arbitrary j € {1,....p — 1}
that satisfies t;41 — ¢; = max;(t;41 — t;). In the case max;(t;11 —t;) = 0, there is
nothing to prove. So, assume that max;(t;y1 —t;) > 0. Define V; := I{X;, 4, € A;} and
Vi = I{X],_,, € Ai}. Strict stationarity implies

Cum(I{th S Al},...,I{th € Aj},I{Xt

) )

/
1, Vj+1 ‘/}+17‘/}+27"'7‘/;7)

€ A}, I{Xy, € Ap})

j+1

= cum

e

(
= cum(

p—

! !/
+ § cuin ‘/la ey ]a‘/]-t,-la "'aVTj-}-m)‘/j-‘rl-l—m - ‘/j+1+ma ,V;))

+Cum(‘/'17 ]a j+17 ’V;;) (14)

By an elementary property of cumulants, the last term in (1.4) is zero since the groups of
random variables (V;)¢<o and (V/);>0 are independent by definition of the V;/. Addition-
aly, by the definition of cumulants, uniform boundedness of indicators, and Assumption
(G), we obtain the bounds

|eum(Vi, oo, Vi, Vigr = Vi, Viga, o, V)| S CEViy = Vi | < Cotin ™l

/ / / t; —t;
| cum(V, ..., Vj, Viets oo Vigms Vierem = Vidagms oo V,)| < Cotatmir=ti,

Observe that max;»; |t; — t;] > pmax;(t;+1 — t;). The bound
|cum(I{X;, € Av}, ..., [{X;, € A })| < C(ot/pymaxti=t;|

follows from the fact that the number of summands in the sum is at most p. Setting
p := o'/? completes the proof. O



1.2.3. Proof of Proposition 3.4
It suffices to prove that

(727, p(w))

Now, for (1.5) to hold, it is sufficient that (n_l/QdZL’U(w))
two conditions:

- (D(T; w)) in ([0, 1)). (1.5)

T7€[0,1] T€[0,1]

ref0.1] satisfies the following

(i1) convergence of the finite-dimensional distributions, that is,

(n71/2d:7.],vU(wj))j=1,“,7k % (D(7;; wj))jzl,“.,k’ (1.6)

for any 7; € [0,1] and fixed w; #0 mod 27, j=1,...,k and k € IN;
(i2) stochastic equicontinuity: for any « > 0 and any w # 0 mod 2,

lim lim supIP( sup  n~V2(d7y (W) — d7 ()] > a:) —0.  (17)
510 n—oo 71,72€[0,1] ’ ’
[T1—72]<6

Indeed, under (il) and (i2), an application of Theorems 1.5.4 and 1.5.7 in van der Vaart
and Wellner (1996) yields

12y ~ (D(r; in £>°([0, 1 1.8
(@) o (Pme) (o), (18)
which, in combination with

sup \n*1/2(d;,3(w)— nuWw))|=op(1), forw#0 mod 2m, (1.9)

7€[0,1]
which we prove below, yields the desired result that (1.5) holds. To prove (1.9), observe
that, by (7.25), it suffices to bound the term

sup n12|al D (w) — df  (@))].
7€[0,1] ’

Now, for any = > 0 and §,, = o(1) such that n'/2§, — oo,
P( sup 02y, T w) - iy (@) > 7)
T€[0,1] ’ ’

< IP( sup  sup |d¥ (W) — dT (W) > a2nt/?, sup |E7N(r) — 7] < 5n>
r€[0,1] lu—T|<8, ' r€[0,1]

+ ]P( sup |Fn_1(7') — 7| > 6n> =o(1) + o(1),
7€[0,1]

where the first o(1) follows from (1.7), and the second one is a consequence of Lemma 7.5.



It thus remains to establish (1.6) and (1.7). First consider (1.7). Letting T := (71 A
To,T1 V T3], we use the following moment inequality, which holds for w # 0 mod 27 and
k € (0,1), if |71 — 72| is small enough:

2L
E|n~Y2(dy () — d2 (@) [ =0 FE T dZ((-1)" )
m=1

=nT Z H cum (d} ((-=1)""'w) : m € v,) (1.10)

R
<n " S I {C*(]An(w S ()™ + 1)|7‘1 772\*%] (1.11)
{vi,...,vr} =1 mev,
2L 2L
<cn~t Z nR/\(QL_R)hl — 7'2|"‘R =C Z n_lR_L||Tl — 7'2|"R. (1.12)
R=1 R=1
Equality in (1.10) (summation is with respect to all partitions {vq,...,vg} of the set

{1,...,2L}) follows from Theorem 2.3.2 in Brillinger (1975). Inequality (1.11) follows
from Lemma 7.4, and holds for arbitrary « € (0,1) as long as |71 — 72| is small enough.
As for (1.12), note the fact that

n w=0 mod 27,
Ap(w) = {sin (wm + 1/2))/sin(w/2) w#0 mod 27,

implies |A,, (w)| < |sin(w/2)]7! if w # 0 mod 2m. Therefore, (1.12) follows if we show
that
{i=1,...,R: |v;| >2}| < RA(2L - R) (1.13)

for any partition {v1,...,vg} of the set {1,...,2L}. If R < L, the bound obviously holds
true. For any R > L, let us show that

Hi=1,...,R : lvj| =1} >2(R—- L) (1.14)
holds for all {v1,...,vr}. Denote by S the number of “singles” [sets v; with |v;| = 1]
in the given partition {v1,...,vr}: the number of sets containing two or more elements

is thus R — S, which implies that there are more than 2(R — S) + S = 2R — S elements
in total. Inequality (1.14) follows, because if S were strictly smaller than 2(R — L), this
would imply that the total number 2R — S of elements were strictly larger than 2L.

Inequality (1.14) implies that the number of elements in sets with two or more elements
is bounded by 2L — 2(R — L) = 4L — 2R, which in turn implies that there are no more
than 2L — R such sets, since each of them contains at least two elements; inequality
(1.13), hence also (1.12), follow.

We now use the moment inequality (1.12) and Lemma 7.1 for establishing (1.7). Define
U(z) := 22l and note that, for w # 0 mod 27, v € (0,x) and 7,72 € [0,1] with



|71 — 72| > n~Y/7, we have
™27 () = iz @)l = (B[~ 2 (5 @) = diz (@) [1) )

2L 2L
- (C’ Z n_‘R_L||Tl B T2|NR>1/(2L) < é Z n_|R—L|/(2L)|T1 . T2|KR/(2L)
R=1 R=1

2L
<O |y — mo REHIASLN/CL) < Oy — 1p7/% = Cd(ry, 7). (1.15)
R=1

Letting 7,, := 2n~1/2 and choosing v and L such that vL > 1, Lemma 7.1 entails, for
any 1 2

P( swp 0 V(@) - i ()] > 22)

71,72€[0,1]
d(Tl,Tz)Sts
8K n 2L
< (7 {/ e VOD gz 4 (54 Qﬁn)n—zmmD
r a2
+ ]P( sup T V2[dT (W) — A7 (w)] > x/2). (1.16)
Tl,TQG[O,l] ’ ’
d(71,72) <7,
Furthermore,

sup A d] (W) — di (@)
71,72€[0,1]
d(71,72) <7,

n—1
< sup n_1/2ZI{Xt€(a/\b,a\/b]}
71,72€[0,1] =0
d(71,72)<7,,
< sup n' 2|, (x) = Fuly) — (& —y)| + sup 'z —y|
lz—y|<22/vn=1/7 |z—y| <22/ n—1/7

=O0p ((nzfl/ﬁ’ +n) /@0 =1/ (| logn|/’y)dk +n7!] V2 nl/Q*I/V)

= Op(l).
(1.17)
Together, (1.16) and (1.17) imply
lim limsupIP( sup  |[n~V2(dT (W) — dT2p(w))] > x)
610 np—oo 71,72€[0,1] ’ ’
[T1—72]<6
8K L 2L
on b (v L-1)/(L)
< 1
- l x yL — 1" +o(l)

for every x,n > 0. Condition (1.7) follows, since the integral in the right-hand side can
be made arbitrarily small by choosing 1 accordingly.
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Turning to (1.6), we employ Lemma 7.4 in combination with Lemma P4.5 and Theorem
4.3.2 from Brillinger (1975). More precisely, we have to verify that, for any 71,...,7; €
[0,1], k € N, and wq,...,wr # 0 mod 27, all cumulants of the vector

n 2 (dry (w), ) (—wh), ey (wr), Aty (—w)
converge to the corresponding cumulants of the vector
(D(Tl;wl), D(r1;—w1)y ..., D(7g; wi), D(7k; fwk)).
It is easy to see that the cumulants of order one converge as desired:
E(n ' 2d}, (@) = 072 Au ()T < 0727 sin(w/2)| 7! = o(1),

for any 7 € [0,1] and fixed w # 0 mod 27. Furthermore, for the cumulants of order two,
applying Theorem 4.3.1 in Brillinger (1975) to the bivariate process (I{X; < g, }, [{X; <
u,}), we obtain

cum(n—l/zdng(Al), n—l/defU(Az)) =2 A, (A + A2)F g, 1, (A1) +0(1)

for any (A1, pq), (A2, pig) € Ule{(wi, 7i), (—w;, 7;) }. which yields the correct second mo-
ment structure. Finally, the cumulants of order J, with J € IN and J > 3, all tend to
zero as, in view of Lemma 7.4, with € := min{puy, ..., pu;},

cum(n_l/2di:71U(/\1)7 e ,n_1/2di:;’U(/\J))
J
< Cn (10O M)+ De(lloge| + 1) = O(n==2/2) = o(1)
j=1

for (M, 1)y oy (Agypy) € Ule{(wi,ri), (—wi, 7;)}. This implies that the limit D(7;w)
is Gaussian, and completes the proof of (1.6). Proposition 3.4 follows. O

1.3. Proofs of the results from Section 7.4

We begin this section by stating an auxiliary technical result that is used in the proofs
of Lemmas 7.5, 7.6 and 7.7. Its proof relies on Lemma 7.4.

Lemma 1.6. Assume that (Xi)icz is a strictly stationary process satisfying (C) and
such that Xo ~ U|0,1]. Denote by F,, the empirical distribution function of Xo, ..., Xp—1.
Then, for any k € IN, there exists a constant dy, depending on k only such that

sup ﬂ'ﬁn(x)_ﬁn(y)_(m_y)l
w,yE[O,l],lx—y|§6n

= Op((n%6, + 1)/ (80 10g 8] + 0 1)1/2)

as 6, — 0.
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Proof of Lemma 1.6. Observe the decomposition

Eu(z) — Fﬂ(LnxJ - (ac — n—ﬂ)
]

|[Fu(z) = Fu(y) — (@ —y)| <

n n ’
B - £(5) - (- B)
A8 () - () - (5= 50

Since |[ny]/n —y| < 1/n, and by monotonicity of £,

Fuly) - B (24 - (y_Mﬂ < p (L) g,y L

n n n n n
< Jr(E) () 32

A similar bound holds with z substituting y, so that, letting M,, := {j/n|j =0,...,n},

sup |Fn(l‘)7ﬁ‘n(y)7(m*y)|
z,y€[0,1],|z—y|<dn

<3 Fn(z)—ﬁn(y)—(x—y)\+4/n.

max
z,yEMy,|x—y|<5,+2n—1

The cardinality of the set {z,y € M,, : [zr—y| < §,,+2n"1} is of the order O(n?(§,+n~1)).
Recalling that max;—1,  n|Z;| = Op(Nl/m) as N — oo for any sequence (Z;);ez of
random variables with uniformly bounded moments of order m, the claim follows if we
can show that, for any k£ € N,

E<nm|ﬁn<x> — Fuly) = (2 - " < e

o (51 + | log o)%) v n-1)1/2

z,y€[0,1],|z—y|<s

Now, this latter inequality is a consequence of the fact that, for all y > x,
E(Fu(z) = Fu(y) — (z — )

R
= % 3 [ eam(@@H0), ... d(0) (1.18)

Vi,...,VR,|Vj|>271=1

where d := max(dy, ..., dj) [recall the notation iy (w) from Lemma 7.4] and the sum
runs over all partitions of {1,...,2k}; in view of Lemma 7.4, this latter quantity in turn
is bounded by

k
Crn™ 3" nd |z =y (1 + | log(y — 2)[)7,
j=1

where the constant C}, only depends on k, p, and K. This completes the proof of Lemma
1.6. O
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1.8.1. Proof of Lemma 7.1

As in the proof of Theorem 2.2.4 in van der Vaart and Wellner (1996), we construct
nested sets Top C 17 C 15 C ... C T}, C T such that every Tj is a maximal set of points
with d(s,t) > 1277, for all s,¢ € T;. Here, maximal means that no point can be added
without destroying the validity of the inequality; stop adding subsets when k is such that
Ay i=n/2F < <n/2kL

For s,t € T with d(s,t) < ¢, denote by s',t' € T} the points closest to s and ¢,
respectively. Then, since by construction d(s,t) > Ay > 7/2 for any s # ¢, s,t € Tk,

sup |Gs—Gi = sup |Gs— Gy — (G; — Gy) — (Gy — Gy)|
d(s,t)<d d(s,t)<é
< sup |Gy — Go|+2sup  sup |Gy — Gyl
d(s' t')<5+2Ay t' €Ty t:d(t,t) <A
s’ t' €Ty,
< sup |Gy — Gg/| +2 sup  sup |Gy — Gy
d(s’,t')<5+27n t' €Ty t:d(t,t')<n
s’ t' €Ty,

Adapting the proof of Theorem 2.2.4 in van der Vaart and Wellner (1996), let us show
that

n
H sup |Gy — Gyl g4K[/ \rl(D(e,d))dH(5+2m\1rl(p2(n,d))] (1.19)
d(s,t)<6+2n A n/2
s,teTy,

By the definition of packing numbers, we have |T;| < D(n277,d). Let every point t; € T
be linked to a unique t;_1 € T;_1 such that d(t;,t;—1) < n277. This yields, for every
tr a chain ty,tp_1,...,t9 connecting t; to a point tg € Ty. For two arbitrary points
Sk, tr € T}, the difference of increments along their respective chains is bounded by

k—1 k—1
‘(GSk - GSO) - (Gtk - Gto)‘ = | Z(G5j+1 - st) - (th+1 - th)'
Jj=0 Jj=0
k—1
< 2 max |G, — G,
= (u,v)EL;

where L; denotes the set of all links (u, v) from points v € T to points v € T};. Because
the links were constructed by connecting any point in T%4; to a unique point in T}, we
have |L;| = |T;+1|- By assumption,

|Gy — Gylle < Cd(u,v) < Cn277  for all(u,v) € L;.

Therefore, it follows from Lemma 2.2.2 in van der Vaart and Wellner (1996) that
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k—1
max |(Gs — Gy, ) — (G — Gto)‘H@ <23 KU (D@2 0tV d))Cn2
7=0

s,t€Ty,
k—1 ) ) ) n
< KZ\IJ*l(D(nTﬂfl,d))zln(w —2777h < 4K/ U (D(e,d))de  (1.20)
=0 n/2

for some constant K only depending on ¥ and C.
In (1.20), so = so(s) and tg = to(t) are the endpoints of the chains starting at s and
t, respectively. We therefore have

n
G- G| <arx [ (D d)d H G, (o —G ‘ .
Hd(s’rgg‘ﬁ%‘ ' | v /n/z (D(e, d))de + d(s,{&r)lg(}sizﬁ' o(#) to(0) v
s, teTy s,t€T),
(1.21)

To complete the proof, we use the same arguments as in van der Vaart and Wellner
(1996). For every pair of endpoints so(s),to(t) of chains starting at s,t € Ty with dis-
tance d(s,t) < 4, choose exactly one pair s9,t) € T}, with d(s?,t?) < & + 27, whose
chains end at sg,ty. Because |Tp| = D(n27°,d), there are at most D?(n, d) such (s?,t9)
pairs. Therefore, we have the following bound for the second term in the right-hand side
in (1.21):

G, (o —G H < H G, (o) — Goo) — (G iy — G H
Hd(sglggﬂﬁl o) ~ Growl||, = d(syglgHﬁK o) = Gag) = (Geoy — Gao)l|| |
s,teTy, s,teTy,

Go—G H
| omax 1@ -l
s, teTy

= SP+Sp, say.

Noting that ST is bounded by the right-hand side in (1.20), while S§ can be bounded
by employing Lemma 2.2.2 in van der Vaart and Wellner (1996) again, we obtain the
desired inequality from

- < (6+27)Vv 1 (D*(n,d)) K.
| omax 1@ — @), < 0+ 208 (D(n, )
s,t€Ty,

This completes the proof of Lemma 7.1. O

1.3.2. Proof of Lemma 7.2

The proof consists of two steps. In the first step, we derive the representation

R
E|H,(a;w) — H, (bw)[* = > [ Pas(vr) (1.22)

{vi,....vr} T=1
w5122, j=1,. R
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where the summation runs over all partitions {v1,...,vg} of {1,...,2L} such that each
set v; contains at least two elements, and

Dual® = Y. n (] o)
Efl,.“,égqe{l,Q} meg

n—1

X Z ( H Wi (w — 27rsm/n)) cum(Dy,, (_1ym-15, M € E),

Sgl,A..,S&I:l meg
for any set £ :={&;,...,§,} C{1,...,2L}, where ¢ := [{] and
Dy i= dM O (215 /n)dM2O (=275 /n), €=1,2, s=1,...,n—1,

with the sets M1(1), M2(2), Ma(1), M;(2) and the signs oy € {—1,1} defined in (1.24)
below.
In step two of the proof, we employ assumption (7.26) to prove

sup sup  |Dap(€)| < C(nb,) = "2g(e), 2<q<2L. (1.23)
€c{1,....2L} la—b|1 <e
|€l=q
To conclude the proof of the lemma, it is sufficient to observe that, for any partition
in (1.22),
R
| TLDestvn)] < CoP ) mba)
r=1

[note that Zle lv.| = 2L].
Step 1. For the proof of (1.22), let a = (a1,a2) and b = (b1, bs). Then

n—1 2L

E|H,(a;w) — Hu(biw)?* =n 300k Y ( ] Walw - 27rsm/n))

S1,...,82,=1 m=1

n—1 n—1 2L or 2L
X Z Z E[ H Aj ko (a, b)} exp ( - ;i Z (=)™ sy (fim — km)>7

Giseesd2r=0k1,0 ko =0  m=1
where
Aji(a,b) == Bji(a,b) — EBji(a,b)
Bjn(a,b) = I{X; < a) }I{Xg < ag} — I{X; < by }I{Xy < by}
=01 I{X; € Mi(1)}I{X}, € Ma(1)} + 02I{X; € M:(2)}]{X}, € M2(2)}

with
(o] ::2I{a1>b1}—1, () ::2I{a2>b2}—1,
Ml(l) = (a1 Abi,a1 V bl], M2(2) = (ag ANby,as V bg], (124)
0,a by > a 0,b by > a
Mo(1) = [0,a2] b2 > as Mi(2) = [0,b1] b2 > a2
[O,bg] as > b2, [0,&1] as > b2.
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Note that, for each £ = 1,2, P(Xo € M(¢)) = M(M,(¢)) < |la — b|js < e. The product
theorem (Theorem 2.3.2 of Brillinger (1975)) entails

2L R
E[HAm(a, b)] = Y J[ewmBiu(abd) : icw)
r=1 {vi,.vr} =1

v;|>2, j=1,..,R
J J

where the sum runs over all partitions {v1,...,vg}of {1,...,2L}. Note that EA . (a,b) =
0; consequently, a summand is vanishing for any partition which has some v; with |v;| =
1. Therefore, it suffices to consider summation over the partitions for which |v;| > 2 for
allj=1,...,R.

Furthermore,

—1n—1

ii By (a, ) expl(—i(2r/m)[s(j — k)
7=0 k

(alf{Xj € My(1)}{X), € My(1)} + 02I{X; € My (2)}I{X}, € M2(2)})
7=0 k=0

x exp(—i(2m/n)[s(j — k)])
= UlDl,s + 02D2,s7
which yields

n—1 2L
E|H,(a;w) — H, (b;w)|*: = n—3LpE Z < H W (w — Qwsm/n))

81,...,82,=1 m=1

R
X Z H cum (o1 Dy (—1ym-15, + 02Dy (—1ym-15,, 1 M E V)

{vi,...vr} r=1
lvil>2, j=1,...,R

and concludes the proof of (1.22).

Step 2. Still by the product theorem, letting g = |¢|,

n—1
Dap(§) = Z n_3‘1/2b3/2 Z ( H Wh(w — 27r8m/n))
Leyronbe, €41,2} Sgy58¢, =1  mEE

X ( H Ugm> Z Hcum(d%k“m)(27r(—1)k+msm/n) 2 (m, k) € )

mE£ {H’l#'“v/"'N}jZl
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where the summation runs over all indecomposable partitions {py, ..., 1y} (see Brillinger
(1975), p. 20) of the scheme

(517 1) (5132)
S (1.25)
(€ 1) (£4,2).
Note that for each m € £ C {1,...,2L}, there exists a j € {1,2} such that P(X, €
M; (b)) = MM;(l)) < lla—bly <e.
Now, by assumption (7.26),

D@ < Knwmg S S (T [l 2nsuim))

{uronn sepomsgg =1 mEE

(2 (5 2 cmta)| )

(m,k)€py

x...x(‘An(%ﬂ 3 (_1)m+ksm)‘+1)g(s).

(m,k)epy

An indecomposable partition {uq,. .., puy} of the scheme (1.25) consists of at most N <
q+ 1 sets, because any partition with N > ¢+ 2 is necessarily decomposable. To see this,
note that there is only one partition with N = 2¢ and that this partition is decomposable.
Any partition with N = 2¢ — i < 2q sets can be obtained by i steps of agglomeration
(i.e., iteratively merging sets from the partition, where each step reduces the number of
sets by one unit). Obviously, it requires at least ¢ — 1 steps to obtain an indecomposable
partition. Therefore, any partition that is the result of a sequence of ¢—2 steps (or less) is
decomposable. Any partition with at least 2¢ — (¢ —2) = ¢+ 2 sets thus is decomposable.

We now follow an argument from Brillinger (cf. the proof of his Theorem 7.4.4)
to complete the proof. As sketched there, we have, with the common convention that

[Licpai =1,
((ECD SNSIRIER)
DI | EI D SR )

Jj=1 (m,k)ep;
Ic{1,...,N}jeIl (m,k)ep;

by using the fact that

o=a (-5 1o

As explained by Brillinger, the functions A,, introduce linear constraints on summation
with respect to s,,, m € £. First, note that the case |[I| = ¢+1 = N is irrelevant. Indeed,
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we then have that

n—1

2m kdtm -
Z ( H ’Wn(wf%rsm/n)DHAn(Z Z (-1 sm) =0,
Sty i, =1 meg jel (m.k)en;
because |I] > ¢ implies that there exists an index j € I with |u;| = [{(m, k)}| = 1, which
in turn implies Z (1) Fhs,, = (1) ks, & nZ for all s, = 1,...,n — 1.
Next, considéf*th&tase || < ¢. We have

n—1

(T zmsnm) T (2 S v

Seqrnsg, =1 mEE (m,k)Ep;

- Z ( H ’Wn(w_ZWSm/n)DnII‘,

(S£17-~~7S§q)esn(/"71) meg

where

Sy, I) == {(351,...,%) e{l,...,n— 1}

> (s € nZ, g e, jE T
(m,k)ep;

Elementary linear algebra implies that there are |I| linear constraints if |[I| < N and
|I| — 1 linear constraints if /| = N. More precisely, for every element ji; of the partition
{pt1, ..., iy }, define a vector

wid) = (1) I{(m,1) € p;} + (-1)"2I{(m,2) € p;} € {-1,0,1}*

for m = 1,..., L. Observe that the linear constraint that is introduced by the equality

>m k)eM_(fl)’”msm € nZ can be written as (s1,...,5,)w) € nZ. In particular,
’ J

the linear constraints corresponding to u; , ..., u;, are linearly dependent if and only if

Zizl w*) = 0, which follows from the special structure of the vectors w'?) [note, in
particular, that at each position k = 1, ..., 2L, at most two vectors w(®), ..., w™) can have
non-zero entries, and that in this case the entry in one vector is 1 and the entry in the
other vector is —1]. However, for non-decomposable partitions Zi:l wx) = 0 if and
only if {j1,....,5¢} = {1, ..., N}.

To complete the proof of (1.23), it is therefore sufficient to show that

Z < H ‘Wn(w - 27T8m/n)‘> = O((bgl)\II—LIII/NJnq—(lf\—HI\/NJ)),
(851,...,3%)65’",(/;,1) meg
(1.26)
because this implies that D, (&) is of the order

~3q/2pa/2 b= I=UI/N L a=UT=UI/ND (2 = (nbo)1=9/20(e).
n e max (b ) n nlflg(e) = (nba)'~"2g(e)
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As for the proof of (1.26), it suffices to point out that |I| — |[|I|/N] of the s-indices
can be expressed via the independent linear constraints and will take only a number of
values which is less or equal to ¢. Then (1.26) follows from the fact that

n—1
1
ngz ‘Wn(w—27rs/n)‘ < n(/ bt
s=1 R

and |W,,(w)| < |[Wleob;t = O(b;1). The proof is thus complete. O

Wb (w - B)|as + o<1>> ~ O(n).

1.8.3. Proof of Lemma 7.3
Observe that

cum(/{Xo < ga, }, I{ Xk < ga,}) — cum(I{Xo < g, }, I{Xk < g1, })
=cum([{F(Xy) < a1}, I{F(Xk) < az})
—cam(I{F(Xo) < br}, [{F(X4) < bs})
= o1 cum(I{F(Xo) € My (1)}, I{F(X}) € Ma(1)})
oy eum(I{F(Xo) € My(2)}, {F(Xy) € Ma(2)})

where
o1 ::2[{a1>b1}—1, (D) ::21{02>b2}71,
Ml(l) = (a1 Abi,ar V bl], M2(2) = (ag Absy,as V bz],
> >
M2<1) — [07612] by > as M1(2) — [0751] by > as
[0,b2] @z > b, [0,a1] az > ba.

In particular, observe that A(AM;(j)) < |la — b||1 for j =1,2. We thus have

d d
wfqal as (w) — wf(]bl by (

< D kP [eam(I{F(Xo) € My (1)}, {F(Xy) € My(1)})]

w)

kEZ
3 kP [ enm(I{F(Xo) € Mi(2)}. I{F(Xi) € Ma(2)}
kEZ
<4 k(K Afla bl ),
k=0

and the assertion follows by simple algebraic manipulations similar to those in the proof
of Proposition 3.1. O

1.8.4. Proof of Lemma 7.4

By the definition of cumulants and strict stationarity, we have
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cum(d2 (wy), . . ., di7 (w,))
n—1 n—1 P
= ce. Z Cum(I{Xt1€A1}7 ey I{tieAp}) exp ( - ithwj)
=0  t,=0 j=1
n—1 p n—1 p
= Zexp(—itlzwj) Z exp(—iij(tj—t1)>
t1=0 j=1 £, tp=0 j=2
xeum(Iixgea s [ix,, o eant - Iix,, . ea,})
n P
= Z Cum(I{X06A1}aI{Xu2€A2}""I{XupEAp})eXp(_izwju])
U yeeny Up=—"n j:2
n—1 p
X Z exp ( — ity ij>-[{0§t1+u2<n} o To<ty yuy<n}- (1.27)
t1=0 j=1
Lemma 1.1 implies that
P n—1 p P
‘An(zwg‘) — > exp ( — ity ZWJ)I{OSt1+u2<n} c Tfostypupeny | S 2 Jugl (1.28)
j=1 t1=0 7j=1 =2

Let us show that, for any p + 1 intervals Ao,..., A4, C R and any p-tuple s :=
(’ila "'7’11)) € Rg—a p > 2

00 p
5 (S oo To)

To this end, define kg = 0 and consider the set
T = {(kl, ...,kp) S Zpl ) ‘HlOaX |kl — k‘j‘ = m}
,3=0,....p
and note that |T,,,| < ¢,mP~! for some constant c,. With this notation, it follows from
condition (C) and the bound
|cum(I{X;, € A1},...,I{X;, € Ap})| < C min P(X, € 4;),
P

i=1,...,

which follows from the definition of cumulants and some simple algebra that

e’} p
Z (1 + Z |k'j"€j)|cum (I{XkleAl}w~aI{kaeA,,}aI{Xo€Ao}){
j=1

ki,....,kp=—00

D
Z (1 + Z |kj|'€j) ’ cum (I{XkleAl}’ .. -7I{X;€p€Ap}7I{Xo€Ao})‘

I
M8

m=0 (ky,....kp)ETm Jj=1
oo
< Z Z (1 + pmmaxj nj) <p7n A E) Kp
m=0 (ky,....kp)ETm
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<Gy Z (p /\5)|T | R

For € > p, (1 29) follows trivially. For € < p, set m. := loge/log p and note that p™ < e
if and only if m > m.. Thus,

o0
S (madmt < X mter Y me
m=0 m<me m>me
&S]
§ C(sngrl +pm5 Z(m+ms)upm)
m=0

Observing that p™< = ¢ completes the proof of the desired inequality (1.29). The lemma
then follows from (1.27), (1.28), (1.29) and the triangular inequality. O

1.8.5. Proof of Lemma 7.5

By the functional delta method applied to the map F ~ F~! [see Theorem 3.9.4
and Lemma 3.9.23(ii) in van der Vaart and Wellner (1996)], it suffices to show that
Vn(F,(t) — 7) converges to a tight Gaussian limit with continuous sample paths. This
can be done by proving convergence of finite-dimensional distributions together with
stochastic equicontinuity [see the discussion in the proof of Theorem 3.6(iii)]. The stochas-
tic equicontinuity follows by an application of Lemma 7.1, Lemma 1.6 and (1.18). For
the convergence of the finite-dimensional distributions, apply the cumulant central limit
theorem [Lemma P4.5 in Brillinger (1975)] in combination with Lemma 7.4. O

1.8.6. Proof of Lemma 7.6
Let T:=[0,1], T}, ;== {j/n : j = 0,...,n}, and note that, for n large enough,

sup sup |dy, < max max |d;, ax max s dy (w) — d}) (w)]. 1.30
sup sup |dy, ()] < max max |d7 (w)] + max max . Tl\lfl/n| n(w) = di(w)]. (1.30)
Expressing moments in terms of cumulants, straightforward arguments and Lemma 7.4
yield
max max E|d7 (w)[** < Cyn®.
weF, TET,
Thus 7~ 1/2d7 (w) has uniformly bounded moments of order 2k. Recall that an arbitrary
sequence (Z;);ez of random variables with uniformly bounded moments of order m is
such that max;—;__ n |Z;| = Op(N'/™). Thus,

—1/2) g7 _ 2y1/2ky _ 1/k
max maxn~/Zldy (w)] = Op((n”) /™) = Op(n'/")
since the maximum is taken over O(n?) values. For the second term in the right-hand
side of (1.30), note that

n—1

a7 (w) — d ‘< X, <7vny—I{X, <7 An}
max (W) n(w)—;{t—T ny—H{X: <7An}
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Thus, by Lemma 1.6, we have

dr —d)
max max |77—§'1|1£1/" |dy, (w) — d;} (w)]

<nmax sup |E,(rVn)—E.(rAn)—1Vn+TAD+C
T€Tn In—7|<1/n

— OP(n1/2+1/2k(1og ’I’L)dk)

for some constant di. This completes the proof. O

1.3.7. Proof of Lemma 7.7

Without loss of generality, we can assume that n~' = o(d,) [otherwise, enlarge the
supremum by considering §,, := max(n~!,§,)]. Letting u = (uy,us) and v = (v1, v2),

n—1
H,(u;w) — Hy(v;w) = b/ ?n=1/2 Z Wy (w —27s/n)(Ks p(u,v) — EK; ,, (u,v))

s=1

where [with d,, 7 defined in (2.6)]

K n(u,v) :=n""t (deU(Zﬂs/n)deU(—Qﬂs/n) - dflfU(Qﬁs/n)dfo(—Zws/n))
= dq;‘lﬁlU(Qws/n)n_1 [dZ?U(—2ws/n) — dfiU(—27Ts/n)]
+ dff’U(f27rs/n)n71 [deU (27s/n) — deU(Zﬂs/n)} .
Note that, by Lemma 7.6, we have, for any k € IN,
sup sup |d¥ ;(w)] =Op (n1/2+1/k). (1.31)
y€[0,1] wEF, ’

Furthermore, by Lemma 1.6, for any ¢ € IN,

sup sup sup n71|dfl7U(w) - di,U(W”
weR y€[0,1] z:|z—y[<d,

n—1
< sup sup n_IZ|I{Yt§m}—I{Yt§y}|
y€[0,1] z:|z—y| <8, =0

< sup sup |Fn(x\/y)—Fn(x/\y)—F(sz)+F(1:/\y)|+C’5n
y€[0,1] m:|z—y|<dn

= OP (pn(5n7£) + 6n)a

with p,, (0, £) := n~2(n26, 4+ n)Y/?(6,|logd,|% + n=1)Y/2, where d, is a constant
depending only on £.
- . n—1
Combining these arguments and observing that sup,ecg > ._; ‘Wn (w—27rs/n)‘ = O(n)
yields

n—1
sup sup Z Wi(w — 27s/n) K pn(u, v)‘ =0Op (n3/2+1/k(p(5n, 0)+6,)). (1.32)

weR 4 vel0,1]? ' =1
luvlly <6n
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Next, define the intervals

Ml(].) = (U1 /\vl,ul \/’01]7 M2(2) = (Ug /\'UQ,UQ \/’02],
0,u Vg > U 0,v Vg > U
My (1) o= § (02l e = ay(2) = O] ez
[0,’()2} Ug > V3, [O,U,l] Vo > V.

With this notation, observe that
sup sup  |EK; ,(u,v)] (1.33)

lu—vl[1 <&, s=1,....,n—1

<n~' sup sup ’cum(di/{b(l)(%rs/n), dﬁ%(l)(—Qﬂs/n)ﬂ
lu—v]1<6, 8=1,...,n—1

+n_1\| Slﬁpq s | cum(d%b@) (27s/n), d%?]@)(—%rs/n))‘
u—vl|1<8, s=1,..., n—

where we have used the fact that Edﬁ/{U(%rs/n) = 0. Lemma 7.4 and the fact that
A(M;(7)) < 6, (with A denoting the Lebesgue measure over R) for j = 1,2 yield

sup sup | cum (@) (27s/n), dM20) (=275 /n))| < C(n+ 1)0,(1 + |log 6, |)?,

lu—vl[1 <8, s=1,...,n—1

It follows that the right-hand side in (1.33) is O(8,|log d,|?).

Therefore, since sup,,cr Z:;ll ‘Wn(w —2ms/n)| = O(n), we obtain

n—1
sup  sup ’b}/Qn_lm Z Wp(w —27s/n)EK; ,(u, U)’ = O((nbn)1/25n| log n|d).

weR |lu—v|[1<d, s—1

Observe that, in view of the assumption that n=! = 0(6,,), we have §,, = O(n'/?p, (0., £)),
which, in combination with (1.32), yields

sup  sup  |Hy,(u;w) — Hy(v;w)]
wER |[u—v|[1 <6,

= Op (b)) 2021/ (0, (00, 0) + 0,) + b log 8] ]
= Op ((nb,) V2012415, (5,.0))
=0Op ((nbn)1/2n1/k+1/é(n_1 V d,(log n)d‘-’)l/Q).
This latter quantity is op(1): indeed, for arbitrary k and ¢,
O((nby) /20 M/ E+1/L51/2 (10g )de/2) = O((nby )2~/ 2 1M/ W41/ (1og 1) de/2);

in view of the assumptions on b, which imply (nb,)"/2=1/?7 = o(n=") for some x > 0,
this latter quantity is o(1) for k, £ sufficiently large. The term (nb,,)'/?n/*+1/¢n=1/2 can
be handled in a similar fashion. This concludes the proof. O
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