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Abstract

We investigate the magnetization dynamics of three dimensional inhomogeneous
ferromagnetic spin system by proposing a model Hamiltonian incorporating bilinear
interactions with site dependent inhomogeneity. The dynamics is represented by a (3+1)
dimensional Perturbed Nonlinear Schrodinger Equation (PNLSE). The effect of
inhomogeneity is understood by carrying out Sine-Cosine function analysis. Here six types of
magnetic inhomogeneities have been revealed. The range of values of the parameters which
determine the possibility of existence of each of these inhomogeneities have been
determined. An interesting dynamical scenario where the overtaking nature of solitons is
observed.

1 Introduction

Magnetic inhomogenity and soliton study is a recent field of investigation and of
great importance in fundamental physics as well as in different research areas [1-3]. Such
magnetic inhomogeneity occurs in real magnetic materials due to the appearance of various
magnetic defects such as imperfect grain boundaries, impurities as well as elastic defects such
as misfitting precipitates and dislocations. The presence of such perturbation can lead to the
formation of different kinds of magnetic inhomogeneities which influence the process of the
magnetization reversal of a sample [4,5]. Moreover, the propagation of solitons in the
presence of inhomogeneities concerns an important physical property of magnetic systems. A
soliton in an integrable system moves with constant shape and velocity, but in realistic
because of the inhomogeneity of the magnetic materials, solitons may exhibit more complex
motion with changing velocity and shape which may be used as a desirable effect for fast
transport and fast communication [6,7]. Thus inhomogeneity has a significant effect on the
magnetization dynamics of the ferromagnet.

It is also very interesting to study the effect of an inhomogeneity in the system
modeled by (3+1) dimensional heisenberg spin equation. Some pioneering and fundamental
work of inhomogeneous FM spin chain in one dimensional case has been widely researched
during the past few decades[6-10]. Followed by that there are also studies on two
dimensional inhomogeneous ferromagnetic system [11,12]. Recently the present authors have
reported an integrable model of 3D ferromagnetic spin system [13] taking into account only
the bilinear and anisotropic interactions. However the nonlinear excitation of 3-dimensional
FM spin system with inhomogeneities has not yet been analysed.

The aim of the present study is to construct a series of exact solitary wave solutions of
a PNLSE governing a three dimensional Heisenberg spin system. We solve the (3+1)
dimensional PNLSE by employing the Sine-Cosine method embedded with symbolic
computation. The paper is organized as follows. In Section 2, we formulate the Hamiltonian
for the inhomogenous 3D ferromagnetic spin system with bilinear and anisotropic
interactions. In Section 3, we implement the perturbation technique to solve the lower order
PNLSE with site dependent inhomogeneity and bilinear interactions. In Section 4, we discuss
the effect of inhomogeneity and conclude the results in section 5.

©2019 RS Publication, rspublicationhouse@gmail.com Page 11



DOl : https://dx.doi.org/10.26808/rs.st.i9v2.02
International Journal of Advanced Scientific and Technical Research ISSN 2249-9954
Available online on http://www.rspublication.com/ijst/index.ht Issue 9 volume 2 March- April 2019

2 Inhomogeneous Ferromagnetic spin system: Model Hamiltonian

In order to investigate the dynamical properties of an inhomogeneous lattice
described by the 3D ferromagnetic spin system, we write the Hamiltonian with the site
dependent inhomogeneity f; ; , in the form

H==%x ijxlUSijp-Sivrjn) +J Sijpe-Sijre) 7
(SijjeSijk+1) FJ1(Siji-Sivrj+1k) +J1(Si) k- Sl+1,] k+1)
H1(Sij k- Sijrik+1) T2(Sij k- Sivrjrih+1)] — A(S,J 1] 1)

In Eq.(1), f;;, characterizes the inhomogeneity in bilinear interaction and J, J', /",

J1, J1, Ji, J» correspond to bilinear exchange interactions for ferromagnetic system with
parallel spins and A is the uniaxial anisotropy interactions of lower order. To transform the

spin Hamiltonian into its dimensionless form, we replace S, = 4S;;, and S, = 8%, +

SJk After introducing H =% and A = A, the dimensionless Hamiltonian with the
inhomogeneity can be written as

H=-%,{fi) k[zsz S-S + S-St + ZS,jk St +
52( Foe St Sk Sl]+1k+251k S Gai) Sz( 0k

St T Sy i St er + 287 4S5, k+1) +4L o7 S ke Sty ee +
Sk Sitvajvin + 287 Sz+1,1+1 k) + (5 FoeSivyan S5k
Sttt + 280 k- Stitj ke1) +2L 252 (5 ke Syt T Sij ke

Sihvtper + 287 k- SEiv 1) + (51] k-Sivrj i1 T Sij ke
Shajriprs + 25i,j,k-5i+1,j+1,k+1) 7 (5 PRt 2)

Since we have to bosonize the Hamiltonian in semiclassical level we use
Holstein-Primakoff (H-P) [14] transformation which expresses spin operator in terms of the
boson creation and anihilation operators as:

1

St =V2[1 = e%al a;; i Teea 1, ©
L 1

gi],,k = \/?ga:r,j,k [1- Szazj'kai,j,k]z; )
S = [1 — Eza:r,j,kai,j,k]' (5)

1 . . . .
where € :(E)Z is a dimensionless parameter. The bosonic operators a; ; x, aT. i satisfy the

usual bose commutations relations as [a,,,al]=6,,, and [a,,, a,]=[a],,a’]=0. We use the
semiclassical expansions in the following form:

2
L =V2[1-%al a0 — 0(eM]ea; i, (6)
. 2
= \/Egazj'k[l - %aj—‘j‘kai'j'k - 0(84)] (7)

The spin operators can be expressed in power series of ¢ by using Egs.(6) and (7) as
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H =Dy + €2D; + £*D,, (8)
where

Do=@A—-]=] =" =h=h=h=]fik

Di = (Ey +JE; +]"E2 +]””E3 +1E4 +]i’E5 +]{F6 + J2E7),

D, = (Ko + JK; + 'K, + ]'K3 + ], Ky + J1Ks + J1Kg + J,K7). E;, K;,i =0,1...7 are
given in Appendix A.

The spin dynamics can be expressed in terms of the Heisenberg equation of motion
for the boson operators by substituting Hamiltonian (8) in the following equation of motion.

aai_j_k

in ot = [al-,j,k,H]. (9)

Using Glauber Coherent representation [15] for bose operators as (ula;r_j_k = (ula;; x

and ai,j’k |u> = ui’j’k|U) where |u> = Hi,j,klui,j,k) with (U|u> =1 ) where ui'j'k is the
coherent state wave function and the dynamics of 3D inhomogeneous FM spin system can be
expressed by the following equation of motion for the average (ula;;|u) as

6 i ’ 4 ’
ih—2 — e?F — S F{ = 0, (10)

where

F(; = Qo +J/O +]:Q2 +]:Q3 + /10, +]iQ5 +]”{Q6 + /207,

F{ =Ry +JR,+J Ry + ] Ry + JiRy + J{Rs + J{Rs + J,R;. Q;, R;,i =0,1...7 are
given in Appendix B.

Eq.(10) describes the nonlinear spin dynamics of inhomogeneous (3+1) dimensional
ferromagnet. In the semiclassical limit, one can approximate the discrete spin problem by
using the general continuum expansions as

on _
F(n)(t) = 77;:0 nmm(xo + tAx, Yo + tAy)AxmAy” m’ (11)

wheren =—" is the standard binomial coefficient.
m ml(n—m)!

Thus the final form of continuum equation of motion representing the spin dynamics
of 3D inhomogeneous FM spin system with bilinear and anisotropy interaction is found to be

iy + My + mauyy, + maiy, + Myuy, + Mgy, + Meu,, + myu,,
+MglU,y, + Mol + MygUy + My Uy + MU, + MyzU — My |lul?u =0, (12)

where my =y*(J+ 1+, +J)fs my=y*Ui+ L+ L+ me=y*U+] + 1 +
JDf; ma =v*h +12)f s ms =y U +1)f s me =y U +1Df; my =y*(0f; mg =
vIOOf 5 me=v*UDf i mu =y +HLh Lt fhHHh )+
) s mu =y Y L+ H+ A Y A+ f+ L)) 0 mp =y () +

fili + )2 +fyH + o+ L+ £+ 1D mus = 2y2Aimy, = 2y*A.
Eqg.(12) is a (3+1) dimensional PNLSE. In order to gain deeper understanding on the

PNLSE, we make an attempt to solve Eq.(12) using Sine-Cosine function method which is
explained in the following section.
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3 Nonlinear Excitations

In this section we employ the Sine-Cosine function method [16,17] to solve PNLSE
(12). This method is used to obtain the exact solutions for different types of nonlinear partial
differential equations. To use this method, first we make the transformation u = Qe where
0 = a1x + a,y + azz + a4t in EQ.(12) and separate the real and imaginary parts to get
iQt - a4Q + ml(Qxx + Ziale - a%Q) + mZ(ny + ZiaZQy - a%Q)
+m3(sz + 2ia2Qz - a%Q) + m4(Qxy + iale + iaZQx - alaZQ)
+m5(sz + iale + iaZQx - a1a3Q) + m6(QyZ + iaZQy + iaSQx
—a,a3Q) + m;(Qyx + iayQ, + ia1Qx — a2a,Q) + mg(Q,, +iaz0Q,
+ia,Q, — aza;Q) + mg(Q,x + iazQy +ia;Q, —aza,Q) + myo(Qx +
ia;Q) + my;(Qy + iazQ) + my2(Q, +iazQ) + my3Q —my, Q3 = 0.

_a4Q + ml(Qxx - a%Q) +m; (ny - a%Q) +mg (QZZ - a%Q)
+my(Qyy — a10,Q) + m5(Qy, — a1a3Q) + m(Q,, — aa30Q)
+m7(Qyx — a201Q) + mg(Qyy — a3a,Q) + My(Qyx — a30,Q)
+myQy +my1 Qy +mypQ, + my3Q —my Q3 =0

and
Q; +2mya,Q, + 2mya,q, + 2mzasq, + my(a;q, + ayqy)
+ms(a,Q; + azQy) + mg(ayQ, + azQ,) + my(a,Q, + a,Q,)
+mg(azQ, + a,Q,) + mo(azQ, + a;Q,) + mypa;Q
+mq1a,Q0 + mypazQ = 0.

To find the travelling wave solution of Eq.(13),we introduce the wave variable ¢ = x +y +

z — ct. Egs.(14) and (15) now becomes

—a,Q +my(qg; — aiQ) +my(qe — a3Q) +mz(qz; — a3Q)
+my(qes — a10,Q) + Ms(qese — a1a3Q) + mg(gee — a2a30Q)
+m7(qes — a2a1Q) + mg(qeg — azaQ) + mo(qer — a3a,0Q)
+mypqs + M11qs + Mpqs + myzQ — m Q3 =0

and

—cqs + 2mya, Q¢ + 2myayQ; + 2m3zazQ; + my(a,Q; + ayq;)
+ms(a1Q¢ + azQ¢) + mg(ayQ; + azQ;) + my(a,Q; + a10Q;)
+mg(azQ; + a,Q;) + mg(azQ;: + a,Q¢) + mypa;Q + my1a;Q
+mypazQ = 0.

The solution of Egs.(16) and (17) is assumed to be
Q(§) = Acos (ug),
where 4, f and x are constant parameters to be determined. To find £, we balance the
higher order derivative term with nonlinear terms of the evolution equations which gives £
=-1. Further substituting the value of £ in Egs.(16) and (17), we obtain a system of algebraic
equations:

o s Y ) —agd — muPd — ma’id — mpil — maii
—mp® A — myaiA — myp’ A — mya ard
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—77?5/121 — msaiazd — 7776/121 — mpa a3l
—7727/121 —myazaid — 7718/121 — mpazasd
—myu’ A — myaya A + msd =0, (19)

o 573 ):2myuP A + 2mopt A 4 2mpp’ A + 2myptAa
2% A + 2msp® A + 2 pP A + 2 A

+2mp®d — myzd® =0, (20)
o s Vsin (W ) mopd + mmypd + mppd =0, (21)
(47} ‘5'_1(/@6 ): mlodlj + mlldzj + mlzﬂgj =0, (22)

o s Vsin (& ):i—ad  +2mapd +2mard + 2mnasud

‘mapd + mad + msapd + msaspd

‘mgarpd + myaspd + mpapd + myagpd

tmgaspd + mgarpd + myazpd +myad = 0. (23)
The above equations are solved with the aid of symbolic computation and the values of the
parameters are found to be

u = - —a)+m+A : (24)
m +my+ it g+ kst i+ + g+ 7ty
where A = —a%ml — ﬂ%mz — ﬂ%mg — A \AMy — A1 A3 — A A3 N5 — A 1A 277 —
ar,azng — aiaszm and
1
j=E{\/ﬂ(251+52+53—c)+//2(254+55)}, (25)

with
S1=4adq17y + a7y + asng, s o
(@a1+ a)my+ (ar1+ az)ms+ (ay + az)ms+ (@ + a)my + (a;
a))m+ (asz+ ay)m,s 3= mg+ m1 + 77,5 4
7721+7722+7723+77Z4+7725+7776+7727+7728+7729,55
': a7y + ﬂ?mll + as37nt,.
The solution of Eq.(12) is then expressed as

-+ 1

1
”(J”'J/'Z'l‘)=E{\//l(251+52+53—€)+/12(254+55)}

—ays+m+A
X sec  h[ 24T
it gt st g+ + g+ 7y
% (.1" +ty+z—-a )]el (alx+a2y+a32+a4t). (26)

4 Effect of inhomogeneity

In this section, we describe the shape changing behaviour of magnetic soliton under
the influence of inhomogeneity. Here we analyse a series of exact propagating soliton
solutions for the following types of inhomogeneities such as (i) Linear (ii) Localized (iii)
Cubic (iv) Quadratic (v) Periodic and (vi) Bi-quadratic type inhomogeneies. / =1
corresponds to homogenous case which supports a stable unperturbed soliton travelling with
constant velocity. It is described in Figure 1, for the parameters / = 13.6, / =36, / =6,
/1=6,/,=16,/1=27,/,=16, 4=01, y =06, a;=a,=a3=1, a, =03,
y =0.0001 and 7z, = 0.11.
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4

Figure 1: Unperturbed soliton for homogenous system with / = 1.

The first choice of inhomogeneity is a linear one of the form / =1+ 2,x that can
arise from the three dimensional lattice deformation. For 2, <1, a single soliton
transmission is noticed. When the inhomogeneity parameters exceed 1, one soliton starts
splitting into two solitons which collide with each other as time goes on retaining its shape
and amplitude after collision. As 2, is further increased, the amplitude found to increase
drastically which is portrayed in Figure 2(b). Figures 2(c)-2(e) show the evolution of the
overtaking interaction between two separate solitons. Similar behaviour is observed in the
case of localized type of inhomogeneity of the form /' =1+ 2, * taz h(x) which is
shown in Figure 3.
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Figure 2: Soliton solution for linear inhomogeneity witha) 2, =28 b) 2, =10¢c) £ =0
d) £ =—-37 ande) £ = —57.
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Figure 3: Soliton solution for localized inhomogeneity witha) 2, =4 b) £ =0¢) ¢ =
—27 and d) # = —40.
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Next we consider cubic type of inhomogeneity of the form / =1+ Pax3 + P,x2.
Here it is noticed that for values of inhomogeneities 723 < 0.2 and 2, < 1.2, soliton nature
is preserved. A further increase in the parameters (#5; = 0.5, 2, = 1.9) leads to the formation
of two humped solitons which interact with each other as time goes on. The behaviour is
described in Figure 4(a). When the parameters are increased further to 23 =/2,=5,
splitting of solitons takes place and two solitons become three solitons as described in Figure
4(b). Similar collision behaviour is also noticed. One soliton overtakes the other without any
change in shape, amplitude and energy. Figures 4(c) and 4(d) illustrate the elastic collision
between solitons. Similar behaviour is observed in the case of quadratic A (x) =1+
Psx?+ Pgx and periodic £ =1+ P;* cos  h(x) type inhomogeneities which is shown
in Figures (5) and (6) respectively.

X

o= s © 5 T s 9 s 10
Figure 4: Soliton solution for cubic inhomogeneity witha) 2; = 0.5 and 2, = 1.9,
b) P3=£,=5,(c) ¢ =0 andd) z = —48.

Figure 5: Soliton solution for quadratic inhomogeneity with a) Zs=2.7 and #5=3
b) Ps=P¢=8c)r =0d) r =—-27 ande) z = —47.

©2019 RS Publication, rspublicationhouse@gmail.com Page 17



DOl : https://dx.doi.org/10.26808/rs.st.i9v2.02
International Journal of Advanced Scientific and Technical Research ISSN 2249-9954
Available online on http://www.rspublication.com/ijst/index.ht Issue 9 volume 2 March- April 2019

g

2000

10
500

X

-4 -2 (b) 2 4 x,m _5 (c) 5 10 .r_4 —IZ (d) é 4
Figure 6: Soliton solution for Periodic inhomogeneity with a) Z; =4 b) # = —50, ¢)
¢t =0andd) £ =50.

In the biquadratic case (/(x) =1+ Pgx*+ Pgx?) an interesting behaviour is
noticed. For lower values of Pg and 24, we get three hump solitonic profile for the
parameters (Pg =1 and 249 = 1.2) and the plot is described in Figure 7(a) and for higher
values the system is found to merge into two solitons. The interaction profile is described in
Figure 7(c)-7(e).

lql? lqP? lqI*

2000
1000

0 o5 @ s 0 S0 o5 @ s 010 -5 @ s 10"
Figure 7: Soliton solution for bi-quadratic inhomogeneity witha) Pg =1 and 2g =
1.2c)z =0d) £ =8 ande) # = 20.

5 Conclusion

In this paper, the nonlinear spin excitations in the form of solitons in a three
dimensional inhomogeneous FM spin system with bilinear and anisotropy interactions are
investigated in the semiclassical limit using the H-P transformation combined with Glauber's
coherent state representation. The dynamics is found to be governed by a (3+1) dimensional
PNLSE. The effect of inhomogeneity on the soliton is studied by carring out a perturbation
analysis. We employ the Sine-Cosine function method to solve the three dimensional PNLSE
with the aid of symbolic computation and the solution representing spin excitation is
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demonstrated graphically. We consider for our study various types of inhomogeneities such
as linear, localized, cubic, quadratic, periodic and bi-quadratic. When the inhomogeneity
parameter exceeds a certain value, one soliton starts splitting into two solitons which collide
with each other but retaining its shape and amplitude after collision. For higher values of
inhomogeneity, two soliton becomes three solitons interacting with each other elastically. But
in the case of biquadratic inhomogeneity, for lower values we get three hump solitonic profile
and for higher values the system is found to merge into two solitons.

Appendix A

£,;, K,,/ =0,1...7 of Eq.(8) are given by

Eo=[(=24+/ +/ +/ A/ A+ v+ S A D i pea, @by

7,k
1= I+l k%041, [+, k%0 )k VA AN WA 2 VAN AN S
2 — L yHLE® )+ Lk I+ LEY gk VA A A W3 VAN S
3= L k1% 0 k41 VAN 2 0 e A 2 VAN A A S VAN S
4 — I+l +LA% 0 41, + 14 [+l +L6% 0 )k VA Al S WA W 2 VAN A
5= [ A+1% 7 41,7 k41 [+l k1% 7 & L kY (1, k1) Lk

_ t t T
£e=la, JALERLG 1+l T QL gL E D e T B kD ,/‘+1,k+1]/1' J A

5’7 =
(@)1, at — et —a. . al /s
IH1L/+LAHLY S +1, +1,4+1 [+l +LA+H1Y [ )k L EE L+ +LE+1)) ) ke

Ky =1[44a3 ; ],

Ky =
[_4al'J',/ral' +1/’,kﬂj/',kaj+l/',k + dl',/',/faz' +1,/',/fa-zr'2,/',/r + dg',/-,/fdj-,/-,/(ﬂj_{_l,/,k +
a§'+1,/',/ra;r',/,/raj'+l,/,/r + al’,/',kdz' +1,/',/far+1,/',/(]/l',/',kl

1{/2 =
[_44/,/',kgl',/'+1,ka-1r',/,ka-zr',/+1,A’ + al',/',kaz',/'+1,/fa1:'2,/,/( + ag’,j’,/faj,j,/fa-zr',j+l,/{' +

2 t t 12
Q; ;41,690 44 J +L1k +a; JAL L+ J +1,/f]/z' S

1{/3 =
[_44/,/',kgl',/',k+1a-1r',/,ka-1r',/,/(+1 + az',/',/faz' ,/',/f+1a1zL'2,/',/( + ag’,j’,/faj,j,/faj,j,/{'+l +
ag’,/,k+1aj',/,kaj,/,k+l + a; ,/',kal' ,/',k+1a1z-'2,j,/{*+l]fl',j,/{’:
A/4 = [_441' J AL 41 +1,ka:r',/',kd:r'+l,j+l,/{' ta, JAE 41 +l,ka];2./',/{’ +
ﬂ?’,/,/fa;r',/,/fﬂ;r' 1414 T ”§+1,/ +L4 ”:r',/,/f”:r'+1,/+1,/f ta; ,/,/zﬂz'+1,/+1,/fﬂj'2,/,/f]fz' J A
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_ t t 12
KS - [_4d1' J K a; +1,/ ,k+la/ J K a; +1,/ ,£+1 + a; S a; +l,/',/{’+laz' J K +
2 t t 2 t t 12
ay ,/',/{fdz' /’,,{fdz' +1,/ ,£+1 + a; +1,/ ,k+la1' ,/',,{’az' +1,/ ,4+1 + a; J a; +l,/',/(+laz' /’,k]/z' J A
Ko =[~4 oeal + Coat
6 — [ a; J K a; J +1,k+1az' J K az’ J +LA+1 a; J a; ,/'+l,/(+laz' J K
2 T T 2 T T
Qi@ ;i@ jirpnt T @i yi1p1@; ;1 @y jarps1t
.|.2
a; ,/',,{fd 1494 +1,,{f+1a1' J +1,k+1]/1’ J K
Ky =[-4 b oedl + Pt
77— [ a; J A a; +1,/ +1,k+1az‘ J K az’ +1,/+1,£+1 a; J a; +1,/ +l,/(+1az’ J A
2

Pt 2 R
i k@i 7 @114 v Qi1 4144180 ;4 @741 +14+1 T
2

.|.
Ay k941 +14+19 ; +1,/ +1,,%+1]/z‘ S

Appendix B
¢;, £;,/ =0,1...7 of Eq.(10) are given by

Co=24~/~/ =/ ~/1~S1~S1~S A i yur

Orv=lu; jpficrjp—UivigaSijo—Uiry i/ -1/ 4]

Qo=lu; jpfijapn—UijsinSijo—Uij-14/ 14l

Os=lu, 1/ ijp1—UijpstSijp—Uiyp-S sy p-l

On=lu,; J Vou -1/ -1 — U, +1,/+1,/ffz JoAhk T U1, —1,k/1’—1/’—1,k]1

Os = lu; ,/,/cfi “1/ k-1 " U, +1,/,/f+1fz Jok T U —l,/’,/(—l/l’—l,/’,k—l]!

Os = lu,; ,/,/cfi J—LA-1 " U ,/+1,/f+1fz JAhk T U ,/’—l,/(—l/l’,/’—l,é’—l]!
Or=lu; ,/,/rf/ -1/ —-14-1 — Uy +1,/'+1,k+l/1’ Johk T U1, —l,/r—lfz'—l,j—l,k—l]-
Ro=[8Alu; ;ilPu; ;4]

R =
[—4|Zl,- +1,/',/(|2u1',/',/(f/,/',/( - 4|le- —1,/',k|2u1',/',k/1' -1,/ .4 + 2|”1',/',/r|2u1'+1,/',kf1',/',k +
Zl%,/,k”t'+l,/’,k/l',/,k + |le- —1,/',A’|2u1' —1,/',/{/1' -1,/ & + |le- +1,/',/f|2uz'+l,/',/ffz',/,/{' +
Zl?',/,k”t'—l,/,/r/[ -1,/ % + zluz',/',klzuz' —1,/',/{/1' —1,/',/(]1

/172 =
[_4|le',/'+1,/f|2ul',/,k/l',/,k - 4|u1',/'—1,/f|2u1',/',/f/1',/'—1,/r + 2|u1',/',/f|2u1',/'+1,/{’f1',/,/{’ +
Zlg’,/,ku;,/+l,k/[,/,k + |”1',/'—1'klzu[,j—l,/{*f/,j—l,/{’ + |ul',j+l,k|2uz',j+l,k/z',j,k +
ug’,/,k”j’,/—l,k/[,/—l,k + 2|ul’,/',k|2u1',/'—1,/{*f1',j—1,/{’)]:

/173:
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[_4|uz'/’,,{f+1|2”1',/',kf1',/,k - 4|ul’,j,k—llzui,j,/{’fi,j,/{'—l + 2|u1',/',/{*Izuz',/',k+1fz',/,k +

u

le

2
1',/',k”j'/’,k+l/l’/,k + |Zl1' ,j,k—llzu/,j,/{’—l/i,j,/{’—l + |le' +l,/',/{*|2uz',/',k+lfz',/,k +
7 ,/',/{f”j'/,,{(—l/l' J o A=1 + zlul',/',klzu/,/,/{’—l/i ,/',/{’—1]’

Ry=[=8u; ;4 Nte;y1406lP ety 141D +2\e, ;g2 i1y 110 +

x 2 2

gl e vl oy apltu ay ap Yl a6 l% 41100 +
* 2

J K Uy -1,/ -4 + 2| Uy J K | Uy -1,/ —1,/%]!

/PS = [_4u1',/',k(|ul' +1,/',/%+1|2 + |uz'—1,/',/{’—l|2) + 2|”1’,j,/(|2u1'+1/,/(+1 +

x 2 2

gty ety il a1y gl % vy a1+
* 2

,/',kuz' -1,/ ,4-1 + 2|u1',/',k| Uy —1,/',/%—1]1

Ro=1[—4u;;;te; joaprl?+\us ;1412\, jplPu; jirprn +

x 2 2

Gl pavpr e gl p gy jraeal e, pipi +
* 2

,/',kui,/—l,k—l + zlul',/',kl ul’,/'—l,/%—l]'

Ri=[-8u; ;4 (tt; 1 41041 12211 p-1l?) + 2\, 4Pty i1y 41001+

. 2 2

gl v pvr Yl el u, Yl v ve1%% 1 00601 +
* 2

gl ;g1 t2u; w1, 141l
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