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We give the proof for Theorem 4.1 in this supplement since the proof for the vector case is more technical
than the scalar case.
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Appendix A: Proof for Theorem 4.1

For our purpose, it is sufficient to derive the asymptotics of P, (0y) and S,,(6y), since the evaluation
of other terms is the same as what we derived in the scalar case. The random vectors in the
underscript will not be written in boldface, and it will not be confused with random variables.

Lemma A.1. Suppose {X(t)}:2, satisfies (4.1) with (4.2). Then
I, x(w) =V(w)I, z(w)¥(w)" + Ry (w).

If p(w) is a d x d matriz-valued continuous function on [—m,m], then

Tn /W tr[ Ry (w)d(w) |dw 2> 0.

—T

Proof. We follow the proof of the univariate case in Mikosch et al. (1995).

n

dox(@) = 073 X(E)expliwt) =n Y expliwn)( UG Z(E - )

t=1 t=1 7=0

W(w)dn,z(w) + 07 Y W(G) explijew) Yo (),

Toz(w) + 07 VOY,(w)  (say),
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where

Y, (w) = Z(t) exp(iwt) Z Z(t) exp(iwt).

Then we have
R, (w) = n7VV, (W) 2(w)* + 0 YT, 2(w) Y (W) 4+ 07 (w) Y (W)

Z;io U(j)exp(ijw) < ZJ oll¥(5)]| < o0, so that || ¥(w)]|| is bounded. Since every element of Z(t)
is in the domain of attraction of a stable law with a parameter o, J, z(w) is also stochastically
bounded. As results in the proof of lemma 6.2 in Mikosch et al. (1995), we know that for each
le{l,2,...,d},

Z‘I’ k1 exp(ijw) Y, j(w); = Op(1)
7=0

and
[ S Wi exp i) Yo (@hPdo = o, a;).
- j=0

Combining these two results, it is easy to see that Y;,(w) = O,(1), and by the boundedness of ¢(w),

[ wlRa@olas] < an [ ol Ra)ofe)de

—T —T

Tn,

< o [ IR0z do
S N e A O P Pl A AN
HInY, (0¥ ) e
T 1/2 T 1/2
< anf([Ins@ia) ([ rveipe)
4 [ v do}
o

O

Before looking into the asymptotics of P, (6y), we have to show the existence of the limit matrix
of the autocovariance matrix in distribution. If the case is the same as what we suppose in section
4, i.e., the components of the vector Z are mutually independent, then we have the lemma due to
Davis et al. (1986) by applying continuous mapping theorem.

Suppose y, = (nlogn)'/®. It is obvious that Z(1);’s satisfy followings:

P(|Z(1);| > z) =2"*L(z), i=1,2,...,d (A1)
with a > 0 and L(z) a slowly varying function at oo and

P(Z(1); > z) P(Z(1); < —z)

PIZ0W > P Pz > ¢ (A.2)
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asrx —o00,0<p<landg=1-p

Lemma A.2. Let {Z(t)} be a sequence of i.i.d. random vectors satisfying (6.19) and (6.20) with
0<a<2and E|Z(1);|* =00 for alli=1,2,...,d. Then

<n—2/aiz(wzu)cy;lizu) (t+1) --w#ZZ t+h>

£, (S(0),S(1),...,S(h)),

where S(0),S(1),...,S(h) are independent stable random matrices; the components of S(0) are all
positive with index o/2, and S(1),...,S(h) are identically distributed with indez «.

The self-normalized parameter, denoted by || Z]|,, is defined as follows:

n d
> 27

t=1 i=1

121l

It is well known that Z(¢)? is in the domain of attraction of a stable limit with «/2, and the
linear transformation of stable distribution with nonrandom scale is also stable with the same
characteristic exponent. Thus the sum Z;fl:l Z(t)? is also in the domain of attraction of a stable

limit with /2. The normalized form of vectors is written as

=20 =1, d
1Z]ln

Lemma A.3. Let (X (t))iecz be a linear process defined as (4.1) with coefficient matrices (¥(5)) ez
satisfying (4.2) with o € (0,2). Also, let ¢ (w),k = 1,...,d, be d x d matriz-valued 2m-periodic
continuous function with ¢r(w) = ¢r(w)* such that the Fourier coefficients of U(-)¢r(-)¥(-)* satisfy

t=1

"
< 0
E

/7r U (w)*op (w) ¥ (w) exp(itw)dw

for some p € (0,a) and allk =1,--- ,d. Then
(02 [t [ (L) - ww)fn,z(mww)*}m(w)} dw)

Q/Q,ZZS /A<w>+m>ijdw>,

i,j=1h=1

where
A(w) = VU(w) dp(w) ¥ (w) exp(ihw),
and S(h); is the (i, j)-component of the limit stable random matriz S(h), where

Tn Ty z(h) = S(h) forh=1,2,....
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Proof. From Lemma A.2, we can see that
(n/T02(0), ' Tz (K) k= 1. h) = (S(0), (1), .., S(R)).

Note that tr ', z(0) = || Z||2, according to the continuous mapping theorem, the statement holds
true if we show

oo [t [ () = U 2O0) V()] d

- =

As a result of Lemma 6.1 in Kliippelberg and Mikosch (1996),

(Z [Zrnz ] eXP(*ihw)‘I’(*W)*¢k(*w)‘p(*w)]zj

1,j=1 Lh=1

under Assumption 4.3,

holds. From Lemma A.1,
oo [t (@) = WL 0 ) n) ] do
= oo [0 (U )W) - U 2O + R () ] de
on [t [0 Dn.206) = B 0)0)Vn() ] do 2 [ [ RIL(0)] e
2 / | (Z . 7(h) exp( mw>> (@) 1 (@) (w)
- / l (Z P2 (h) exp mw>> W(w)" 61 () ¥ ()

_ (/Z

3,7=1

dw

dw + 0, (1)

lZFnZ ] [exp(—ihw) ¥ (—w)" ¢k (—w)¥(~w)];; dw

h=1

T d n—1
+/ 2 lzf’“z“‘)/ [exp<ihw>‘ﬂ<w>*¢k<w>\v<w>L-jdw)+op<1>
~Tij=1 Lh=1 ij
d [e’s) . L
= ZZS(}%/ (A(w) + A(w))y dw
1,j=1h=1 -7
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O

Remark A.1. The assumption on the components of Z(t) is for simplicity and for simulation.
The condition of regular variation on the vector case is crucial for the convergence of Z(t) with
some other technical conditions. For detail, we recommend to refer to Bartkiewicz et al. (2011).

Similar to the univariate case, we have

n

d
Z Z(t)2 =1 almost surely,

t=1 i=1

which shows the second moment of Z (t) is finite. By the properties that the components of vectors
are mutually independent and they are symmetry around 0, we assume generally

=5 gii, ift=s,
B 2(0):2() ] =2, = {O ez (43)

Lemma A.4. Assume the covariance matriz of self-normalized process {Z(t); t € Z} is given by
Y5 Ifae[l,2), then

(0> Z]2)7S.(80) &> W,
where the (a,b)-component of W satisfies

T _ Of(w;0) 5 2@ 0
War = 57 w<“ [g(“) T oMY o, ]
.91 ;0)""
+tr Q(W)af(gém 0-0 ]tr lg(w)aﬂg’ef) 6=6, de’

where g(w) is defined as
g(w) =V(w)Ez¥(w)"

Proof. Write

I x(w) = (0= Z|13) " L x (w) (A4)
Recalling the decomposition in Lemma A.1 again and using self-normalized form, we can see that
I x(w) = (W), z(@)¥(w)" + (/| Z]7) " Ra(w), (A.5)

where the last term (n=2/%||Z||2)"' R, (w) is asymptotically negligible. Taking the expectation of
the product of periodogram of Z, we obtain

E(In,Z(wl)PqIn,Z(w2)Ts)

=B S Z,m)Z,() 2 (k) Zo() exp{i((j — k)wr — (L — m)wa)t}

m,lk,j

_ ) opqOrs + 0progs +0p(1)  if w1 = wy,
OpqOrs + OpsOqr +0p(1)  if wy = —ws.
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Therefore, if we write g(w)ar = (3-j—o ¥ (J) exp(—ijw))ap, then

nh_?;o E(jn,X(w)qun,X(w)TS) = Z 9(W)prg(W)g 9(W)rmg(W)sn(OpgOrs + Oprogs)
k,l,m,n

= 9(W)ped(W)rs + G(W)prg(w)gs-
If a € [1,2), we have
E[(n=*/*Z]1%)"*S(60)as ]

d
Lo f” - 5 Of (w; 6)%5
- %{/ Z g(w)ﬁ1ﬁ2g(w)ﬁ3ﬁ4T
=7 B1,B2,83,81=1 a

d
™ _ B 8f w; 0 B2p1
+/ > §(W)pipd(w)sas, (39)
~™ B1,B2,B3,84=1 @

= Wab

Of (w; )PP

dw
0=6q 90,

60=0¢

Of (w; 6)P45s
0=0, a0y

. dw}. (A.6)

The convergence of (n=%/||Z||%)~2S,(80) in probability is guaranteed by the result that

Z Cov(I, (Mk)pg: I, z(N)7s) = O(n).
Kl

O
Corollary A.1. If all the elements of Z(t) are i.i.d symmetric a stable random variables, then
(/|2 ]2)"*50(80) 5 W,

where the (i, j)-component of W is

1T Of (w;0)~! 0F(:6)”!
Wa = 5o /_w (tr [Q(W)aé’a 0=0o 9 B 99"]
9 )1 0 6)~*
oot | Jufo502 ] )

Proof of Theorem 4.1. Apply Lemma A.3 to z,P,(60y), we can see that

T, [T O _
ruPu(6) = [ ot [Fi0) x|
Ty [T A

= %tr [f(w;e)il{In,X(w) - \P(w)(rnvz(o))qj(w)*}} dw’@:@o

% —1T
ST £ @30) T x (@) = (@) (D 2(0))¥(w)"} | doo

o | STt | a3 (@10) 7 I x (@) = (@) (Ca 2 (0) ()" | o
2m

0=0,

St [ e £030) M {Ex () = () (T 2(0) W)} | o]
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where
(w 6)* V(w) k=1,...,q.
0=0,

Remember that
nZ|2 5 Sap,

f (Bl(w) Bl(W))ijdw

d o
TnPn(0p) £ 1 S(h)ij | [T (Ba(w) + Ba(w))sjdw
—2/04\ZH .>2ij2:1; Sa/2
J7 1 (By(w) + By(w))ijdw
Thus the limit of —2(z2 /n)log R(6)) is
2
—2%" log R(8y) £ VW™V,
where V and W are defined in Theorem 4.1. O
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