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APPENDIX C: SOME AUXILIARY LEMMAS AND PROOF OF
THEOREM 3

This appendix first gives some technical lemmas which have been used to
prove the main results in Appendix B. It then gives the proof of Theorem
3 in Section 4. As in Appendix B, let C' denote a generic positive constant
whose value may change from line to line. Define

X 0 —u X;-;O —u
Vij(, 0,%) = h( h >K< h

fori=1,...,nand j=1,...,m,.

), k=0,1,2,...,

C.1. Some lemmas. We next give the uniform consistency results of
the weighted nonparametric kernel-based estimators for the longitudinal
data, which are of independent interest.

LEMMA 1. Suppose that Assumptions 1, 2(ii) and 3(i) in Appendiz A
are satisfied and

n? logn

1 S — L
(C-1) h=0 Nohyogn % RN,

= o),

where Ny(h) = >"7" | 1/(m;h). Then we have, for any integer k > 0 and as

n — oo,
(C.2)
Ll Ny (h)1
sup ’— — (u,0,K)—fo(u)pug| = Op(hT”—i-M),
(o) Teu@) '™ ;= M ;5 n

where U(O) = {(u, 0" tucl, §c ©}, U and fo(-) were defined in
Assumption 3(i), © is a compact parameter space, i, = [ VK (v)dv, 7, = 1
if k is odd, and T, = 2 if K is even.
1
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2 J. CHEN, D. LI, H. LTANG AND S. WANG

Proo¥F. For simplicity, let €, = 7”1\["(2)1%”. To prove (C.2), it suffices to
show that

(C.3) sup ‘f EZ{ i (u, 0, k) [Vij(u,e,ﬁ)]}‘ = Op(€n)
Teu(o) ti=1

and

(C.4) sup |E[Vi(u, 8,1)] = folw)ps| = O(™),

(u,07)TeU(O)

By Assumptions 1, 2(ii) and 3(i) in Appendix A, we have
1 UL — U\ F UL — U
BV(w,0,8)] = / (F5—) B () folun)duy

- /v“K(v)fg(u + hv)dv

= fo(win + fo(w)nith + O(h?)

uniformly for (u,07)" € U(O), where fg(-) is the first-order derivative of

fo(+). Hence, we can prove that (C.4) holds.
Let us now turn to the proof of (C.3). The main idea is to consider covering
the set U(©) by a finite number of subsets S(k), which are centered at

sp = (ug,8)) with radius r = o(h?). Let A, be the total number of such
subsets, S(k), k = 1,2,..., N;,. Then N;,, = O(r—®*D). It is easy to show
that

11
E i'L ;07 l’L ) :| ’
1gclg}jifn (uvgrs)gpes(k) ‘n m [ 51,0, %) 3 (8%, )

s S s )
(C5) = Hnl + Hn2 + Hn37
where Vi;(sg, k) = Vij(ug, O, k).

Noting that K(-) is Lipschitz continuous by Assumption 1 and taking
r = Ce,h? for some positive constant C, we have

(C.6) op(h2) = Op(en), Iug = O(en).
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SINGLE-INDEX LONGITUDINAL DATA MODELS 3
For 11,1, we apply the Bernstein inequality for i.i.d. random variables (see,

for example, Lemma 2.2.9 in van der Vaart and Wellner, 1996) to obtain the
convergence rate. Note that by Assumptions 1, 2(ii) and 3(i),

1
(C.7) o Z
7j=1

and

(C.8) VarLjLi i%j(sk, Ii)} = % -Var[ZVij(sk, H)] <

C
Vij(sk, k) — E[Vij(sg, H)]‘ < W for some C' > 0,

By (C.7), (C.8), Assumption 2(ii) and the Bernstein inequality, we have, for
some sufficiently large positive constant C,

2,22
P(Hnl > Ceen) S Nn eXp{ 2 C€ ‘n )}

(2CN,, (h) 4 25snen
L2022

C2P Ny (h) }

N, exp{—C?logn} = o(1),

IN

N, exp {

(C.9)

IN

which implies that
(C.10) I1,1 = Op(ey).

In view of (C.5), (C.6) and (C.10), we have shown (C.3), completing the
proof of Lemma 1.
O

LEMMA 2. Suppose that Assumptions 1, 2(ii), 8 and 5 are satisfied. Then
we have

(C.11) sup ) S si(ul6)Z; — pz(u\e)‘ = 0p (K> +6n),
(w,0")TeU©) =1

where s;(u|@) was defined in Section 2, pz(u|@) = E[Zij]XiTjO =ul, € =

VNn(h)logn g Ny, (h)

- was defined in Lemma 1.

PRrROOF. It is easy to show that the bandwidth conditions in Assumption 5
imply that the bandwidth conditions in (C.1) are satisfied. Hence, by letting
H = diag(1,h) and Lemma 1 we have
(C.12)

1S X (ul6)Ki(ul0)X(u16) | H ! = fo(u) diag(1,112) + 0p (1),
=1
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uniformly for (u,0")T € U(0), where X;(u|f) and K;(u|@) were defined in
Section 2.

We then use arguments similar to those in the proof of Lemma 1 to show
that

(C.13)
1
sup }* *Zszzué’/ﬁ) fo(w)ppz(ul6) ‘_OP (h™ + €n),
(u,0T)T el — M =
where
‘/ljyz(uaaal"i)_?( I’L ) K( h )’ /{_0’1’..”

To prove (C.13), we need only to show that
(C.14)

e S e Bt 0.) or

and

(C.15) sup )E[Vij7z(u,0, k)] — fg(u)u,{pz(u|9)’ = 0p(h™).
(w,0T)T elU(©)

By Assumptions 1, 2(ii) and 3(ii), we have

EVia( 0.0 = o [ (") K (") fatw)oaur 6)du

= [ VK@ olut ho)pz(ut hul6)ds

= fo(u)pz(ul®) s + fo(ul0)pz(ul0)pei1h
+fo(u)pz(ul@) s i1h + O(h?)

uniformly in (u,8")" € U(©), which implies (C.15).

As in the proof of Lemma 1, the main idea in proving (C.14) is to consider
covering the set U(O) by a finite number of subsets S(k) centered at s, with
radius 7 = o(h?). Letting s, and A, be defined as in the proof of Lemma 1,
it is easy to show that

bup lizmz Z{ 53,z (u, 0, k) — E[Vi; z(u, 0, H)]}’

Jj=1

m;

1<k<N ‘7277%2{ .2 (88, K _E[%J"Z(Sk’ﬁ)}}‘
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SINGLE-INDEX LONGITUDINAL DATA MODELS 5

1 n 1 ms
max su — — iz(u, 0, K) iz (Sk, ”
1<k<,/\/n( BT)TPES(]C ‘n;ml;[ JZ JZ( k )
+ L3 LS (W (. 0.0)] ~ BV (o]}
max — — iz(u, 0, K iz (8K, K
1SESNn (4, er)res(k) ni= mi = Vijz 5,Z\Sk

(C.16)
= Ilpg + 15 + I,

where Vi z(sg, k) = Vijz(ug, Ok, K).
Similarly to the proof of (C.6) above, taking r = O (enhz), we have

(C.17) 5 + Il = Op(hQ) = Op(€n).

We next obtain the convergence rate for 11,4, which is slightly more com-
plicated than its counterpart in the proof of Lemma 1. As Z;; may be un-
bounded, we apply a truncation method. For this purpose, we define

Vijz(k) = Vijz(sk, £)I{||Z;]] < MTW}
and B B
Viiz(k) = Vijz(sk, k) — Vijz(k),

where I{-} is an indicator function, T,, = > ; m;, and M is a positive
constant which will be specified later. It is easy to show that

1 Z wl% i(vij,Z(k) — E[VZ]Z(k)])‘

IL,, < max

1<k<N, In =
+1§Hklg)./ifn Z Z sz [‘/;j Z(k)})‘
(C.18) = Ilpg1 + Hn4,2-

Note that for Cyx > 0 and any € > 0,

< ..
P(H"4’2 g C*G") - P(lslil%}/ifn i e, V2 (R > O>

n.om; _1
< ¥ % P(IZyll > MTET)
i=1j=1
< M-CPIE[|Z;)*7] <e,

if we choose M > E[||Zij||2+5]1/(2+6)5_1/(2+5). Then by letting ¢ be arbi-
trarily small, we have shown that

(C.19) Hn472 = Op(en).
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6 J. CHEN, D. LI, H. LTANG AND S. WANG

We next use the Bernstein inequality to deal with the convergence of
II,4,1. Note that for any k, we have

1
1 o CT2
) .. <
(C.20) o ;:1 Vijz(k) E[Vzg,z(k)]‘ < =5
R c
21 — i <
(C.21) Var - j:1VU,Z(k)] <o

where C'is a positive constant which is independent of k. By (C.20), (C.21),
Assumptions 2(ii), 5 and the Bernstein inequality for i.i.d. random variables,
we have, for C, > 0 sufficiently large,

P(Hn471 > C*en) < N, exp{ —Cine 1 }

2C'N. (h) + QCC*nenTHQTS
n

3h
< MNyexp{— cL/? log(n)}
(C.22) = OWN,n V%) =o(1).
Hence, we have
(C.23) a1 = Op (&) .

By (C.16)—(C.19) and (C.23), we know that (C.14) holds, which, together
with (C.15), implies that (C.13) holds. In view of (C.12) and (C.13) as well
as the definition of s;(u|@), (C.11) is readily seen.

O

LEMMA 3. Let
-
7(X;,0) = (1(X50) Xt 1(XT,,0)Xim, )
and suppose that the conditions in Lemma 2 are satisfied. Then we have
(C24)  sup ‘ 3 si(ul0)7(X, 0) — ﬁ(u)px(uw)‘ =0p (M2 +en),
(u,0")TeU(®) =1
where px (u|@) = E[XU|X;50 = u].
PRrROOF. The proof is similar to those of Lemmas 1 and 2 given above.

We thus omit the details.
O

We next give the proof of Theorem 3, whose main idea is analogous to that
of the proof of Theorem 1 in Chen et al. (2009) in the time series context.
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SINGLE-INDEX LONGITUDINAL DATA MODELS 7

C.2. Proof of Theorem 3. Note that

aQ(t) _ 0'2(t) _ exp{a}%(t)} . exp{ag(t)}
_ [exp{fi(t)} N exp{@?(t)}} . [eXp{ﬁi(t)} _ exp{ad(t)}
(0.25) = Enl +7;:'n2- " ! "

We first consider =,5. By a first-order Taylor expansion and some stan-
dard techniques in local linear estimation, we can show that

() SOV C G O),
—n2 T [ o(t) (t)] TfT(t)hl

A Do [log(Ry + 6 — 020 - 200 - 0] Ka ()}

Cexp{o(t)} fx~. N2 ) ,2 ti—t
- szz [02(ti;) — o2(t) — G2(t)(ts; — )] K ( 3 )}

exp{o? ’ o
+ OBELILS 03 [1on(ry + )~ tosrip)] K (5}

exp{ag(t)} 1 \- S tij —t
+ W{Z%Zﬁo(tw)Kl(T)}

(026) = En2,1 + En2,2 + En2,3a

where a,, L by, denotes a, = b,(1 + op(1)).
Noting that E[,(¢;;)] = 0, by (4.7) and the central limit theorem, it is
readily proven that

— d exp{202(t
(C.27) ors (h) - Engs — N (0, 7% o )}@%) ,
T2 fr(t)
where exp{iﬂ = 0*(t) by the relevant definition in (4.2).
By Assumption 8 and a second-order Taylor expansion of ¢2(-), we can

show that
(C.28)

zaa = PO 300 [ 21,000+ 0008) = W0os (1) + 0002

We next prove that Z,29 is asymptotically negligible (compared with
Zn23)- Let xn = log2(T;, )gpm/ (h1) and &(t;5) be defined as in Section 4
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8 J. CHEN, D. LI, H. LTANG AND S. WANG

such that T‘(tij) = O‘Q(tij)g ( l]) and E[ (tij)|tij] = 1 with probability 1.
Note that

n

_ exp{o
Zn2,2 = Tfi - { £ wj jzl 10g rij + Cn log(rij)]
tii —t
x Ky () HE (1) < xn) }
exp{o -
+ TfT{’ - { ; wj Z log rij + Cn 10g<rij)]

x Ky ( )I{EQ(tzj) > Xn}}
(C.29) = Ep221 + En2,22.

Recalling that ¢, = 1/7},, by Assumption 7 and the definitions of 7;; and
Tij, we have

ool < RGNS 1_2 log (o (11)¢ m))rm(“j‘t)f@?(tu)sm}

T fr(t)h f

eXp{Uo

S S0 0 220}
_ef}i% {\logxn!sz E (1) x0) } + Orlxn l0gTy)

(C.30) =0P(Xn|10gxn|+xn10gT)—OP( ”2(h1>>

In a way similar to Fan and Yao (1998) and Chen et al. (2009), we can show
that Zp2.90 = oP(goﬁl/z(hl)), which, in combination with (C.30), implies

(C.31) En22 = op(py 2 (hn)).

We next consider =,;. Following the proofs of Lemmas 2 and 3 above,
we can similarly prove the uniform convergence rate for the local linear
estimator of the link function. Then following the proof of Theorem 1 and
(4.5), we can show that

L LRSS (expl 30} — ool o2t
i=1 j=1

n  m;

+ [ oY@ — i) exp{ ~52(0:))]

1131

ﬁ.‘
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SINGLE-INDEX LONGITUDINAL DATA MODELS 9

n  m;

=7 ZZTUGXP{ 03 (tij)} (exp{—a5(ti;) + o3 (tij)} — 1)

"= 15=1
+0p( —1/2<h1)+h2)

ZZ & {ia) 521 03 / K (0)do + op(p~ 2 () + 1)

11]1

h?

— 5Bl (ti)] 2 + op(p V2 (h) + 1Y),

which implies that

2 t h2
En1 = — Wﬂfﬁ(tij)]w +op(p 2 (h1) + 1Y)

(C.32) == hibya(t) + op(p™"*(hn) + hi).
In view of (C.25)—(C.32), we have completed the proof of Theorem 3. [J

APPENDIX D: SOME ADDITIONAL SIMULATION RESULTS

We present below the average angles between the true single-index param-
eter vector and its estimates over additional 100 replications for the simu-
lated examples in Section 5. Case 1 represents the scenario where an AR(1)
within-subject error correlation is correctly specified in the error variance-
covariance matrix estimation, Case 2 the scenario where an ARMA(1,1)
correlation structure is correctly specified, Case 3 the scenario where an
ARMA(1,1) correlation structure is misspecified as an AR(1) structure, and
Case 4 the scenario where the covariates Z have a discrete distribution and
the AR(1) error correlation structure is correctly specified. The numbers
in the parentheses are the standard errors of the angles over the 100 repli-
cations. These results indicate that SGEE has smaller average angles than
PULS in all the cases considered.
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TABLE 1
Average angles between true and estimated single-index parameter vectors

N 30 50
m
PULS SGEE PULS SGEE
Case 1 10 0.0470(0.0254)  0.0268(0.0350) | 0.0335(0.0168) 0.0162(0.0150)
30 0.0325(0.0164)  0.0196(0.0108) | 0.0462(0.0097) 0.0238(0.0111)
Case 2 10 0.0445(0.0256)  0.0291(0.0163) | 0.0325(0.0164) 0.0196(0.0108)
30 0.0529(0.0256)  0.0299(0.0167) | 0.0376(0.0199)  0.0202(0.0099)
Case 3 10 0.0418(0.0248)  0.0337(0.0448) | 0.0322(0.0187) 0.0184(0.0125)
30 0.0423(0.0235)  0.0329(0.0146) | 0.0376(0.0227)  0.0293(0.0118)
Case 4 10 0.0434(0.0287)  0.0213(0.0246) | 0.0315(0.0174)  0.0149(0.0209)
30 0.0589(0.0332)  0.0307(0.0430) | 0.0275(0.0127) 0.0117(0.0054)
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