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Define a term of the spherical and anisotropic scattering density 
given in Eq. (6).
H* Position vector relative to the atomic center. *L
r = 8x, y, z<;
H* ADP matrix *L
U = 88Subscript@u, 1, 1D, Subscript@u, 1, 2D, Subscript@u, 1, 3D<,

8Subscript@u, 1, 2D, Subscript@u, 2, 2D, Subscript@u, 2, 3D<,
8Subscript@u, 1, 3D, Subscript@u, 2, 3D, Subscript@u, 3, 3D<<;

Ui = U + HSubscript@b, iD ê H8 * p^2 * k^2L + Subscript@u, addDL * IdentityMatrix@3D;
detUi = Det@UiD;
invUi = Inverse@UiD;
H* One term of the spherical, anisotropic scattering factor given in Eq. H6L *L
ri = H2 * pL^H-3 ê 2L * Subscript@a, iD * detUi^H-1 ê 2L * Exp@-r.invUi.r ê 2D;



Construct and plot example aspherical and anisotropic scattering 
densities as given in Eq. (16).
rix = D@ri, xD;
riy = D@ri, yD;
riz = D@ri, zD;
rixx = D@rix, xD;
riyy = D@riy, yD;
rizz = D@riz, zD;
rixy = D@rix, yD;
riyz = D@riy, zD;
rixz = D@rix, zD;

H* Varying the multipole coefficients below while observing the
isosurface plots provides intuition into the characteristics of the
aspherical and anisotropic Cartesian Gaussian multipole basis set. The
default coefficients produce an axial quadrupole along the Z-axis. *L

q = 0;
dx = 0;
dy = 0;
dz = 0;
qxx = -1;
qyy = -1;
qzz = 2;
qxy = 0;
qxz = 0;
qyz = 0;

H* Make the quadrupole traceless *L
qave = Hqxx + qyy + qzzL ê 3;
qxx = qxx - qave;
qyy = qyy - qave;
qzz = qzz - qave;

radp = -q * ri + dx * rix + dy * rix + dz * riz -
1 ê 3 Hqxx * rixx + qyy * riyy + qzz * rizz + 2 * Hqxy * rixy + qxz * rixz + qyz * riyzLL;

H* Apply an isotropic ADP. *L
rplot =

FullSimplify@ radp ê. Subscript@b, iD Ø 1 ê. Subscript@a, iD Ø 1 ê. Subscript@u, 1, 1D Ø 1 ê.
Subscript@u, 1, 2D Ø 0 ê. Subscript@u, 1, 3D Ø 0 ê. Subscript@u, 2, 2D Ø 1 ê.

Subscript@u, 2, 3D Ø 0 ê. Subscript@u, 3, 3D Ø 1 ê. k Ø 1 ê. Subscript@u, addD Ø 0D;

ContourPlot3D@rplot, 8x, -3, 3<, 8y, -3, 3<, 8z, -3, 3<,
Contours Ø 88-0.01, 8Red, Specularity@White, 50D<<, 80.01, 8Blue, Specularity@White, 50D<<<,
Mesh Ø None, Boxed Ø False, Axes Ø False, ColorFunctionScaling Ø False,
Lighting Ø 88"Directional", RGBColor@1, 1, 1D, 881, 0, 1<, 80, 0, 0<<<<D

H* Apply an anisotropic ADP Huxx = 1.5, uyy = 1, uzz = 1L
to thermally smear the density along the X-axis. *L

rplot = FullSimplify@
radp ê. Subscript@b, iD Ø 1 ê. Subscript@a, iD Ø 1 ê. Subscript@u, 1, 1D Ø 1.5 ê.

Subscript@u, 1, 2D Ø 0 ê. Subscript@u, 1, 3D Ø 0 ê. Subscript@u, 2, 2D Ø 1 ê.
Subscript@u, 2, 3D Ø 0 ê. Subscript@u, 3, 3D Ø 1 ê. k Ø 1 ê. Subscript@u, addD Ø 0D;

ContourPlot3D@rplot, 8x, -3, 3<, 8y, -3, 3<, 8z, -3, 3<,
Contours Ø 88-0.01, 8Red, Specularity@White, 50D<<, 80.01, 8Blue, Specularity@White, 50D<<<,
Mesh Ø None, Boxed Ø False, Axes Ø False, ColorFunctionScaling Ø False,
Lighting Ø 88"Directional", RGBColor@1, 1, 1D, 881, 0, 1<, 80, 0, 0<<<<,
ContourStyle Ø Directive@Specularity@White, 50DDD
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Verify analytic forms of the Cartesian Gaussian multipole tensors 
from Eq. (18). 
rixxx = D@rixx, xD;
rixxy = D@rixx, yD;
rixyz = D@rixy, zD;
rixxxx = D@rixxx, xD;
rixxxxx = D@rixxxx, xD;

H* x unit vector *L
ux = 81, 0, 0<;
H* y unit vector *L
uy = 80, 1, 0<;
H* z unit vector *L
uz = 80, 0, 1<;

tx = -ri * Hr.invUi.uxL;
txx = ri * HHr.invUi.uxL^2 - invUi@@1, 1DDL;
txy = ri * HHr.invUi.uxL * Hr.invUi.uyL - invUi@@1, 2DDL;
txxx = -ri * HHr.invUi.uxL^3 - 3 * Hr.invUi.uxL * invUi@@1, 1DDL;
txxy = -ri * HHr.invUi.uxL^2 * Hr.invUi.uyL -

2 * Hr.invUi.uxL * invUi@@1, 2DD - Hr.invUi.uyL * invUi@@1, 1DD L;
txyz = -ri * HHr.invUi.uxL * Hr.invUi.uyL * Hr.invUi.uzL - Hr.invUi.uxL * invUi@@2, 3DD -

Hr.invUi.uyL * invUi@@1, 3DD - Hr.invUi.uzL * invUi@@1, 2DD L;
txxxx = ri * HHr.invUi.uxL^4 - 6 * Hr.invUi.uxL^2 * invUi@@1, 1DD + 3 * invUi@@1, 1DD^2L;
txxxxx = -ri *

HHr.invUi.uxL^5 - 10 * Hr.invUi.uxL^3 * invUi@@1, 1DD + 15 * Hr.invUi.uxL * invUi@@1, 1DD^2L;

FullSimplify@rix - txD
FullSimplify@rixx - txxD;
FullSimplify@rixy - txyD;
FullSimplify@rixxx - txxxD;
FullSimplify@rixxy - txxyD;
FullSimplify@rixyz - txyzD;
FullSimplify@rixxxx - txxxxD;
FullSimplify@rixxxxx - txxxxxD
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Verify analytic derivatives of the Cartesian Gaussian multipole 
tensors with respect to ADPs given in Eq. (28). 
H* The matrices Jxx and Jyy are constructed
for convenience and are examples of Eq. H26L. *L

Jxx = Simplify@ -invUi.D@Ui, Subscript@u, 1, 1DD.invUiD;
Jxy = Simplify@-invUi.D@Ui, Subscript@u, 1, 2DD.invUiD;
Simplify@D@invUi, Subscript@u, 1, 1DD - JxxD
Simplify@D@invUi, Subscript@u, 1, 2DD - JxyD

riU11 = D@ri, Subscript@u, 1, 1DD;
riU12 = D@ri, Subscript@u, 1, 2DD;
rixU11 = D@rix, Subscript@u, 1, 1DD;
rixU12 = D@rix, Subscript@u, 1, 2DD;
rixxU11 = D@rixx, Subscript@u, 1, 1DD;
rixxU12 = D@rixx, Subscript@u, 1, 2DD;
rixyU11 = D@rixy, Subscript@u, 1, 1DD;
rixyU12 = D@rixy, Subscript@u, 1, 2DD;
rixxxU11 = D@rixxx, Subscript@u, 1, 1DD;
rixxxU12 = D@rixxx, Subscript@u, 1, 2DD;

tU11 = ri * H1 ê 2 * H-r.Jxx.r - invUi@@1, 1DDLL;
tU12 = ri * H1 ê 2 * H-r.Jxy.r - 2 * invUi@@1, 2DDLL;
txU11 = -ri * H1 ê 2 * H-r.Jxx.r - invUi@@1, 1DDL * r.invUi.ux + r.Jxx.uxL;
txU12 = -ri * H1 ê 2 * H-r.Jxy.r - 2 * invUi@@1, 2DDL * r.invUi.ux + r.Jxy.uxL;
txxU11 = ri * H1 ê 2 * H-r.Jxx.r - invUi@@1, 1DDL * HHr.invUi.uxL^2 - invUi@@1, 1DDL +

2 * Hr.Jxx.uxL * Hr.invUi.uxL - Jxx@@1, 1DDL;
txxU12 = ri * H1 ê 2 * H-r.Jxy.r - 2 * invUi@@1, 2DDL * HHr.invUi.uxL^2 - invUi@@1, 1DDL +

2 * Hr.Jxy.uxL * Hr.invUi.uxL - Jxy@@1, 1DDL;
txyU11 = ri * H1 ê 2 * H-r.Jxx.r - invUi@@1, 1DDL * HHr.invUi.uxL * Hr.invUi.uyL - invUi@@1, 2DDL +

Hr.Jxx.uxL * Hr.invUi.uyL + Hr.Jxx.uyL * Hr.invUi.uxL - Jxx@@1, 2DDL;
txyU12 = ri * H1 ê 2 * H-r.Jxy.r - 2 * invUi@@1, 2DDL * HHr.invUi.uxL * Hr.invUi.uyL - invUi@@1, 2DDL +

Hr.Jxy.uxL * Hr.invUi.uyL + Hr.Jxy.uyL * Hr.invUi.uxL - Jxy@@1, 2DDL;
txxxU11 = -ri * H1 ê 2 * H-r.Jxx.r - invUi@@1, 1DDL *

HHr.invUi.uxL^3 - 3 * Hr.invUi.uxL * invUi@@1, 1DDL + 3 * Hr.Jxx.uxL * Hr.invUi.uxL^2 -
3 * Hr.invUi.uxL * Jxx@@1, 1DD - 3 * Hr.Jxx.uxL * invUi@@1, 1DDL;

txxxU12 = -ri * H1 ê 2 * H-r.Jxy.r - 2 * invUi@@1, 2DDL *
HHr.invUi.uxL^3 - 3 * Hr.invUi.uxL * invUi@@1, 1DDL + 3 * Hr.Jxy.uxL * Hr.invUi.uxL^2 -

3 * Hr.invUi.uxL * Jxy@@1, 1DD - 3 * Hr.Jxy.uxL * invUi@@1, 1DDL;

FullSimplify@riU11 - tU11D
FullSimplify@riU12 - tU12D;
FullSimplify@rixU11 - txU11D;
FullSimplify@rixU12 - txU12D;
FullSimplify@rixxU11 - txxU11D;
FullSimplify@rixxU12 - txxU12D;
FullSimplify@rixyU11 - txyU11D;
FullSimplify@rixyU12 - txyU12D;
FullSimplify@rixxxU11 - txxxU11D;
FullSimplify@rixxxU12 - txxxU12D
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Verify analytic derivatives of the Cartesian Gaussian multipole 
tensors with respect to k given in Eq. (34). 
H* Intermediate term given in Eq. H30L. *L
Uik = -3 * Subscript@b, iD^3 ê H256 * p^6 * k^7L -

Subscript@b, iD^2 * HSubscript@u, 1, 1D + Subscript@u, 2, 2D +
Subscript@u, 3, 3D + 3 * Subscript@u, addDL ê H16 * p^4 * k^5L +

Subscript@b, iD * ISubscript@u, 1, 2D^2 + Subscript@u, 1, 3D^2 + Subscript@u, 2, 3D^2 -

Subscript@u, 1, 1D * Subscript@u, 2, 2D - Subscript@u, 1, 1D * Subscript@u, 3, 3D -
Subscript@u, 2, 2D * Subscript@u, 3, 3D - 2 * Subscript@u, addD * HSubscript@u, 1, 1D +

Subscript@u, 2, 2D + Subscript@u, 3, 3DL - 3 * Subscript@u, addD2M ë H4 * p^2 * k^3L;
FullSimplify@Uik - D@detUi, kDD
H* Matrix Jk is constructed for convenience as in Eq. H33L. *L
Jk = Simplify@Subscript@b, iD ê H4 * p^2 * k^3L * invUi.invUiD;
FullSimplify@Jk - D@invUi, kDD
rik = D@ri, kD;
rixk = D@rix, kD;
rixxk = D@rixx, kD;
rixyk = D@rixy, kD;
rixxxk = D@rixxx, kD;

tk = ri * H1 ê 2L * H-r.Jk.r - Uik ê detUiL;
txk = -ri * HH1 ê 2L * H-r.Jk.r - Uik ê detUiL * Hr.invUi.uxL + r.Jk.uxL;
txxk = ri * HH1 ê 2L * H-r.Jk.r - Uik ê detUiL * HHr.invUi.uxL^2 - invUi@@1, 1DDL +

2 * Hr.Jk.uxL * Hr.invUi.uxL - Jk@@1, 1DDL;
txyk = ri * HH1 ê 2L * H-r.Jk.r - Uik ê detUiL * HHr.invUi.uxL * Hr.invUi.uyL - invUi@@1, 2DDL +

Hr.Jk.uxL * Hr.invUi.uyL + Hr.Jk.uyL * Hr.invUi.uxL - Jk@@1, 2DDL;
txxxk = -ri * HH1 ê 2L * H-r.Jk.r - Uik ê detUiL * HHr.invUi.uxL^3 - 3 * Hr.invUi.uxL * invUi@@1, 1DDL +

3 * Hr.Jk.uxL * Hr.invUi.uxL^2 -
3 * Hr.invUi.uxL * Jk@@1, 1DD - 3 * Hr.Jk.uxL * invUi@@1, 1DDL;

FullSimplify@rik - tkD
FullSimplify@rixk - txkD;
FullSimplify@rixxk - txxkD;
FullSimplify@rixyk - txykD;
FullSimplify@rixxxk - txxxkD
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