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Abstract: The article first puts forward the concept of valuated binary tree; then makes a study on factors and
multiples among the nodes of a binary tree that is valuated with odd numbers and obtains several new results
that are valuable in study of integer division. The article also demonstrates that the approach of valuated binary
tree is indeed practical and effectual because all its proofs and deductions are very elementary and intuitive,
which is easier to understand and utilize.
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1. INTRODUCTION

Binary tree has been a familiar term in schoolbooks. Study of this non-linear data structure was a long
time ago and no one in present day thinks it is worth to have a study on the binary tree. Compared to
the fashionable bioinformatics or quantum computation, the binary tree is indeed an old thing.
However if it is combined with an ever-older thing, it reveals younger and stronger traits.

With valuated binary tree, | obtain many new results when | study the old problems in elementary
number theory. Hence | introduce the valuated binary tree in this article and use it to prove some
theorems that disclose new properties of integer division. Readers can see that the proofs and
deductions are very elementary and intuitive and it is easier to understand.

2. PRELIMINARIES

This section gives definitions, notations and lemmas that are needed in later section. Also the studied
question is presented in this section.

2.1 Definitions, Notations and Question

Definition 1. The floor function of a real number x is denoted by | x |, and it fits x—1<| x |<x or
equivalently | x |<x<| x |+1.

The bibliography [1] lists properties of the floor function. Hence here | omit the details.

Definition 2. A valuated binary tree is such a binary tree that each of its node is assign a value. If all
the nodes are assigned an integer number, then it is called an integer-valuated binary tree. We use
symbol T to denote a binary tree.

Definition 3. Assign the root of a full binary tree with an odd number N, and assign the left and the
right sons of the root with 2N —1and 2N +1 respectively, and assign all the other nodes of the tree
recursively by the previous regulation. This will obtain an N-rooted tree. For example, figure 1
demonstrates a 7-rooted tree.
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Fig.1. A 7-rooted binary tree

Question. Let us construct an N-rooted binary tree, where N is an odd number bigger than one. For
convenience, we denoted the root N by N, , and the node on the j™ position of the k™ level by Ny

where k > 0and o< j<2“-1, as shown in figure 2. Then under what condition N, , can divide the

S48 - 5%

Fig.2. An N ,-rooted binary tree

2.2 Lemmas

Lemma 1. Let p be a positive odd integer; then among p consecutive positive odd integers there
exists one and only one that can be divisible by p.

Proof. See in [2].
Lemma 2. Let N >2 be an integer; then | log, N |<log,(1+N) <1+| log, N |.
Proof. See in [3].

Lemma 3. Let g be a positive odd number, S={a |ieZ'} be a set that is composed of consecutive
odd numbers; if a, € S is a multiple of g, then so it is with 8y -

Proof. Let a, = xq(x >1); then it yields

a,,=kq+2
a,,=xkq+4

1)

8,,,= K0 +20 = (k+2)q

Lemma 4. Let g be a positive odd number and S be a finite set that is composed of consecutive odd
numbers; then S needs at least (n—1)q+1elements to have n multiples of g.

Proof. Let S ={a,,a,,...,a,_,}be the finite set that contains n multiples of g. Obviously, a,is the
smallest one and a,,_, is the biggest one in the set. Now consider the first multiple of q. If a, is the
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first one, then S needs at least (n—1)q-+1elements to have n multiples of g, as shown in figure 3.
Otherwise it must hold m> (n—-1)q+1.

m

a‘O’al""’aq ’aq+l""'a2q ""’a(n—l)q+1""’anq ’anq+1""'a'm—1
H_/

q a q m-nq-1

Fig.3. n multiples with @, being the first one

3. MAIN RESULTS AND PROOFS

Theorem 1. Let T be N, ,-rooted binary tree. Then the following statements hold
(1) There is not a multiple of N ;before the level 1+Llog2 Noo |-

(2) There are exactly 2 multiples of N, on the level 1+|log, N, |; there are at least 2 multiples of

N, o on each level after the level 1+ log, N, |.

(3) There are at least 2 nodes that are not multiple of N, on each level from and after the level
1+|log, Ny, |.

(4) If Ngpand N; ,have a common factor d, then Ny and N, also have d to be their common
factor, where i >0,0< @ <2' —1.

(5) On the same level, there is not a node that is a multiple of another one.

Proof. By definition 3, it is easy to obtain T’s following properties.
(1) There are 2" nodes on the k™ level.

(2) Node N, ;is computed by

Ny ; =2" NOVO—Zk +2j+1

k=12,..;j=01,..2" -1 @)
(3) The two nodes, N, , and Ni'2i ., areat the symmetric position of the i level and it holds
Ni,a) + Ni,2i—1—a) =2 No,o 3)
To analyses relationship between N,,and N, ;, we rewrite (2) by
N, =2Npo +AK, j).k=12,.;j=012,..,2" -1 4)

Obviously, for a specified level, say the k™ level, A(k, j)is a function of j. Table 1 lists change of j and
the values of A(k, j). It can see that, when j=0,1,...,25*—1(k >0), A(k, j) traverses the whole set
{-1,-3..,-(2*-1} , totally 2 numbers; and when j=2"% 2412 42,
2X—2,2% ~1(k > 0), A(k, j)traverses {+1,+3,...,+(2* 1)}, totally 25 numbers.

{A(k, )e{-1-3,..,—(2“-D}k>0,je{0,1,....2" -1} -

A, ) e{+L,+3,...,+(2“ =D} k>0, je{2“ " 2" +1,...,.2" -1}
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Table 1. Change of j and values of A(k, j)

J Ny ; Ak, )
j=0 2Ny, —2" +1+0=2"N,, - (2" -1) —(2“-1)
j=1 2Nyy—2“ +142=2"N,, - (2 -3) —(2¢-3)
j=2 2Ny, —2“+1+4=2"N,, —(2“-5) —(2¢-5)

j=21-2 2Ngo -2 +1+2x (21 =2) = 2N, , -3 3
j=2"-1 2Ny, —2" +1+2x (2T =) =2"N,, -1 1
j=2" 2Ny — 2 +1+2x 2" = 2Ny, +1 +1
j=2"+1 2"Ngo =2 +1+2x (2 +1) = 2Ny, +3 +3
j=2"+2 2"Ngo =2 +1+2x (2" +2) =2 Ny, +5 +5
j=2 422 | 2Ny, -2 +14+2x (2 —2) =2 Ny, +2¢ -3 +(2 ~3)
j=2 421 | 2N — 25 +14+2x (2 -1) = 2Ny, +2¢ -1 +(2 -1)

Now it knows from (4) and (5) that N, can not divide N, ; when N, > 2% —1 or k <log,(1+ No,o) -
By Lemma 2, we know log,(1+N,,) <1+| log, N, |; hence when k <1+|log, N, | or k <|log, Ny, |,

Ny, cannot divide N, ;. That is what statement (1) says.

. . o oo Ngo 1 1
Now consider the case k =1+ log, N, |. This time it holds 2** > pllwtos] 5 glowztoot _ 2\ namely
, 2 i

2> Ny, Or 2¢-1=N,,. Since Ny, >1 is an odd number, it must be one of the element in the set

S ={43,...+(2 1)} . Namely, there exists a j, € {2, 2" +1,...,2“ =1} such that N,, = A(k, j,) and
it consequently holds N,, [N, and by (3) Ny, [N , - Note that +1 is not an element of the set S,

k,2X-1-
it shows that there must be a j. e {2, 2“" +1,...,2“ =1} such that N,, = A(k, j.) , namely N, , and

N cannot be multiples of N,,. This validates statement (3).

k.2 1.
Now we prove that on the level k:1+LIogz NO,OJ there exact 2 multiples of N,,. In fact, from
k =1+ log, N,, | we know 2 = g Moo  tloss Moo =2N,,, Which says that the nodes on the level
k :1+Llog2 NO‘OJ do not exceed 2N, ,. Therefore there cannot be more than 2 multiples on the level
according to Lemma 4. Hence the statement (2) is sure.

Statement (4) naturally can be directly proved true by (4).

Take an arbitrary level, say the k™ level. Note that the smallest and the biggest node on the level are
2(Ngy +D) =1 (N, +1)
2k(N0:0 ~1)+1 ) (NO:0 -1 <2

immediately knows that no node can be a multiple of the other one on the level. This is what the
statement (5) says. And by now the whole theorem 1 is proved to be true.

, it

2(Nyo -1 +1 and 2“(N,,+1)—1 respectively, and

4. CONCLUSION

It is of course a new approach to study integers with a binary tree. The research in this article shows
that the new approach is both elementary and intuitive, and is better in digging out new properties of
integers. Actually, | have dug out many other properties of integers and I will publish them in later
articles. This article is the first one of the new approach, and the purpose of this article is to introduce
the idea and the thought of the approach. | hope it can be concerned and better achievements can be
obtained.
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