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Two meth ods a re describe d of cons truc ting real fun ctions over the real s whi ch a re one-to-one, 
assume e ve ry real value and are the ir own inverses, and several examples are given_ It is al so shown 
that such a fun c tion, if everywhere continuous, is either the func tion f (x) == x or else is stri ctly 
dec reasing. 
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1. W e shall consider real fun ctions I whose domain 
is the se t of real numbers, whic h ta ke on every real 
valu e, a re one-to-one, a nd satis fy for eve ry real x, 
I - I (x) = I (x), wh ere I - I is the in verse function of f 
We de note by I the se t of all suc h fun c tions. Recall 
that functions which are their own inverses are called 
invoLut ions. 

Suppose tha t a real fun ction f has as its doma in the 
se t of re al numbers. The n it belongs to I if a nd only if 

IU{x) = x for every real x . (1) 

Indeed , if fEl , then for every real x, I(f(x)) = fU' - lex)) 
= x. Conversely, if (1) hold s, then f takes o n every 
real valu e, is one-to-one (for I(x I) = I(x~) impli es 
x I =I(f(x I )) =I(f(x~))=x~) , and for ever y rea l 
X,/- I (x) = f (x). 

Note that the graph of ever y f in I is sym me tric in 
the lin e y= x . 

Conversely, if G is a se t in the x, y pJane, sy mm etri c 
in the line y = x and containing, for every real x, a 
unique point whose abscissa is x, then G is the gr aph 
of a function belonging to 1. 

2. On e way of obtaining functions in' I is the fol­
lowing. Start with a re al fun ction g(x, y) whose 
domain is the se t of all ordered pairs of r eal numbers, 
and whic h is suc h that g (x, y) = 0 implies g (y, x) = O. 
(Thi s property holds, e.g., if g is symme tric, i.e. , if 
for e very re al x, y, we have g(y, x)=g(x, y) .) Sup­
pose th a l for every real x, there is a unique real y (to 
be denoted f( x)) such that g(x, y) = O. Then f(with 
domain the set of reals) belongs to I. Indeed, for 
e very real x, 

g lf(x) , x) = g(x,/(x)) = 0, 

and consequently f (f(x ) ) = x. 
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EXAMPLE 1. Let g(x, y) == x+ y- c , c being an ar­
bit rary real constant. W e obtain from it the func tion 
l(x) == c-x belonging lo l. 
E XAM P LE 2. Let g(x , y) == x - y . The corresponding 
J ET is lex) == x. 
EXAMPLE 3. Le t g(x. y ) == x3 + yl _ c, c be ing a n a r­
bi trary real co ns tant. W e ge t fro m il the fu nc tion 
l(x) == Vc - x:IEl . 

3. Another me thod of obtaining fun ctions in I is 
based on the las t paragra ph of sec ti on 1. We illu s­
trate thi s me thod by the following 
EXA M P LE 4. In the X, Y pla ne co nsider th e hyperbola 
X2 _ ~ p = 1. Le t R, L denote, res pec ti vely, its ri ght­
hand and left- hand bra nc hes. Consid er now a new 
coordin a te syste m, x , y , obta in ed fro m the X, Y sys­
te m by a cloc kwise rota tion of 45°. In the new co­
ordina te syste m the equ ation of R (whi ch is sy mme tri c 
in the line y = x) is 

19 

y = - 3x + 2 (2x 2 + 1) 1/2. 

Thus, lex) ==- 3x+2(2x2+ 1 ) 1 / ~ belongs lo I. Sim ­
ilarl y, the equ ation of L in the ne w coordin a te sys te m is 

and consequently , l(x ) ==-3x- 2(2x2 + l)I /~ belongs 
to I . 

4. Consider the functions in I which are everywhere 
continuous. Since such a function takes on e very real 
value exactly once, it mus t be, through out the real 
line , either strictly increasing or s tri c tly decreasin g. 
For example ,/(x) == x is a function in T whlch is s tri c tly 
increasing. It is interes ting to note that all other 
everywhere continuous functions in I are strictly de­
creasing. Indeed, le t F (x)(=f' x) be an ever ywhere con­
tinuous fun ction in I. The n its graph contains two 
points which do not li e on the line y= x, but which are 
symmetric in thi s line . Let (X l , yd, (X2, Y2) (with 
XI < X2 ) be such points. Then Yl > Y2 (draw a figure !). 
So F(XI) > F (X2) , and consequently, F is strictly de­
creasing. 



5. Let us examine the smoothness of the various 
examples we have of functions belonging to I. The 
functions c - x and x of Exam pIes 1 and 2 are differ­
en tiable throughout the real line ; in fact they are 
analytic at each real point. The functionf(x) "" \y c-x3 

of Example 3 is everywhere continuous. If c = 0, it 
reduces to - x. Otherwise, it is everywhere differen-
tiable except at the point x=~, where it is not. 
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Let us now look at the functions f of Example 4. 
The function 2Z2 + 1 of the complex variable z vanishes 
at 2 - 1/2 i, - 2 - 1/2i and nowhere else . Consequently, 
the real functions - 3x+2(2x2+ 1)1/2, - 3x- 2(2x2+ 1)1 /2 

of Example 4, are analytic at every point of the x axis. 

(Paper 7lBl-192) 
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