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A classical result of Enestrom {if co, Clo, , "Cn (n '" 1) are not all zero and if they satisfy co'" c, ' 
n 

'" Cn '" 0, then every zero ~ of L CkZk satisfies I~I '" 1) is generalized to polynomials in several vari-
k==O 

ables, A result in the same direction, involving fractional order differences of coefficients, is then 
established, 

1. A Generalization of Enestrom's Theorem 

We begin with the following 

THEOREM 1. Consider a polynomial E(ZI' Z2, " "zp) =0 f ' , , f C"I' "hpZ~'l, , ,z~P (¢o) in 
hp=O "1=0 

the complex variables Zl, _ , _, Zp' Set ChI' , ' hp = ° whenever the hv are integers but some hj does 
not satisfy 0 ~ hj ~ nj,l Suppose 

(hv=O, 1, ' , " nv+1; v=l, 2, ' , "p; (hi, , ,hp)=Io(O" _ . 0)), If E({t, , , ,,{p)=O, then 
at least one I~I is :;", l,2 

Proof A straightforward computation yields 

nl + I 
, L (PCh l ", IIp -Ch l-Ih2 ", hp -, 

"1=0 

- ChI' , ,hp_Ihp-l)zql . . , Z~ =0 pCo , , ,0+ L (VChl ' , ,hp)z11 " z~, 
(h .. ' , " hp)ECT 

where (J" is the set of all sequences of integers (hI, . "hp) with 0 ~ hv ~ nv + 1, v = 1, 2" , "p, 
(hi" . ,hp)=Io(O" . ,0), Setting ZI = Z2 = , , ,= Zp = 1, we have PCo, , ,0 =-L (VCh] , , , hp), and 

(h, . ... , hp)w 

thus (p -J'~ Zj) E (zJ" , ., zp)=o L('V Chi, , , hp)z1l, . ,z~p -1), from which we infer that V Chl ' , ' hp 
(h" . , " hp)'CT 

=10 0 for at least one (hi ' , ,hp)€(J", If Izvl < 1 for v = 1, 2, ' . " p then 

• Aerospace Hesearch Laboratories, Wright-Patterson Air Force Base, Ohio. 
I Below. instead of repeating the last sentence, we shaH merely place the sign * at the appropriate place. 

: Thus, if. for example, p = 2. the curve E(x, y) =0 in the x, y plane does not intersect the square -1 < x < 1, -1 < r < 1. 
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L (VChl'" hp) Re (Z~l ... z~p-1) > 0, and so E(Zl, . .. , 
(hlo . .. , h,/)efT 

Zp) "" 0. 
When p = 1, Theorem 1 reduces to a result of Enestrom [1)3 stating that if Co, Cl, ... , cn(n ~ 1) 

are not all zero and if they satisfy Co ~ CI .•. ~ C" ~ 0, then every zero ~ of i CkZk satisfies I~I ~ l. 
k = O 

2. Fractional Order Differences 
The main purpose of this paper is to generalize a result of Cargo and Shisha [2, Theorem 1 and 

the end of IV] relating the zeros of a polynomial (in one variable) to fractional order differences of 
its coefficients. 

Consider a multisequence ahl ... hp (p ~ 1 fixed, hv = ... - 2, - 1, 0, 1, 2, ... ; v = 1, 2, .. . , p). 
Let Iall] ... hp == ahl ... hp' and for j= 1, 2, ... , p, le t Ejahl ... hp == ahl ... hj _ Ihj + Ihj + 1 ... hp. Let 
a be a complex number. From (1), one is led to the following symbolic equalities 

V"=(pI-.f Ej-I )"=p"(I-r 1 .f Ej-l) " =p"i (-l)m (:)r"'(f ETl)'" 
)=1 )=1 . m = o J = I 

=i .L (-l)mm! (a)p,, _m [it! ... ip!] - lE1- il ... Ep-iP• 

", = 0 Ik "' O m 
lik =m 

Thus, we define 

Vetah, . .. hp = 2: L (- l)"'m! (:) p"- "'[i1! . . . ip!]- Iah, - i, ... "P -ip 
rn= O ik ?:?: O 

lik = m 

for every (hI, ... , hp) for which the last infinite sum converges. If aV1 ... vp=o whenever 
some Vj is < 0, and if hj ~ O,j = 1, 2, ... , p, then 

1'1 + ... + hp (a) 
V"all] ... hp= L L (-l)"'m! m p,,-m[i l! ... ip!] - laIQ _ il ... hp _ ip. 

m = O ik ~o 
lik=m 

np 

THEOREM 2. Consider a polynomial E(Zl, ... , zp) == L 
hp ~ O 

"I 

L ChI' .. hpZ~1 . . . Z~P ~O) 
hI =0 

m the complex variables Zl, . .. , zp.* Let O<a<l, and suppose that Chl ... h;F0(hv=O, 

1, .. . , nv;v~1,2, .. . , p),V"chl ... I!I>~O(hv=O,l, ... nv;v=1,2, ., p;(hJ, ... , hp ) 

""(0, ... ,0)). IfE(~I, ... ,~p)=O,thenatleastonel~jlis>l. 

Proof For I j~ Zj I ~ p we have 4 

( 1-rl ~ Zj r E(Zl, ... , zp) = [~ Ga) (-l)jp-j (~l Zv y] j~O f,;",o Chi ... hpz71 Z~P 
lhk = j 

= t ± {. L (_l)mm! (:) rm[it! ... ip!]-lZ~l ... zhp }{ 
)=0 m =O Ik"'O 

lik=m 

L_ Chi ' " hpZ~1 .•. Z~ } 
hk"'O 
lhk=j - m 

3 Figures in brackets indicate the literature references at the end of this paper. 
4 By ~, for a complex z, we mean the princ ipal value of that power (0 if z = 0). 
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00 j (a) 
= j~ ,t;o ik~ (- l)lIlm! m p - m[i l ! 

~ik=lIl 

Qk?<i k 

lQk=j 

=~ .L p .,- a(V aC(Il .. QP)Z'[t .. . Z~P . 
j =O Qk'?<O 

iq~=j 
00 

. . . zf?' 

Settingzl= .. . =zp=l, we get O=p -a v aco .. . o+.L .L p - a V1"CQI ... qP: 
j = 1 Qk.~O 

Thus, for I i Zj I ~ p we have 
j = 1 

'lQk= j 

(p-iZj)aE(Zl' . . . ,zp)=~.L(vacQ , ... qp) (Z?l .. . z~p-1). 
) =1 )=lqk ?<O 

lQk·= j 

(2) 

Let qJ, ... , qp be arbitrary integers;?; ° (not all zero). The n VaCql ... QI) ~ o. To see this we 

may assume that some qj is > mj. But then, noting that (-l)lIl(~J < 0 for m = 1,2, ... , we have 

v aCQ, .. qp Q, + . ~+ qp . .L (- 1)1ILm!(a)pa- m[id ... ip!] - l'Cq,_i, ... Qp - ip ~ O. 
m = I 'tk ~ O m 

lik = 1Il 

I p I From (2) we obtain , for #IZj ~ p , 

., zp)} = ~1~~~aCQ I ... Qp) Re (z1' ... zgp-1). 

lqk = j 

(3) 

SupposeE(~l' . .. , ~p) =0, where all I~jl are ~ 1. If ql, ... , qp are non-negative integers (not 
all zero), then Re (~~I. . . ~zP - 1) ~ 0, and equality must hold if VacQ, ... qp < o. Let j(l ~ j ~ p) 

be an integer. Since some ChI . .. hp must be positive, we have 

V"'ClIl ... lIj - lllj + Illj + I .. . lip 

and similarly VaClI, ... lIj_1 lIj+2l1j+l ... lIp < o. Thus 
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~"I • • • ~nj_l~nj+ I~~j+1 . . . ~"P = 1 = ~nl • • • ~"j- I~"j+2~nj+ I . 1 )-1) )+1 P I )-1) )+1 . ~"P, 
P 

which implies that 0 = 1. Thus ~I = ~2 = . .. = ~p = 1, and so 0= E(l, 1, . ., 1) 
"I 

. L C"I'" "p > 0, which proves the Theorem. 
hl = O 

3. Remarks 
"p "I 

We consider a polynomial E(Z" ... , zp) == L . 
complex variables ZI, .. . , Zp. hp = 0 

L a 'l I ... hpZ~'J • • Z~P (~o) in the 
Iq = 0 

A. Suppose the aft l . .. hp are complex. Let rI, . . . , rp be complex, non-zero numbers, and set 

~I~ I . .. ftp=ahl ... hprllI ... r"pp(hv=O, 1, .. _, nv; v= 1,2, . .. , p).* Assume VChl . .. hp ~ ° 
(hv=0,1, .. . , nv+1;v=1,2, . .. , p;(h" .. . , hp)=;6.(O, . . . 0)). SupposeE(~l , ... , ~p)=O. 
Then at least one I~jl is ~ Irjl. Indeed, 

np' 
E (ZI, .. . ,zp) == L . 

hp =0 

. ~ ChI . . . hp (' ~)h~ ... (ZrPp)hP , 
h,=O rl 

and therefore by Theorem 1, at least one 10irjl is ~ 1. 
As a simple example, take p = 1, nl = n( ~ 1), 

a v=(-l)vl av l(v=O, 1, ... , n) and laol ~ lall . . 
and assume the a v are alternating in sign: 

~ lanl· 

" By taking rl =-1, we obtain that every zero of the polynomial L avzV has a modulus ~ l. 
v=O 

B. Suppose that E(zI, ... , zp) is not a constant and that the a"l . . . hp are ~ 0. Let 

r=min [ (~ahl ... hj_lhr lhj+l ... hp)/pa"l . .. "pJ 

hj~ I 

where the minimum is taken over all sequences (hI, . 
(hI,' . . , hp) =;6. (0, ... ,0), a"l .. . hp =;6. 0. Suppose E(~" 

., hp) with ° ~ hv ~ niv= 1,2, ... , p), 
. . , ~p)=O. Then at least one I~jl is ~ r . 

Indeed, we may suppose r> 0. Let Ch h = ah " r"1 + ... +hp(h = ° 1 . nv; v = 1, l' .. pl' " P v , , 

2, ... , p).* Let ° ~ hv ~ nv+ 1, v= 1, 2, . .. , p; (hI, ... hp) =;6. (0, . .. , 0). We shall show 
that VChl . . . hp ~ 0. We may clearly assume that all hv are ~ nv and that ah l . .. hp =;6. 0. 

Then V C"I ... "p = r"1+ .. . +"p- l [rpahl . "p - t a"1 .. . "j- I"r 1"j+l . . . hPJ .~ O. By A, at least 
)=1 

one 101 is ~ r. hj ~ 1 
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