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It is very easy to calculate the area of a triangle. If we ask anyone who has a little knowledge of 

mathematics, he will say that it is 
1

2
×base×height or he will mention the other formulas to calculate the 

area of a triangle. Here in this article I will present the area of a right triangle as the sum of an infinite 

series (convergent). From that infinite series we can also get the formula 
1

2
×base×height. Believe it or 

not, mathematics is the most beautiful subject because mathematics can represent anything in 

different interesting ways. 

The square inscribed in a right triangle 

Before we present the area of a right triangle as the sum of an infinite series, we need a formula which 
will help us to calculate the length of one side of a square inscribed in a right triangle so that one 

vertex of the square coincides with right-angle vertex of the right triangle. 

 

Figure1. BDEF is a square inscribed in the right triangle ABC. 

Suppose, z is the length of one side of the square BDEF. We can see, right triangle AEF and right 

triangle CDE are similar. That’s why, 

𝐴𝐹

𝑍
 = 

𝑍

𝐷𝐶
 ⇒ 

𝐴𝐵−𝑍

𝑍
 = 

𝑍

𝐵𝐶−𝑍
⇒ 𝑍2 − 𝑍2 + AB.Z + BC.Z = AB.BC 

 

⇒ 𝑍(AB+BC) = AB.BC         ⇒ 𝑍 = 
𝐴𝐵.𝐵𝐶

𝐴𝐵+𝐵𝐶
        

So this is the formula to calculate the length of one side of a square inscribed in a right triangle. 

Presenting the area of a right triangle as the sum of an infinite series 

To present the area of a right triangle as the sum of an infinite series, here we will use an interesting 

method. So firstly look at the figure below, 

 

Figure2.  ABC is the given right triangle. 
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In the figure 2, firstly I have drawn the square BDEF (square 1) inscribed in the triangle ABC. For this 

we have got two new right triangles ∆CDE and ∆AEF. Then I have drawn two squares DGHI (square 
2) and FJKL (square 3) inscribed in the triangles ∆CDE and ∆AEF  respectively. Again, I have got 

four more right triangles ∆CHI, ∆EGH, ∆KEJ and ∆AKL. Then similarly I have drawn four squares 

(square 4,5,6,7) inscribed in those four right triangles. For this I have got eight more right triangles. If 
WE continue this process up to infinity, we will get infinite number of squares. If we add the areas of 

those squares, we will get the area of the triangle. But it is totally impossible to calculate the areas of 

all squares one by one up to infinity and add them. So if we get a pattern at the time of adding the 
areas of the squares, then we can easily make a infinite series by using the areas of the squares. 

Fortunately, I have got a pattern. We have to add the areas of the squares by using an interesting 

method. Let me describe it. 

Look at the figure 2, at first, I have considered the area of the first square (BDEF) as the first term of 

the infinite series. Then I have considered the sum of the areas of the second and third square (DGHI 
and FJKL) as the second term of that infinite series. Then I have considered the sum of the areas of 

the 4
th
,5

th
,6

th
 and 7

th
 square (IMNO, GPQR, JSTU and LVWX) as the third term of that infinite series. 

Similarly, I have considered the sum of the areas of the next eight squares as the fourth term of that 

infinite series. In this process I have continued. Now let me show the calculations. 

Suppose AB = a and BC = b. By the formula to calculate the length of one side of the inscribed square 
in a right triangle, we get the length of one side of the square BDEF  

= 
𝐴𝐵 .𝐵𝐶

𝐴𝐵+𝐵𝐶
 = 

𝑎𝑏

𝑎+𝑏
  

  So the area of the square BDEF   = 
𝑎2𝑏2

 𝑎+𝑏 2 

Now the length of one side of the square DGHI will be 

= 
𝐸𝐷.𝐷𝐶

𝐸𝐷+𝐷𝐶
 = 

𝑎𝑏

𝑎+𝑏
 ×  𝑏 − 

𝑎𝑏

𝑎+𝑏
 

𝑎𝑏

𝑎+𝑏
+ 𝑏  − 

𝑎𝑏

𝑎+𝑏
  

 = 
𝑎𝑏3

 𝑎+𝑏 2×
𝑎+𝑏

𝑏 𝑎+𝑏 
 = 

𝑎𝑏2

 𝑎+𝑏 2 

Again, the length of one side of the square FJKL will be 

= 
𝐴𝐹.𝐹𝐸

𝐴𝐹+𝐹𝐸
 = 

  𝑎  − 
𝑎𝑏

𝑎+𝑏
  × 

𝑎𝑏

𝑎+𝑏

 𝑎 − 
𝑎𝑏

𝑎+𝑏
 + 

𝑎𝑏

𝑎+𝑏

 = 
𝑎3𝑏

 𝑎+𝑏 2×
𝑎+𝑏

𝑎 𝑎+𝑏 
 = 

𝑎2𝑏

 𝑎+𝑏 2 

Now the sum of the areas of the squares will be 

=  
𝑎𝑏2

 𝑎+𝑏 2
 

2

+  
𝑎2𝑏

 𝑎+𝑏 2
 

2

= 
𝑎2𝑏4+ 𝑎4𝑏2

 𝑎+𝑏 4  = 
𝑎2𝑏2 𝑎2+𝑏2 

 𝑎+𝑏 4  

Similarly, I will calculate the sum of the areas of the next four squares. Here I will show the 
calculations very shortly, 

The length of one side of the square IMNO will be 

= 
𝐻𝐼 .𝐼𝐶

𝐻𝐼+𝐼𝐶
 = 

𝑎𝑏2

 𝑎+𝑏 2× 𝑏 − 
𝑎𝑏

𝑎+𝑏
 − 

𝑎𝑏2

 𝑎+𝑏 2 

𝑎𝑏2

 𝑎+𝑏 2+ 𝑏 − 
𝑎𝑏

𝑎+𝑏
 − 

𝑎𝑏2

 𝑎+𝑏 2 
 = 

𝑎𝑏3

 𝑎+𝑏 3 

Again, the length of one side of the square GPQR will be 

= 
𝐸𝐺.𝐺𝐻

𝐸𝐺+𝐺𝐻
 = 

 
𝑎𝑏

𝑎+𝑏
 − 

𝑎𝑏2

 𝑎+𝑏 2    × 
𝑎𝑏2

 𝑎+𝑏 2  

 
𝑎𝑏

𝑎+𝑏
 − 

𝑎𝑏2

 𝑎+𝑏 2   + 
𝑎𝑏2

 𝑎+𝑏 2

 = 
𝑎2𝑏2

 𝑎+𝑏 3 

Again, the length of one side of the square JSTU will be 

= 
𝐾𝐽 .𝐽𝐸

𝐾𝐽+𝐽𝐸
 = 

𝑎2𝑏

 𝑎+𝑏 2  ×  
𝑎𝑏

𝑎+𝑏
 − 

𝑎2𝑏

 𝑎+𝑏 2  

𝑎2𝑏

 𝑎+𝑏 2 +  
𝑎𝑏

𝑎+𝑏
 − 

𝑎2𝑏

 𝑎+𝑏 2 
 = 

𝑎2𝑏2

 𝑎+𝑏 3 

Again, the length of one side of the square LVWX will be 

= 
𝐴𝐿.𝐿𝐾

𝐴𝐿+𝐿𝐾
 = 

 𝑎 − 
𝑎𝑏

𝑎+𝑏
 − 

𝑎2𝑏

 𝑎+𝑏 2  × 
𝑎2𝑏

 𝑎+𝑏 2

 𝑎 − 
𝑎𝑏

𝑎+𝑏
 − 

𝑎2𝑏

 𝑎+𝑏 2  + 
𝑎2𝑏

 𝑎+𝑏 2

 = 
𝑎3𝑏

 𝑎+𝑏 3 

Now, the sum of the areas of the squares (IMNO, GPQR, JSTU and LVWX) will be 
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=  
𝑎𝑏3

 𝑎+𝑏 3
 

2

+  
𝑎2𝑏2

 𝑎+𝑏 3
 

2

+  
𝑎2𝑏2

 𝑎+𝑏 3
 

2

+  
𝑎3𝑏

 𝑎+𝑏 3
 

2

 

= 
𝑎2𝑏6+ 𝑎4𝑏4+ 𝑎4𝑏4+ 𝑎6𝑏2

 𝑎+𝑏 6  

= 
𝑎2𝑏2  𝑎2+𝑏2  𝑎2+𝑏2  

 𝑎+𝑏 6  

= 
𝑎2𝑏2 𝑎2+𝑏2 

2

 𝑎+𝑏 6  

Now if we divide the area of the square BDEF by the sum of the areas of the squares DGHI and 
FJKL, we get 

=
𝑎2𝑏2 𝑎2+𝑏2 

 𝑎+𝑏 4 ÷ 
𝑎2𝑏2

 𝑎+𝑏 2 = 
𝑎2+𝑏2

 𝑎+𝑏 2 

Again, if we divide the sum of the areas of the squares DGHI and FJKL by the sum of the areas of the 
squares IMNO, GPQR, JSTU and LVWX, we get 

= 
𝑎2𝑏2 𝑎2+𝑏2 

2

 𝑎+𝑏 6  ÷ 
𝑎2𝑏2 𝑎2+𝑏2 

 𝑎+𝑏 4  = 
𝑎2+𝑏2

 𝑎+𝑏 2 

Fortunately, both time the ratio is same. Now we get the beautiful pattern. If we multiply the sum of 

the areas of the squares IMNO, GPQR, JSTU and LVWX by 
𝑎2+𝑏2

 𝑎+𝑏 2 , we will get the sum of the areas 

of the next eight squares. So, now we can write, 

The area of the right triangle ABC 

= area of BDEF + (area of DGHI+ area of FJKL) + 

 ( area of IMNO + area of GPQR + area of JSTU + area of LVWX) +⋯ 

= 
𝑎2𝑏2

 𝑎+𝑏 2 + 
𝑎2𝑏2 𝑎2+𝑏2 

 𝑎+𝑏 4  + 
𝑎2𝑏2 𝑎2+𝑏2 

2

 𝑎+𝑏 6  +⋯ 

By this process we can present the area of any right triangle as the sum of an infinite series. Here the 

first term of the series, a = 
𝑎2𝑏2

 𝑎+𝑏 2 and common ratio, r = 
𝑎2+𝑏2

 𝑎+𝑏 2 which is less than 1 (r < 1). So, the 

series is convergent and the sum of this infinite series is  

= 
𝑎

1−𝑟
 = 

𝑎2𝑏2

 𝑎+𝑏 2

1− 
𝑎2 +𝑏2

 𝑎+𝑏 2

 = 
𝑎2𝑏2

 𝑎+𝑏 2 × 
 𝑎+𝑏 2

2𝑎𝑏
 = 

1

2
𝑎𝑏 

 =
1

2
× 𝑏𝑎𝑠𝑒 × ℎ𝑒𝑖𝑔ℎ𝑡 

So we can get this formula from the infinite series. I think this is the difficult way to prove the 

formula! But the main motive of this article is not to prove the formula. I believe that this infinite 

series will show the beauty of mathematics. Students will get the message that one simple problem 
can be solved in many different interesting ways. 
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