
RADIOENGINEERING, VOL. 30, NO. 2, JUNE 2021 271

Non-Uniform Constellations for Polarization Division
Multiplexed CO-OFDM Systems

Dario PEREZ-CALDERON 1,2, Vicente BAENA-LECUYER 1, Ana Cinta ORIA ORIA 1,
Jose GARCIA DOBLADO 1

1 Dept. of Electronic Engineering, University of Seville, Camino de los Descubrimientos S/N, 41092, Seville, Spain
2 Dept. of Television and Metrology, Bonch-Bruevich State University of Telecommunications, Bolshevikov Ave. 22,

Saint Petersburg, Russia

{dperez, baena, cinta.oria, josegardo}@gie.esi.us.es

Submitted October 26, 2020 / Accepted March 20, 2021

Abstract. In this paper we propose a transmission scheme
for Coherent Optical Orthogonal Frequency Division Multi-
plexing (CO-OFDM) systems with Multiple Input - Multiple
Output (MIMO) processing. Our proposal consists of the
concatenation of two techniques, Non-Uniform Constella-
tions (NUC) in the mapper, and Spatial Multiplexing (SM)
in the implementation of Polarization-Division Multiplexed
(PDM) systems. The main target of the proposed scheme is
to reduce the overall performance loss introduced by Polar-
izationModeDispersion (PMD) and Polarization Dependent
Loss (PDL) in PDM-CO-OFDM systems. This approach will
be compared to techniques traditionally used in CO-OFDM
links as Golden codes and Silver codes as well as tradi-
tional SM. The full transmission chain has been modelled
using Matlab. Simulations have been run to check the per-
formance improvement achievable by our proposal showing
a gain of up to 0.82 dB in the carrier to noise compared to
traditional schemes, with no additional hardware complexity
at the receiver side.

Keywords
MIMO, coherent optical OFDM systems, non-uniform
constellations, polarization mode dispersion, polariza-
tion dependent loss

1. Introduction
Nowadays communication systems must face each time

more demanding requirements to fulfil the user’s necessities
which are causing a growing demand of capacity in long
haul optical communication networks. In order to prevent
the capacity crunch in current backbone optical networks,
it is necessary to optimize each block of the transmission
chain and to use cutting edge technologies to achieve a ca-
pacity as close as possible to the theoretical limit set by Shan-
non [1], and the non-linear Shannon limit [2] in optical fibers.

Several schemes are being studied as possible candidates:
the use of Multiple Input - Multiple Output (MIMO) tech-
niques in optical channels [3], the implementation of new
coded modulation schemes, like higher-order or multidimen-
sional modulation formats [4], [5], or constellations shaping
techniques [6], [7].

Two main MIMO schemes are currently being stud-
ied for optical communication systems [3]: Polarization-
Division Multiplexing (PDM) systems that can be imple-
mented in current single-mode fiber (SMF) optical links, and
Space-Division Multiplexing (SDM) systems that would re-
quire to install new fibers supporting multiple spatial modes
as multi-mode fibers (MMFs) or multi-core fibers (MCFs).
Although the initial studies of MIMO were focused on wire-
less propagation conditions, the optical channel also shows
good conditions for these kinds of techniques to offer an over-
all system performance gain: multipath propagation due
to the different propagation modes, orthogonal polarization
modes that exchange power due to the propagation through
the optical fiber, Polarization Dependent Loss (PDL) and
Polarization Mode Dispersion (PMD).

Regarding constellations shaping schemes, recent ad-
vances have been also introduced in fiber-optic communica-
tions [7]: probabilistic shaping (PS) [6], geometric shap-
ing (GS) [8], and hybrid probabilistic-geometric shaping
(HPGS) [9] schemes.

In this paper we present a PDM-CO-OFDM
(Polarization-Division Multiplexing Coherent Optical Or-
thogonal Frequency Division Multiplexing) system based
in Spatial Multiplexing (SM) and Non-Uniform Constel-
lations (NUC) instead of the conventional square M-ary
Quadrature Amplitude Modulation (M-QAM) constellations
for the Bit Interleaving Coding and Modulation (BICM)
block. The NUC [10] is a particular scheme of constel-
lation design techniques via geometric shaping, which have
been adopted in recent terrestrial broadcasting standards. For
example, the one-dimensional NUCs (1D-NUCs) family was
included in the Digital Video Broadcasting Next Generation
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Handheld (DVB-NGH) standard [11], and two-Dimensional
NUCs (2D-NUCs) were introduced in the newest digital ter-
restrial broadcasting system, ATSC 3.0 [12].

To the best of our knowledge, there are no publica-
tions in the literature addressing the implementation of both
schemes (NUCs and SM) in optical communications. Our
proposal will be compared to traditional MIMO diversity
schemes used in fiber-optic communications, that is, Golden
and Silver codes.

The rest of the paper is arranged as follows. Section 2
presents the scheme of the whole communication system, de-
scribing its functional blocks. Section 3 is dedicated to the
fiber-optic channelmodel. Section 4 reviews theMIMO tech-
niques to be compared to our proposal. Section 5 describes
the basic principles of NUCs. In Sec. 6 we present our pro-
posed modulation scheme. Section 7 shows the simulation
results obtained, that is, the optimization of the constellations
shape and the achievable gains for different system configu-
rations. Finally, Section 8 summarizes the main conclusions
that can be extracted from our work.

2. System Overview
In order to check the performance improvement achiev-

able by our proposed technique, an end-to-end PDM-CO-
OFDM baseband transmission chain model will be used
(see Fig. 1).

The first block in the communication system is the Low
Density Parity Check (LDPC) encoder [13]. LDPCs are
Forward Error Correction (FEC) codes that reach a capacity
close to the theoretical Shannon limit [1]. They are em-
ployed in communication systems like ATSC 3.0 [12] and
DVB-NGH [11]. This last one uses code rates (CR) ranging
from 3/15 to 11/15, with a codeword length of 16200 bits.
These are the ones that we will use in our system.

After the LDPC encoder a bit interleaving process is
carried out. It is known that the FECs work in optimal con-
ditions when the errors do not affect consecutive bits and
are uniformly spread along the codeword. This interleaving
stage aims to get this purpose. Then, the interleaved bits are
mapped into M-QAM constellations, in this case traditional
square QAM constellations or NUC (this technique will be
carefully explained in Sec. 5).

The mapped constellation points are processed by the
MIMO block. Here the different techniques explained in
Sec. 4 are applied. In this paper we use two orthogonal polar-
ization modes (2 × 2 MIMO scheme) to exploit the capacity
available in the optical fiber. After this block two parallel
streams will be symmetrically processed. A frequency in-
terleaving process is carried out for improved interleaving
depth, to get an optimal performance of the FEC.

The OFDM block performs an Inverse Fast Fourier
Transform (IFFT) of 256 points. The last block of the trans-
mitter is the one performing the addition of the Cyclic Prefix.

The resulting signal in time is propagated through an op-
tical fiber link, whose model is explained in Sec. 3. At the
receiver side the reverse operations to the ones performed at
the transmitter are carried out to recover the original informa-
tion. The only additional step in the receiver is the channel
estimation that can be accomplished by training sequences
or using pilot patterns in the data frame. In this paper ideal
channel estimation will be assumed.

3. Optical Channel Model
We consider a fiber link consisting of N identical spans

of length L, each supporting two polarization modes, and
each terminated with an optical amplifier. Taking only into
account PMD and PDL the channel can be modelled as
a concatenation of random PMD and PDL elements [14]
as seen in Fig. 2.

Following Jones’ formalism [15], the Jones’ matrix rep-
resenting the jth PMD element can be described as

TPMD
j (ω) = e−i ®β jω

®σ
2 (1)

where ®σ are the Pauli matrices:

σx =

[
0 1
1 0

]
,σy =

[
0 −i
i 0

]
,σz =

[
1 0
0 −1

]
(2)

and ®βj is a three dimensional (3D) vector whose direction
represents the two polarization modes, and its modulus is the
birefringence of the jth span. We will consider the birefrin-
gence independent of the wavelength and therefore equal to
the differential group delay (DGD) between the two propa-
gation modes.

On the other hand, the jth PDL element can bemodelled
as:

TPDL
j = e−i ®α j

®σ
2 (3)

where ®αj is a 3D vector with the direction of the two po-
larization modes, and its modulus is the loss coefficient αj

defined by the differential loss between the two polarization
modes:

e2αj =
Imax
Imin

(4)

where Imax and Imin are the intensities of the polarization
modes with lowest and highest loss respectively.

The polarization states at the output (ψout) and the input
(ψin) of the fiber link are related by the equation:

ψout = T(ω)ψin (5)

where

T(ω) = TPDL
N TPMD

N · · ·TPDL
2 TPMD

2 TPDL
1 TPMD

1 . (6)
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Fig. 1. PDM-CO-OFDM system diagram.
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Fig. 2. Fiber link model.

It is known that the interaction of PMD and PDL ele-
ments introduces more sever effects than the one produced
separately [15]. For example, the frequency dependence of
PMDwill turn global PDL of the optical link into a frequency
dependent variable [16] and will even cause a loss of orthog-
onality of the polarization states [17] resulting in a significant
impact on the overall system performance.

4. MIMO Diversity Techniques
The use of MIMO allows to greatly increase the ca-

pacity available for a given channel, surpassing the limit for
traditional Single Input - Single Output (SISO) approaches.
The first works in this promising field were carried out by
Winters [18], Telatar [19], and Gans [20], and brought a high
interest on what by the time was known as Smart Antenna
Technologies. The main benefit of this scheme, and the rea-
son why so much work has been carried out on this topic, is
the high spectral efficiency offered in propagation scenarios
with high dispersion, whose changes can be estimated accu-
rately. The aforementioned high spectral efficiency is based
on the fact that a channel with enough dispersion offers inde-
pendent propagation paths for the information transmitted by
every antenna in the system. In general, for an M ×N MIMO
system a capacity of min(M,N) channels can be achieved,
where M represents the number of transmitter antennas and
N the number of receiver ones. This makes the capacity
to be scaled by min(M,N) when compared with the SISO
equivalent system. This capacity gain requires a scattered
propagation environment so that the channel matrix has full

rank and can be estimated perfectly at the receiver side. The
capacity of a MIMO channel strongly depends on the sta-
tistical and correlation properties of the propagation paths
between antennas.

In order to reduce the negative effects of PMD and PDL,
MIMO coding techniques can be applied to the signal. The
codes used in this paper are widely studied in the literature
so in this section we will have only a slight overview of their
mathematical expressions and main characteristics.

4.1 Golden Code
Golden Code [21] is a space-time code for MIMO sys-

tems with two transmitter and receiver antennas. The gener-
ation of the code follows the expression

X(s1, s2, s3, s4) = (7)
1√
5

[
(1 + σi)s1 + (θ − i)s2 (1 + σi)s3 + (θ − i)s4
(i − θ)s3 + (1 + σi)s4 (1 + θi)s1 + (σ − i)s2

]
where s1, s2, s3, and s4 represent two consecutive M-QAM
constellation symbols to be transmitted in two consecutive
time instants, θ = (1 +

√
5)/2 (the golden number that gives

name to the codification), and σ = 1 − θ.

The main properties of this code are: full rank, full
rate, it reaches the frontier of diversity in multiplexing
gain, its spectral efficiency is 2 log2(M) bits/s/Hz, and the
number of distances to be computed for Maximum Likeli-
hood (ML) detection is M4, being M the order of the base
QAM modulation.
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4.2 Silver Code
Silver Code [22] is a space-time code for MIMO 2 × 2

systems that allows a simpler detection than Golden Code.
The codification of the codewords follows the expression

X = Xa(s1, s2) + TXb(z1, z2) (8)

where

Xa(s1, s2) =

[
s1 −s∗2
s2 s∗1

]
, (9)

Xb(z1, z2) =

[
z1 −z∗2
z2 z∗1

]
, (10)

[
z1
z2

]
= U

[
s3
s4

]
=

1
√

7

[
1 + i −1 + 2i
1 + 2i 1 − i

] [
s3
s4

]
, (11)

T =
[
1 0
0 −1

]
(12)

where si represents a M-QAMsymbol to be transmitted. This
codification technique has very similar characteristics to the
ones of the Golden Code, being its main ones: full rank, full
rate, it reaches the frontier of diversity in multiplexing gain,
the spectral efficiency is 2 log2(M) bits/s/Hz, the number of
distances to be computed for ML detection is 2M3.

4.3 Spatial Multiplexing (SM)
The SM based codes only make use of the degree of

freedom provided by space (multiple polarization modes in
optical fibers). This eases the detection process, all of them
have to compute M2 distances for ML detection. The sim-
plest one for a 2× 2 MIMO configuration consists in sending
the even symbols through a polarization mode and the odd
ones through the other one as shown in Fig. 3.

5. Non-Uniform Constellations (NUC)
Traditionally, communication systems have used square

M-QAM constellations as a modulation choice for the data
bits in the BICM. However, Shannon stated in [1] that the
maximum available capacity of a given Additive white Gaus-
sian noise (AWGN) channel can be only obtained if the re-
ceived signal has Gaussian distribution. Following this idea
NUC tries to adopt a more Gaussian distribution shape in or-
der to maximize the achievable capacity in the system. The

NUC approach used in this paper is the one known as One
Dimensional Non-UniformConstellations (1D-NUC), whose
basic principles were settled in [10].

In NUC, symbols are optimized by using signal shap-
ing techniques and this optimization depends on the carrier
to noise ratio (C/N) and the propagation channel. This signal
shaping leads to a more Gaussian shape of the constellation
and, according to Shannon’s theory, closer to the optimal us-
age of the channel capacity. However, studies as the one car-
ried out in [23] show that the shaping gain obtained in discrete
constellations in AWGN channels cannot exceed 1.53 dB (be-
ing this achievable only for high order constellations working
at a high C/N) when compared to square constellations.

The gain obtained comes at a cost, an increased com-
plexity in the demapping process. In general, for an ML
demapping the complexity is proportional to the number of
Euclidean distances to be computed from the received point
to all the ideal constellation points. When using ML demap-
ping on square Gray coded QAM constellations the I and Q
components can be treated independently because there is no
correlation between them, and thus the constellation can be
considered as two orthogonal pulse amplitude modulations
(PAM). For a Gray coded QAM constellation with M = 2bps,
where bps represents the number of bits per mapped symbol,
the complexity of the demapping process is proportional to
2

bps
2 +1. Moreover, the distances to be computed have only one

dimension. If the constellation loses its square shape or its
orthogonality to the real and imaginary axes, the assumption
taken to simplify the demapping process is no longer valid.
The distances to all the ideal points of the constellation need
to be computed, and these distances will be two dimensional
ones, leading to a complexity proportional to 2bps. This is the
case of 2D-NUC, however 1D-NUCmaintains a square shape
as can be seen in Fig. 4 and the two PAMs simplification can
still be applied.

5.1 1D-NUC
The difficulty of the optimization process for 1D-NUC

depends on the available degrees of freedom, which depends
on the constellation order, M , as follows [10]:

√
M/2 − 1.

This means that, for example, in a 16 symbols constella-
tion (comparable with a 16-QAM) there is only one de-
gree of freedom. Continuing with the example, for a 16-
QAM constellation, and before the energy normalization
step, we have in each axis (real and imaginary) the follow-
ing possible values: −3,−1,1,3. This leads to a constella-
tion as the one shown in Fig. 4 (represented with circles).
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Fig. 4. 16-QAM vs 16-NUC (a = 2), without energy
normalization.

To have a 1D-NUC we need to use the available degree of
freedom and change the values that the constellation points
can take in every axis by −a,−1,1,a. For a = 1 the external
points of the constellation overlap inner ones, and for a = 3
the resulting constellation would be the previously defined
16-QAM. As it can be seen in Fig. 4 the inner points of the
constellation remain unchanged, and the outer points come
closer or farther to them depending on whether a < 3 or
not. As stated earlier, after choosing an appropriate value for
a, the energy of the resulting constellation must be normal-
ized. The values of a < 1 are usually not considered because
outer points would swap their position in the axis with inner
ones and between them, and this would lead to a suboptimal
behaviour due to the loss of the Gray mapping of the bits.

6. Proposed Technique: NUC-SM
In this paper we propose a combination of NUCs and

SM (NUC-SM): first the data bits are mapped into a NUC
and then, an SM process is carried out. In order to achieve
optimal performance the optimization of the constellation
shaping parameter, a, is needed. As stated in Sec. 5, the
optimal value of a depends on the working C/N, and so de-
pends on the code rate used in the LDPC decoder (from
3/15 to 5/15). This will be achieved by means of computer
simulations in the next section.

7. Simulation Results
The proposed modulation technique and the other ones

exposed in this paper have been tested in a baseband OFDM
system mathematically modelled using MATLAB together
with mex C/CUDA functions to speed up the simulations.
The main blocks are adapted from the Common Simula-
tion Platform (CSP) [24], developed by the simulation group
of the Technical Module of the Digital Video Broadcast-
ing Project (TM-T2). The CSP was used by the DVB
Project as validation tool for Digital Video Broadcasting
Terrestrial Second Generation (DVB-T2) standard compliant

systems [27]. The performed simulations can be divided
in two groups: shaping parameter optimization and perfor-
mance comparison. For these two groups the system config-
uration was set to a bandwidth of 12.0GHz, fiber length of
2000 km, no attenuation neither chromatic dispersion, PMD
of 0.5 ps/

√
km, and 20 PDL elements.

The total PDL of the system was set to three differ-
ent values: 1, 2, and 3 dB (which can be found in installed
links [25]) to represent optimistic, average and pessimistic
scenarios. The values of the individual PDL elements are
derived from the total PDL of the link following the proce-
dure shown in [26]. All the results presented in this paper
assume ideal channel estimation and ML detection. The in-
terval of confidence set for the simulations was 99%, leading
to a minimum of 5000 different channel seeds per C/N step
at a bit error rate (BER) level close to 10−4.

7.1 Shaping Parameter Optimization
In order to find the optimum value of the shaping pa-

rameter, a, simulations were run for all the selected code
rates (3/15, 4/15 and 5/15). BER versus C/N curves have
been obtained for different values of a, ranging from 1 to 4
in steps of 0.2, maintaining the same system configuration.
The optimum value of a has been selected as the one giving
the lowest C/N at a BER of 10−4. This process has been
carried out for different values of total PDL (1, 2 and 3 dB).
As an illustrative example, and for the sake of brevity, Fig. 5
shows the difference in performance in dB of the different
NUC constellations (different values of a) when compared
to the standard 16-QAM (a = 3) for a total PDL of 1, 2 and
3 dB, using a code rate of 4/15.

The optimum values for the different configurations are
summarized in Tab. 1. As it can be observed, there is a com-
mon tendency for every PDL simulated: lower values of
a perform better with lower CR fractions (better correction
properties and so lower working C/N), whereas higher val-
ues of a perform better with higher CR (lower correction
properties and so higher working C/N).
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Fig. 5. Performance evolution of NUC depending on parame-
ter a compared to a standard 16-QAM constellation for
a total PDL of 1 dB, 2 dB and 3 dB, and code rate of 4/15.
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CR
PDL 1 dB 2 dB 3 dB

3/15 1.2 1 1.2
4/15 2.2 2 1.6
5/15 2.2 2.4 1.8

Tab. 1. Optimum values of a.

7.2 Performance Results
Several simulations have been run in order to obtain

the performance gain of our proposed modulation scheme.
For the system configuration exposed in Sec. 7, the differ-
ent techniques described in Sec. 4 and 6 were tested looking
for the C/N that leaded to a BER of 10−4 after the LDPC
decoder. The simulations were run for a total PDL of 1, 2
and 3 dB, and for LDPC code rates of 3/15, 4/15 and 5/15.
Figure 6 shows the BER vs C/N curves for all the studied
MIMO codifications, a code rate of 3/15 and a total PDL of
1 dB. As it can be seen our proposed technique offers a gain
of 0.46 dB over SM and Silver code, and about 0.49 dB over
Golden code, measured at a BER = 10−4.

Table 2 summarizes all the obtained results and shows
the performance gain achievable by using our proposedNUC-
SM scheme. As it can be denoted, the performance gain
obtained ranges from 0.01 dB, in the worst case observed,
to 0.82 dB. From these results a clear tendency can be ob-
served: the performance gain is higher for lower code rate
fractions and for higher PDL. Lower code rate fractions oper-
ate at a lower C/N leading to a noisier propagation scenario.
From Tab. 1, it can be observed that the shaping parameter
is lower for this kind of propagation conditions, making the
constellation points to be closer. For higher code rates, and
so higher working C/N, the optimum shape is closer to the
original QAM.

It is worth noting that the capacity gain obtained comes
to no additional hardware complexity when compared to SM
schemes with square M-QAM constellations. The only addi-
tional step is changing the values of the constellation points
in the complex plane but the complexity at the receiver when
using ML detection remains the same, M2.

8. Conclusion
In this paper we presented a MIMOmodulation scheme

for an optical fiber link. This scheme uses NUC, one of
the most promising modulation techniques applied in cutting
edge communications systems as DVB-NGH or ATSC3.0, in
conjunction with SM, a well-known MIMO diversity tech-
nique. The proposed scheme has been compared to classical
MIMO coding schemes as Golden and Silver codes, and SM,
in a frame of a 2 × 2 PDM-CO-OFDM transmission system
using traditional square M-QAM constellations. The impor-
tant capacity gain obtained, up to 0.82 dB when compared to
Golden code, comes to no additional hardware complexity at
the receiver side when compared to SM, only requiring the
definition of the reshaped constellations.

PDL Code
CR 3/15 4/15 5/15

1 dB
Silver 0.46 0.08 0.02
Golden 0.49 0.14 0.02
SM 0.46 0.1 0.01

2 dB
Silver 0.47 0.18 0.16
Golden 0.57 0.13 0.17
SM 0.45 0.16 0.08

3 dB
Silver 0.68 0.45 0.28
Golden 0.82 0.37 0.32
SM 0.66 0.24 0.19

Tab. 2. Performance gain (dB) of NUC-SM.
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Fig. 6. Simulation results for 16-QAM, PDL 1dB and code
rate 3/15.
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