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A classical result of Enestrom (if ¢o, ¢1,. . ., ca(n = 1) are not all zero and if they satisfy co=¢;. . .
n
= ¢, = 0, then every zero { of E cz* satisfies |{| = 1) is generalized to polynomials in several vari-

k=0
ables. A result in the same direction, involving fractional order differences of coefficients, is then
established.

1. A Generalization of Enestrom’s Theorem

We begin with the following

n "1

THEOREM 1. Consider a polynomial E(z1, z2, . . ., z,) = i s 2 Chy. .. ;,pz’;l .. .2k (#0) in
hp=0 h{=0
the complex variables zi, . . ., zp. Set cn,...n,=0 whenever the h, are integers but some h; does
not satisfy 0 < hj<n;.' Suppose
Veny .o ony™= 2 Chyoo by ™ Chy by qhj=thjyy .. hy=DPChy ... hp_i Chy oo hj_yhj=1hiyy .. i< (1)
J=1 j=1

(hy=0,1, .. .+l v=012 .. ,p;(hi...hy)#O0,...0) IfEL,... {=0,then
at least one || is = 1.2

Proof. A straightforward computation yields

p ny+1 ni+1
(p—Ezj>E(z1, .. .,zp)Ehi_o. oo > (peny . my T Chy—thy L hy T
=

Jj=1 hy=0
—Chy. . hy_ghy-DZM1 . . . ZBp=pco.. ot Y (Ven, .. n )t . . . zpp,
(hy, . . ., hpleo
where o is the set of all sequences of integers (hy,. . ., hp) with 0<h,<n,+1,v=1,2,. . ., p,
(hy,. . .hp)#0,. . .0). Setting z1=2z,=. . .=z,=1, we have pco. . .o =—E(Vc,,l ... np), and
(s, . hp)ea
thus <p —2 Zj> E(zi,. . ., 2zp)= E(Vchl ... npZit. . zpp—1), from which we infer that Vcn, ... n,
= [t i
# 0 for at least one (h; . . .(h,,)e(r.hﬁ) If |z, < 1forv=1,2, . . ., pthen

*Aerospace Research Laboratories, Wright-Patterson Air Force Base, Ohio.
! Below, instead of repeating the last sentence, we shall merely place the sign * at the appropriate place.
2 Thus, if, for example, p =2, the curve E(x, y)=0 in the x, y plane does not intersect the square —1<x<1,—1<y<1.
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Re [ (p = iz;)E(zl, .. .,zp)]= 2 (Veny .. .np) Re (@1, . . z2v—1)>0,and so E(zy, . . .,
®

Jj=1 hiy . . . hpleo
zp) # 0.
When p=1, Theorem 1 reduces to a result of Enestrom [1]? stating that if co, ¢1, . . ., ca(n = 1)
n
are not all zero and if they satisfy ¢y =ci. . . = ¢, =0, then every zero { of )" c2* satisfies [{| =1

k=0
2. Fractional Order Differences

The main purpose of this paper is to generalize a result of Cargo and Shisha [2, Theorem 1 and
the end of IV] relating the zeros of a polynomial (in one variable) to fractional order differences of
its coeflicients.

Consider a multisequence an, .. .n, (p = 1fixed, h,=...—2,—1,0,1,2,.. ;v=12,. . ., p).
Let lay, . .. hp = Qny...hps and for j=1, 2, . . ., p,let Eja, . .. hp = Qhy ... hj_(hj+1hjiq. .. hy- Let
a be a complex number. From (1), one is led to the following symbolic equalities

wlr-E o S g (S )

Jj=1 j=1. m=0 j=1
o0
= >« "'m'( )p""”[ixl NP 20 B OFL BN Dbl 3
m=0 ip=0 m
Sig=m

Thus, we define
vean, .. .n,= S > (=1m! < ) J 2l PR MY s T Y e

0ig=0

Sig=m
for every (hi, . . ., hy) for which the last infinite sum converges. If a,, .. .,,=0 whenever
some vjis <0,andif h;=0,;=1,2, . . ., p, then
hi +. . . —i
Vaahl...h,,: 2 E (“l)’”m'( ) fe= m[“! o o o lp!] a;,l_,-l__ihp_ip.
Zlk m
"p
THEOREM 2. Consider a polynomial E(zi, . . ., z,) = 2 EC;,I R )
hp 0 h1=0
in the complex variables zi, . . ., zp.* Let 0<a <1, and suppose that cny ... 0(hy=0,

1, .., nv=1,2, ..., p), Veen ...y <0h,=0,1, . . . nsv=12, ..., p;hi, . . ., hyp)
#0, ...,0). IfE, .. . L,)=0,then at least one |{;| is > 1.

3
(1= 8 ) B =[S ()00 (S |5 S cnnar s

Proof. For < p we have *

J=0 V= j=0 hp=0
Shk=]j

o J 1 (a7 | (=il i h h
== — 1)ym -m[; P 11,1 i
=31 3 (=)mm! )P [ia! ..l L 2 > cny..onZi ...z

Jj=0 m=0 % ;=0 hpe=0

Sigp=m Shp=j—-m

3 Figures in brackets indicate the literature references at the end of this paper.

4By z¢, for a complex z, we mean the principal value of that power (0 if z=0).
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2 a 3 :
;,,,,E:mk;o (—l)mm!<m)p mg L. lp!]‘lcql_il”.qp_ipzllll. « z;l)p
Sig=m
Wik
2q=j

&8 @ . .
=2m2: qkzo i; (—D™m! <m>p‘"'[11! oo !y gy 2 L 2
qu_jii'ck=m

:i i E(—l)'"m'<2)p‘"’[h' 5 o o ip!]_lcq1711 qp*lpqu P

Jj=0q;=0 m=0ip=0
24k=3 Sip=m
_—:2 Epga(.vacql 55 .(Ip)z(lll o o e Zg)p'
J=0a=)
iqgf=
Setting z1=. . .=z=1, we get 0=p~*Voo...0+> X P * V. . .qp.
j=1 qkzo
2qp=J
Thus, for | ﬁz,- | <pwehave
=1
4 (e3 -]
(p_izj) E(Zh Y ZP) 2 (V"Cq C (11,) (2(111 5 .z;l'p— 1) (2)
J=1 i=1q,=0
2qp=J
Let qi, . . ., g, be arbitrary integers = 0 (not all zero). Then Vec, . 4, < 0. To see this we
may assume that some g; is > m;. But then, noting that (—1)"(g)< 0 for m=1,2, . . ., we have

Gt .. +III)
ke . -
Ve .= 3 Sl ] e gy <O

m=1 ik=0
Sig=m

From (2) we obtain, for

P
23
Jj=1

{( i ) (z1, - - ., zp)}zz (Vecq,. . q,,)Re @ . . . zp—1). (3)
J= j=1 qx=>
gy

Suppose E({y,. . ., {p) =0, where all |{;| are <1. If qi,. . ., g, are non-negative integers (not

all zero), then Re ({ft . . . {&»—1) <0, and equality must hold if V¢, .. .4, <0. Letjl <j=<p)

be an integer. Since some ¢y, . .. n,, Must be positive, we have

Ve RN
ny...nj—1nj+inj+1...0p

ni+...+np+1
mprt [ X\ a—m[; 1 i 1]-1 ) : ) . )
_E 2(— ) m. \m|p [ll.. . .Lp.] Cny *l]‘.."jf]"lj,l’lj*"*lj"j*,]*lj+l c .y —ip <0’

ik >0
=

and similarly Vec,, = . mj_y npengy .., <O. Thus
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Reddie . .. g}'{]‘@}”“@'}f{:l,. s {Zp—l)—:Re fEne 5 T3 Cj’,’{;l{;‘)*2§(lj+l it . {:p—1)=0, and so

i1
ar. .. gj'fg;lg;jﬂgjflﬁl C. g;p=l=§;" S g;’i';lgjf'ﬁzgjflﬁl 2o o gzp,
which implies that {;=1. Thus {i={=. . .={=1,and so 0=E(1,1,. . ., 1)
n nl
- j C. 2 Cny ... n, >0, which proves the Theorem.
=0 K=o

3. Remarks
np ny
We consider a polynomial E(z;, . . ., z,) = 2 S Z Qny ... np2ht. . .zﬁp (#0) in the

complex variables zi, . . ., z,. hp =0 h1=0

A. Suppose the an, .. .n, are complex. Let r;, . . ., r, be complex, non-zero numbers, and set
Chy...hp™ Chy ... nyl{L .« . . rph,=0,1, . . ., n;v=1,2,. .., p).* Assume Veny ... ny <O
(h,=0,1, . . , m+Lv=12, .., pi(hi, . . ., bp) #(0, . . . 0). Suppose E(ls, . . ., {)=0.

Then at least one || is = |rj|. Indeed,

np- ni ‘zl hl zp hp
E(zl,...,zp)Ez...zchl,,,hp— (—) )
hp =0 hi=0 1 Tp

and therefore by Theorem 1, at least one |{;/rj| is = 1.
As a simple example, take p=1, ni=n(=1), and assume the «, are alternating in sign:

= 1a|(v=0,1, . . ., n)and |ao| = |aa]| . . . = |al.
n
By taking ry=—1, we obtain that every zero of the polynomial 2 a2’ has a modulus = 1.
v=0
B. Suppose that E(z1, . . ., zp) is not a constant and that the an, . .. n, are = 0. Let
) 3
r=min [ (E B4R 5 o o i) o o < hp)/POlh, 360 hp]
e
where the minimum is taken over all sequences (A4, S hp) with 0<h,<n,(v=1,2, . . ., p),
(hiy. o o hp)#(0,. . ,0),0ny.. 10, #0. SupposeE(L, . . ., {)=0. Then atleast one |{;|is =r.
Indeed, we may suppose r>0. Let cn,. ‘,hp=ah1,__hpr”1+ coothph,=0, 1, .. ., nm; v=1,
2, .. .,p.* Let Os<h,<n,+1,v=1,2,.. ., p;(h,...hy)#(0,... 0. We shall show

that Ven, . .. ny < 0. We may clearly assume that all A, are < n, and that Qny ..., #= 0.

P
= e hy—1 —
Then Ven, . .. np-—l"’1+ i [Tpahl 2 ooy z Qny .. hj_ghj—1hjy . . hp] <0. By A, at least
=
hy=1

;=

one |{| is=r.
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