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S.1. The Wasserstein Metric. The equivalence of the metrics

1
do(f.9 = [ (FO-GTOF dt and dwi(foof = inf  B(X-Y)

is well known. It can be easily seen by applying a covariance identity due to
[28]. If X ~ F,Y ~ G and (X,Y) ~ H, then this identity states that

Cov(X,Y) = //{H(u,v) — F(u)G(v)} du dv.

Expanding the expectation E(X — Y)?, one finds that the distance is ob-
tained by maximizing E(XY), or, equivalently, by maximizing Cov(X,Y).
For a random variable U that is uniformly distributed on [0, 1], take X™* =
F~YU) and Y* = G7Y(U). Then X* ~ F, Y* ~ G and the distribution
function of (X*,Y™) is given by H*(u,v) = min(F(u), G(v)). Clearly, for any
joint distribution of X ~ F and Y ~ G, we have H < H*. By Hoeffding’s
inequality, this means Cov(X,Y) < Cov(X*,Y™*). Thus,

dw (f,9)* = B[(X* = Y")’] = B[(F~'(U) - G~'(U))’]

_ /1(F—1(t) G2 dt.
0



Let @ be the quantile process corresponding to the density process f ~ §
and set Qs (t) = B(Q(?)). For go = Q% and Fp = Qg', the Wasserstein-

Fréchet mean is )

qa(Fo(x))
Its estimation can thus be reduced to estimating the function gg,. Due to the
restrictions on the space F (see assumption (Al)), we can pass differentiation
inside the expectation so that F(Q'(t)) = ge(t). This suggests averaging the
quantile densities of the sample to obtain an estimator for qg.

Starting with either the densities, f;, or their estimates, f;, i = 1,...,n,
we therefore use the corresponding quantile densities (g; or ¢;) to estimate
qo by

fa(z)

_ RS . X I~
(e (t) = o > qilt), respectively, ga(t) = o > ).
i=1 i=1

Computing the corresponding distribution functions, we thus estimate the
Wasserstein-Fréchet mean by

) 1 ) 1
xr) = ——=——, respectively, )= —F—.
Jol®) = @y "o ol = e )

As Theorem 2 requires a rate of convergence =, for the Wasserstein-
Fréchet mean estimator based on fully observed densities, the following result
shows that we make take 7, = n~/2 in the case of fully observed densities.

PROPOSITION 3. Under assumption (A1), the estimator fo of fg for
the Wasserstein-Fréchet mean satisfies

dw (fa, fa) = Op(n~'/?).

PROOF. By Thm 3.9 in [9], d2(¢e, do) = Op(n/?). As|Qq(t) — Qu(t)] < da(qe, §o);
we also have

dw (fo, f) = d2(Qe, Qa) = Op(n~/?).
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S.2. Simulation Results for the Wasserstein Metric. Figure 7
shows the distribution of fraction of variance explained values in terms of the
distance dy for all simulation settings, similar to Figure 2 in the main text
which shows the results for the ordinary L? distance. The use of the Wasser-
stein distance more clearly demonstrates the weakness of ordinary FPCA.
The Hilbert sphere method performs relatively better in the context of met-
ric dy than the L? metric, but is still outperformed by the transformation
method using the log quantile density transformation, vg.
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Fig 7: Boxplots of fraction of variance explained for 200 simulations, using the
Wasserstein metric, dy,. The first row corresponds to fully observed densities and
the second corresponds to estimated densities. The columns correspond to settings
1, 2 and 3 from left to right (see Table 1). The methods are denoted by ‘FPCA’ for
ordinary FPCA on the densities, ‘LQD’ for the transformation approach with g
and ‘HS’ for the Hilbert sphere method.
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S.3. Listing of All Assumptions. The following is a systematic com-
pilation of all assumptions, subsets of which are used for various results and
some of which have been stated in the main text. Recall that ds and d
denote the L? and uniform metrics, respectively, and ||-||2 and ||| denote
the corresponding norms.

(A1) For all f € F, f is continuously differentiable. Moreover, there is a
constant M > 1 such that, for all f € F, || flloo, |1/flloc and || f|loo
are all bounded above by M.

(D1) For a sequence by = o(1), the density estimator f, based on an i.i.d.
sample of size N, satisfies f > 0, fol f(z) dz =1 and

sup E(da(f, f)?) = O(b%).
feF

(D2) For a sequence ay = o(1) and some R > 0, the density estimator f,
based on an i.i.d. sample of size IV, satisfies

sup P(do(f, f) > Ran) — 0.
feF

(S1) Let f be a density estimator that satisfies (D2), and suppose densities
fi; € F are estimated by f; from ii.d. samples of size N; = N;(n),
i = 1,...,n, respectively. There exists a sequence of lower bounds
m(n) < minj<;<y N; such that m(n) — oo as n — oo and

nsup P(ds(f, f) > Ram) — 0
feFr

where, for generic f € F, f is the estimated density from a sample of
size N(n) > m(n).

(K1) The kernel & is of bounded variation and is symmetric about 0.

(K2) The kernel s satisfies fol k(u) du > 0, and [, |ulk(u) du, [pK*(uw) du
and [, [u|r?(u) du are finite.

(TO) Let f, g € G with f differentiable and || f'||c < 0. Set

Do = max (|| flloos 11/ flloo: lgllocs 11/gll0: 1 lloc) -

There exists Cy depending only on Dy such that

(T1) Let f € G be differentiable with || f'||cc < oo and let Dy be a constant
bounded below by max (|| f|loos [|1/flocs | f/|oc)- Then (f) is differ-
entiable and there exists C7 > 0 depending only on D; such that
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(T2) Let d be the selected metric in density space, Y be continuous and
X be differentiable on T with || X'||c < oo. There exist constants
Cy = C2(| X |00, [[ X ||oo) > 0 and C5 = C5(doo(X,Y)) > 0 such that

Ay (X), Y 1Y) < C2 C3da(X,Y)

and, as functions, C; and C3 are increasing in their respective argu-
ments.

(T3) For a given metric d on the space of densities and fi x = fi(-, K, )
(see (4.5)), Voo — Vi — 0 and E(d(f, f.x)*) = O(1) as K — oo.

S.4. Additional Proofs.

LEMMA 1. Let A be a closed and bounded interval of length |A| and
assume X : A — R is continuous with Lipschitz constant L. Then

1X oo < 2max (4] 721X o, L2 X)5°).

PROOF OF LEMMA 1. Let t* satisfy |X(t*)] = || X||co and define I =
(1" = [[Xlloo/ (2L), " + [ Xloo/(2L)] N A. Then, for ¢ € I, [X(2)] = [ X [0 /2.
IfI =4,

2
H)(H2 L/QJ(Z d :>’f”Hi(’ 7

50 || X oo < 2|A|7Y2||X||2. If T # A, suppose without loss of generality that
t* 4+ || X |loo/(2L) € A. Then

£+ X oo/ (2L) X112 Xl _ IX]2
X% > X2(s) ds > 120 . B2 = S
X8> [ (o) ds = 55 T =

50 [| X [|oo < 2LY3| X |15/%, O

LEMMA 2. Let X be a stochastic process on a closed interval T C R
such that || X||eo < C and || X'||oc < C almost surely. Let v and H be the
mean and covariance functions associated with X, and pr and 1., k > 1, be
the eigenfunctions and eigenvalues of the integral opemtor with kernel H.
Then |[v]|oo < C, |[H|loo < 4C? and ||pg|loo < A4C|T V27, for all k > 1.
Additionally, |V ||so < C and ||p}||oe < AC2[T Y27t for all k>1.

PROOF. Since the bounds on X and X' are deterministic, ||| and
|H ||~ are both bounded by the given constants. The bound on ||pg||eo fol-
lows since pg(t) = 7, * J7 H(s,t)pr(s) ds and ||p||2 = 1. Dominated conver-
gence implies that v/ exists and is bounded by C, and also implies the bound
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of 4C? for the partial derivatives of H, which then leads to the bounds on
p}, for all k. O

LEMMA 3. Under assumptions (A1) and (T1), with ﬁ,ﬂ,f[,H as in
(4.2) and (4.3),

dy(v,7) = Op(n~1?), dy(H,H) = O,(n/?),
(S.1)

doo(v,7) = O, (<loi”>l/2> : doo(H, H) = O, ((105”)1/2) .

Under the additional assumptions (D1), (D2) and (S1), we have

dy(v,0) = Op(n™Y2 + by,), dy(H, H) = Op(n~'? + by,),
(S.2)

logn 12 ~ logn 1/2
doo(v,0) = Oy ( - > +anm |, doo(H,H) = O, ( - ) +anm |-

PROOF. Assumptions (A1) and (T1) imply E||X||3 < oo, so the first line
in (S.1) follows from Theorems 3.9 and 4.2 in [9]. The second line in (S.1)
follows from Corollaries 2.3(b) and 3.5(b) in [33]. We will show the argument
for the mean estimate in (S.2), and the covariance follows similarly.

Let M be as given in assumption (A1) and set D; = 2M. Define

B, = () {do(fi, fi) < DT'}.
=1

Then P(ES) — 0 by assumptions (D2) and (S1). Take C; as given in (T1)
for Dy as defined above. Also by (S1), there is R > 0 such that

P({doo(7,7) > Ram} 0 En) < n max P(doo(fi, fi) > C1 ' Ram) = 0

asn — 00, S0 doo (7, ) = Op(ay,). Thus, by the triangle inequality, doo (v, V) =

0, ((222)" + ).
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Next, letting )?1 = ¢(fi),

P ({dao(9,0) > RYNE,) < P ({Zn: do(X;, X;) > Rn} N En>

=1

<P (Z do(fi, fi) > Clan>

i=1
n
< GRSV E(da(fi £)?) = RO(),
i=1
which shows that da(7,7) = Op(by,), so the result holds by the triangle
inequality. O

COROLLARY 1. Under assumption (A1) and (T1), letting Ax = || pk||oo,
with o as in (5.1),
I — 7l = Op(n~1/2),
da(pr, pr) = 0 'Op(n~1/?), and
oy ((logn)l/2 +5k_1 +Ak>
p )

(83) doo(pk,ﬁk) = Tk O n1/2

where all O, terms are uniform over k. If the additional assumptions (D1),
(D2) and (S1) hold,
7 = 7%l = Op(n™"/% + bi),
da(pr, pr) = 05 Op(n™ 2 + by, and

logn)'/2 4+ 6,1+ A
(S4) dooprs i) = 710, <( ogn) ot E i+ b5 + A )

where again all O, terms are uniform over k.

PRrROOF. First, observe that (A1) and (T1) together imply that X satisfies
the assumptions of Lemma 2. The first two lines of both (S.3) and (S.4) follow
by applying Lemmas 4.2 and 4.3 of [9] with the rates given in Lemma 3,
above. For the uniform metric on the eigenfunctions, we follow the argument
given in the proof of Lemma 1 in [36] to find that

o ~ B logn)l/2 461
oo (T, Tipr) < |T|V? |doo(H, H) + Hf{Hoon(pk,pk)] =0, <( gn) .

nl/2
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It follows that

or(s) = pr()] < 7 (Imon(s) = Tupi()| + pw(s)] 17 = 7al)
_:10, ((mgn)l/? +o; 1+ Ak> |

nl/2

Since this last expression is independent of s, this proves the third line of
(S.3). The third line of (S.4) is proven in a similar manner. O

LEMMA 4. Assume (A1), (T1) and (T2) hold. Let A = ||pklloo, M as
in (A1), 0k as in (5.1), and Cy as in (T1) with D1 = M. Let K*(n) — oo
be any sequence which satisfies T=n'/? — 0o and

K*
Z [(log n)'/? + 6+ Ag + TK*5];1A;€] = O(rg=n*'?).
k=1

Let Cy be as in (TQ), Xi,K =v+ Zi(:l Nik Pk s X@K =v+ Zi(:l Nik Pk, and
set

Spx =  Joax  max Co (| X5,k lloos 1 X7 1 lloo) -

Then

1<K<K* 1<i<n

N Skee S 6
max  max d(fi(-, K;W»fi(‘aKa"‘/’)):Op( = 2116/21 )

PROOF. First, observe that f;(-, K, ¢) = ¢~ (X, k) and fi(-, K, ¢) = ¢~ 1()?”()
Recall that |n;,| < 2C1|T|%/? for all i and k (see (4.13). Then, by (A1) an
Corollary 1,

ik — 71| < do(Xi, v)da(pr, i) + da(v, 7)) = 6}, Op(n™/?),

where the O, term is uniform over ¢ and k. Next, using Lemma 3 and
Corollary 1, along with the requirement that 7x+n'/2 — oo, for K < K*

K
doo(Xi 6, Xi i) < doo(v, ) + > doo (Mik i ik i)
k=1
K K
< doo(v, ) + Y Mikldoo (s ) + DNl ok lloo 7ik — i
k=1 k=1

~0 (ZkKl [(ogm)'"2 + 8" + Aw + 78y, " A] )
=Up :

TrRn/?2
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Since the O, term does not depend on 7 or K, by the first assumption in
the statement of the Lemma, we have

| Jhax | max doo(Xi xc, Xi i) = Op(1).

For C&Kﬂ' = Cg(doo(Xi,K,Xi,K)) as in (TQ),

max max C3g; = 0,(1
I<K<K*1<i<n B p(1),

whence
N K
do(Xix, Xii) < do(v,0) + Y do(Mikprs ik )
k=1
K K
< do(v, ) + ) |niklda (o, o) + D Imik — Tk
k=1 k=1

K
=0, <n1/2 > 5,;1> .
k=1

Again, this O, term does not depend on 7 or K, so

K*
max max do(X; i, X; -0, | n1/? 2671
1<SK<I* 1<i<n 2( i, K z,K) P a k )

leading to
K* o—
-0 SK* Zk:l 5k; '
I 4 nl/2 )
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