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Diophantine equations involving normalized binomial
mid-coefficients

By SHICHUN YANG (Wenchuan), ALAIN TOGBE (Westville)
and WENQUAN WU (Wenchuan)

Abstract. For a positive integer n, let u, be the normalized binomial mid-co-
efficients. We discuss the following Diophantine equation involving power means of n
variables p;,

Mi(pays -5 pay) = Mi(poy -5 p,), kL E Z.

For n = 2,3 and other general cases, we get some results on this equation. Moreover,
for k =1 = 0 and for every n > 3, we obtain infinitely many solutions of equation

HayHag ** Pan = Kby Hby ** * Hby, -

1. Introduction

Let Z,N,Q be the sets of integers, positive integers and rational numbers
respectively. For any nonnegative integer n, the normalized binomial mid-coeffi-
cients is defined by

. :2_2n(2n>:1~3-5 ----- (2n—1)

n

This coefficient u, is closely connected to the Euler’s gamma function I'(x),
Gauss’s hypergeometric function, etc. For more details, see [2], [7], [12]. There
are many results for the lower and upper bounds of the estimates of u,. The
proofs and other inequalities for yu,, can be found in [13], [14].
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Key words and phrases: normalized binomial mid-coefficients, Diophantine equations, power
means, p-adic valuation.
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Let ¢ be a real number. The power mean of order ¢ of the positive real
numbers x4, ..., Z, is defined by

1 n T
Mi(z1,...,2n) = (n Zx§> , ift#0,
j=1

and

Mo(z1, ..., 2n) :}E%Mt(xl,...,xn) = (H:@) .
j=1

The most interesting properties of power means are collected in the monograph [6].
It is very interesting to study the Diophantine equation involving power
means of n variables u;,

Mk(ual,...,uan):Ml(ubl,...,ubn), k,leZ. (1)

In fact, the normalized binomial mid-coefficient has been the subject of an in-
tensive research in number theory and potential theory. See for examples [4]
and [11].

In 1990, BANG and FUGLEDE (3] first studied the Diophantine equation

MO(.UPML"(I) = MO(/"ra,us)- (2)

They proved that equation (2) only has the trivial solutions (p,q) = (r, s), (s, 7).
In 2005, ALZER and FUGLEDE [1] studied equation (1), for n = 2 and n = 3. They
solved this equation for integers k,! # 0 when n = 2 and for integers k = £ 0, —1
when n = 3. In [1], ALZER and FUGLEDE set the following problems:

Open problems: (i) Determine all solutions of equation (1) in case n =3
withk=I!l=0and k =1=—1.

(ii) Study Diophantine equation (1). In particular, determine all solutions of
the arithmetic mean-geometric mean equation (1) for k = 1,1 =0, i.e.

%(Ma1+"'+ﬂa¢L):(Mbl"'/ibn)%~ (3)

In this paper, we discuss Diophantine equation (1) for n = 2,3 and other
general cases. First, we solve equation (3) for n = 2, and give all solutions of (1),
forn =2 and k = 0, I # £2. In Section 3, we study equation (1) for n = 3,
k=1=—1and k # I, k,l # 0,£1. Therefore, we solve a part of the problem
(i). We also study equation (1) in the case k =1 # 0, n > 4. In this case, we
give the characteristic of nontrivial solutions of equation (1) or some methods for
solving equation (1). See Section 4. In Section 5, for k =1 = 0, n > 3, we give
an infinite number of solutions of equation (1). In the last section, we use the
results obtained to set some conjectures related to equation (1).
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2. The equation Mo(fta, , tas) = Mi (116, to,)

Let p be a prime and v, the standard p-adic valuation normalized defined by

vp(0) = +o00 and
a T, if p" || a,
ORI
b) " s itpt b,
where a,b,s,t € Z, s,t > 0, ab # 0 and ged(a,b) = 1. Let q,q1,¢q2 € Q. The
following properties on vs(q) are well-known:
o v2(—q) = v2(q), v2(q1q1) = v2(q1) + v2(g2);
e v2(q1 + g2) = min{va(q1), v2(g2)};
o if va(q1) <w2(gz), then va(q1 + g2) = va(q1);
e if ny < ng, then vo(un,) > va(tin, ).

Now, we recall the following result due to ERDOS and SELFRIDGE [9] on the
product of consecutive integers.

Lemma 2.1. The equation
nn+1)...(n+k—1) =y, (4)
in positive integers n,y, k, | > 2 has no solution.
We prove the following lemma.
Lemma 2.2. If z # y, then the equation
Pty =q™, m>2, meN, ¢geQ (5)
has no solution.

PROOF. As x # y, without loss of generality, we assume that z < y. If

m = 2, then equation (5) becomes Z—I = (i)g. So
Yy

2z +1)---(2y — 1)q)2
My .

(20 +1)(20 +2)- 2y — 1)(2y) = ( ©)

Hence (2‘%“)'};(23’_1){1 € N and from Lemma 2.1, equation (6) has no solution.

If m > 3, from (5) we get

(z+1)(@+2)---(22) (y+1)(y+2)---(2y) _ (2%@@ M)
1-2 - ivq 1-2..... Y
Notice that w and w € N. So 2zz;2yq € N. By

ERDOGS’s proof of Bertrand’s Postulate [8], there exists a prime p such that L%J <
p < 2| %]. Therefore, if y > 6, there exists a prime p such that y +1 < p < 2y.
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Thus p || w and UP(W) < 1. This is a contradiction

to the fact that m > 3. If z,y < 6, we directly verify that equation (5) has no
solution. (]

Using a similar method to that in the proof of Lemma 2.2, it is easy to obtain
the following corollary.

Corollary 2.3. If n,m € N with n < m, then the equation

m

Hay ** Ha, = ¢, q€Q (8)
has no solution.
We recall here a result obtained by ALZER and FUGLEDE [1].

Lemma 2.4. Let k,l # 0 and ay,as,b1,ba > 0 be integers. If k = [, then

the equation
Mk(ﬂalvliaz) = Ml(ublvﬂbz) (9)

only has the trivial solutions (ai,as) = (b1,bs),(b2,b1). And if k # 1, then
equation (9) holds if and only if ay = ag = by = bs.

Now we are ready to prove our main result of this section.

Theorem 2.5. If k € Z with k # 0,42, then the equation

k k 1
Mbl +:“b2 &
VHaiflaz = (?)

only has the trivial solutions a1 = as = by = bs.

(10)

PROOF. If a3 = ag or by = by, equation (10) becomes My (ta,, tha;) =
My (ppy s tiby) o8 Mo(phay s tay) = Mo(tb, s to,). From Lemma 2.4 and the result
of BANG and FUGLEDE [3], equation (10) only has the trivial solutions. Hence,
without loss of generality, we assume that a; < as and by < bs.

If k is odd, we use (10) to deduce the following equation

k k
[} o, + 1y
(Maluaz) 2 VHayPay = % (11)
k k
Then \/fta; fay = %, i.e. fa, ftay = G5, where ¢; € Q. From Lemma 2.2,

2(#%11 ;U'ag) 2
the latter equation has no solution.

If k is even, from (10) we have
M, + H,

=k (12)

[SE

(Hay Hasy)
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Then taking the 2-adic valuation of equation (12), we get

k p, + 1
SV (astay) = o (FE ) = v, + k) =1 = kua(,) =1, (1)

where b; = by when k > 0 and b; = by when k& < 0. Then from (13), we have
g |1, since k # +2. This is impossible. Therefore, the proof of Theorem 2.5 is
complete. O

Remark 2.6. In Theorem 2.5, we solve equation (3), for n = 2. However, we
didn’t solve equation (10) when k& = £2. So we set the following problem: find
all solutions of the equations

2Ha Hay = Hp, + H, (14)
and
2 1 1
=5+t 5. (15)
/”Ltl1 MGQ /j‘bl :ub2
3. The equation My (fta;ss Baszs Bas) = Mi(Hby s By s Hbs)
In this section, we first consider equation (1), withn =3 and k =1 = —1. For

the proof of the following theorem, we will use ideas of ALZER and FUGLEDE [1].

Theorem 3.1. If 0 < a; < as < ag, 0 < by < by < b3, then the equation
1 1 1 1 1 1

+ + = —+ — + —
Hay Has Has by Hoy Hbg

only has the trivial solutions a1 = by, as = by, a3 = bs.

(16)

Proor. Without loss of generality, we assume that a; < b;. From (16), we
just need to consider two cases: as > by or as < b;.

Case 1: as > by. If a1 < by, then

1 . 1 1 1 1 1
Hby Hagy Has Moy Ho, Hbs

1 1 1 1 1 1 1
<o = — 4+ — ) =wp(—)<w(—). (A7)

Has Has by by b ay by
This is a contradiction. Then a; = b;. Thus equation (16) becomes % + % =

a2 ag
7+ . By Lemma 2.4, equation (16) only has the trivial solutions.
2 3

Case 2: ay < b;. From the monotony of p,, az < by implies that a; <

as < by < by <bsg <az. If a1 < as, using the method in Case 1, we get also a
contradiction. Therefore, a; = ay. Moreover, if as = by, then equation (16) only
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has the trivial solutions. So we assume that as < b;. Thus

(1
V2

1 1 1 1 1
R
Has Moy Hby Moy Hog Has

1 1 2
~u(h )
/‘l'al Maz ﬂ

ai

). (18)

Hence vg(#%) =1+ vg(%). So by = a1 + 1 and by is odd. In fact, if by = aq,
1 ay
then this is impossible. So by > a; + 1. If by > a1 +2, then vy(-1-) > vo(-1-) +2,

1
)=1n
I

ai

Uy Uay
which is also impossible. Moreover, if by is even, then vz(ﬁ) > va() + 2.
1 ay

Therefore, by is odd. Put b; = r. So we write a; = ay =1 — 1.
If by > r + 1, then from equation (16) we have

RIS SR T RS Bt S SN S

Hbs Hag Hr—1 Hr by r Hor Hby
_ (2r—1 (2r 4+2)---(2b2) )i_ A 1 (19)
S\ 2r+1)---(20a — 1)y (2r+1)---(2by — 1)1 p,’

where 21 A. Then

1 1 1 1 1 1 1
(i 1) =) <) £a() sl 1) eo
Hbs Hag Hr Hby by Hbg Hag

This leads to a contradiction. Therefore, by = r > 1 and
1 1 2 2 2r —1 1 1 1
=S (T =-1) = —m 2 (21)
Hbs  Hag  Hr—1  fr 2r Hr Ty

Thus, if b3 > r + 1, from (21) and as r is odd, we have

1 1 1 1 1 1 1
(o) =) =) <n() <v(e -nn) @
bs Has Ty Hr Ko Hbs Has

This is also a contradiction. Hence, b3 = r and

1 3 2 2r—1\ 1 1 1
_3_ :(3_ r )7:” = (23)
Has Hr Hr—1 r Hr r Hr
If a3 > r+ 3, then pg, < prys = g:igg:iigg:ig; iy From (23) we get
r_. 2r+1)2r+3)2r+5) (24)

r+1 = (2r+2)2r+4)(2r+6)

Therefore, we obtain r = 1. Using again equation (23), we get pq, = 3, which is
impossible. So az < r+ 2, i.e. ag =r,r+ 1,r + 2. We use each of these values
of a3 to verify that equation (23) has no solutions. Therefore, equation (16) only
has the trivial solutions. (|
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Now, we will study the equation

Mk(:uawu“aza,u‘as):Ml(lu’bﬂu“bzv,ubs)? k#h kl#oa k7ZEZ (25)
and prove the following theorem.

Theorem 3.2. Let k,l € Z, and k # +1,1 # £1. Assume that ged(k,l) = d,
k = kid, | = l1d, and

ay > as > a3, ifk<-—1,

a1 < az < as, ifk>].7 and by < by < b3, ifl>1,
blszZbg, if | < —1.

Then
(1) When 2t ki — 1y, equation (25) only has the trivial solutions a1 = as = a3 =
b1 = by = bs.

(2) When 2 | k1 — 1, equation (25) has the trivial solutions and My (po, i1, f11) =
M_5(u1, o, o). Moreover, if equation (25) has other solutions, these solu-
tions satisfy az = bz and

min{kvg(uw),lw('zf)}—v2(|k1—l1)—|—2 or wa(lkr —UhL])+1. (26)
as 3

PrOOF. From equation (25), we have

l _ k
(1, + 1y + 1) 3871 = (i, + g, + piby) (27)

If ay = as = a3, then equation (25) becomes

Mk(ua1vﬂa27ﬂa3) = Ml(uauuawﬂm) = Ml(/“nnubz)ﬂ'b?,)’

which is incompatible with the condition k& # [. If by = by = b3, the same
conclusion can be made. Therefore, from the monotony of p,, we just need to
discuss three cases:

e ag # az and by # b3,
* a1 # as = a3 and by # b3,
* a1 # as = az and by # by = bs.
Put a3 = m.
Case 8.1: as # az and by # bs. Without loss of generality, we suppose k > [.

Since va (k| + pk ) > va(plk,), vg(uél +u§)2) > vg(ué3), then using equation (27),
we get

kl1va(ttas) = k1lva (i, ). (28)
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So az = b3 = m. Thus equation (27) implies

k k 1 l l k
(B Boe ) igmmt = (B g B g) ™ (29)
o 1 M M
Write . . z l
e R E D
o pk, Ml Hin

The first, we suppose that k,I > 1, then

<lll l klfl ]{j
(X ( ?>C““>3’““ (b 1) = D( > (5 )D> (30)
=0 =0 \J

Now we calculate the value of v2(37—1), where ¢ € N. If 2 ¢, then 39—1 =2
(mod 8). If ¢ = 2"¢y, where r € N and 21 g1, since

30 _1 =320 _]— (32"’1111 +1)-+ (32 +1)(3% +1)(3% — 1),

and 329 +1 = 2 (mod 8), 3% + 1 = 4 (mod 8), 3% — 1 = 2 (mod 8), then
v2(3%7 — 1) = r + 2. Therefore, we have

1 if 2
’U2(3q—1):{ ’ 1 qu,

(31)
va(q) +2, if2]q.

If 2 | kyly and as ged(ky,l;) = 1, then ky — [y is odd. So vp(3F1 1t — 1) = 1.

As ag < m, by < m, one can see that vo(C) > k and vo(D) > I. Thus, if k; is
odd and [ is even, from equation (30) we have

l1—1 I1—1
Z L\ iy—j—1 ) qkr—t Z W\ Ai—j1
’UQC <_>Clj >31 1 Zk+02 i cha Zk-i—l,
( (j—o J

=0

ol ‘ ol ‘
(o[ X ()] mwwy v (X (M)or) 22
— \J —\J
J J
This is impossible.

Similarly, if k; is even and [; is odd, we obtain the same
contradiction.

If 2 { kyly, then vo(3F =1 — 1) = vy (ky — ;) + 2. Notice that ve(C) >k > 1,
va(D) >1>1, and 21 kq, 211;. Hence we get

l1—1
ll li—j—1 k1—1
V2 C ()Cl J 3T :’UQ(C)Z]C,
(=0
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s <D<klzl <I§1>Bk1j1>> = vy (D).

J=0

and

Soif k>1>1, k>wva(ks — 1)+ 2, then from equation (30) we obtain
UQ(D) = U2(k1 - ll) + 2. (32)

1 1
Since v2 (D) = vy (% + “ﬂ) = lvg (Zﬂ) or lvp (£%2) +1, thus condition (26) holds.

7
P b3 Hog

Now, if k,1 < —1, then from (28) we have
Ll
C _1>Cl1j1 ghi—l | gkl _ 1
(%G e
=
bl g .
o[ X (7)o e

If k> 1,1 < —1, equation (28) implies (C + 1)~ (D + 1)k =3k~h_ So
(C+1) ™ =) (D+D)" =)+ ((C+1) ™" —1)+ (D+ 1M —1) =3k~ 1.

Thus, we obtain

(£ (ol & ()

§=0 §=0
71171 —l 7]6171 —k‘

= ( F)C—“—j—l +D( > ( ,1)D—k1—j—1 +(37RFh 1), (34)
im0 N e A

Using an approach similar that of (30), one draws the same conclusions, i.e.
when 2 | k; — I, equation (25) has no other solutions; when 2t k; — 1, the other
solutions of equation (25) satisfy az = b3, min{vy(C),v2(D)} = va(ky — 1) + 2 or
va(k1 — I1) + 1. Therefore, again condition (26) holds.

Case 3.2: az = ag and by # bs. If va(uk ) = va(pk, + pF,) = va(2uk,), then
kva(pha,) = 1 + kva(pm,). We deduce that k = £1. This is impossible.

If vg(pk ) # va(2uF)), then wva(uf ) > wva(2uk ). From the monotony of
va (i), equation (27) implies

L (Fv2(pag) + 1) = klva (). (35)

This yields k1d = k = £1, which leads also to a contradiction.
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Case 3.3: az = ag and by = bs. If vo(uf ) = va(2uk)), then kvo(pe,) =
kva(ptay) + 1. So we have k = £1. If vp(pj, ) = v2(2p,), we get a similar conclu-
sion. Therefore, we suppose that v (uf,) # v2(2uk ) and va(uf, ) # va(2p},).

As va(ph ) # v2(2uk,) and va(pf, ) # v2(2u),), we deduce that vo(uf, ) >
v2(2uk,) and vg(uél) > v2(2/¢é3). Thus from equation (27), we get

b (kva(pay) + 1) = k1 (lua(p,) + 1). (36)
Therefore, k1 | I3, and I; | kq, i.e. K = £I. Since k # I, ged(k1,l;1) = 1, then
k = —I, and from equation (36) we get k(va(ftas) — v2(tins)) = —2. As k # +1,
we have k = £2 and va(ftq,) — v2 (e, ) = £1.

If k =2 and va(ptay) — v2(tpy) = —1, then I = =2, and b3 = a3 —1=m — 1,
where m is odd. Thus equation (25) becomes

1 2
2, +242) (S + ) =9. (37)
! Hz%l ufn_l
Note that a1 < m — 1 and b; > m. When by > m + 1, we have

(1a, + 2/13,1)(;}2)1 + ;1) > (M1 + 2“3")<u3j+1 + ngl)
288m5 — 80m?* + 32m3 + 12m? — 8m + 2
B 32m6 — 16m* + 2m?
This contradicts (37). Therefore, by = m. If a; < m — 2, similar calculations

imply

> 9.

1 2 1 2
(g, + 240) | =5 + > (W2 + 21) ( + ) > 9.
' M, M ’ PRy Homa
This means that a; = m — 1. From (37), we get

1 2
2 2
st 2m) (o4 ) =o.
( ! ) (2, My
We deduce that m = 1. Thus equation (25) has the solution k = 2,1 = —2,
(a1,az2,a3,b1,b2,b3) = (0,1,1,1,0,0).

Similarly, if & = —2,] = 2, one obtains a similar conclusion, i.e. equation
(25) has only the solution (k,l, a1, az,as, b1, ba,b3) = (—2,2, 1,0,0,0,1,1). This
completes the proof of Theorem 3.2. O

Remark 3.3. Using Theorem 3.2, we can find the solutions of equation (25)
for some fixed values of k,l. However, we cannot completely solve it. This is the
case for examples when k = 1,1 = —1, or k = 3, [l = 1. We believe that it may
be difficult to completely solve this equation.
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4. The equation Mk(“ala Hazy«--s Fl‘an) = Mk(,u’bla Hbyy e« oy “bn)

Before proving the main theorem of this section, we give the following lemma.
Lemma 4.1. Let k 7é 0, 0 S aq S as S as, 0 S bl S bg S bg, and ay S bl.

The equation

My (fay > Bags Has) = Mi(foy fog s fbg), k€ Z (38)

only has the trivial solutions, except for k = 1, in which case we have the additi-
onal solution (a1, as,as, by,b2,b3) = (1,3,3,2,2,2).

PROOF. For k # 0, —1, one can refer to Proposition 2 in [1]. If k = —1, from
Theorem 3.1, we get the conclusion. O

For n > 4,k =1 # 0, we have the main result of this section.

Theorem 4.2. Let n > 4, k # 0. We assume that

a; <ag <o <Zay, by Kb << by, ik 2>,
ap >ag > >ap, by 2by > >by, ifk< -1
Then the equation
fay + Hly o e, = g, F oy, ey, KEZ (39)

only has the trivial solutions a; = b; (1 < j < n), except for k | vo(r), where 2 | r
and 2 <r <n.

PRrROOF. For the proof, we will use the mathematical induction on n. Put
an, = m. First, we will prove the theorem for n = 4.
If a3z # a4, and b3 # by, then we get

V2 (1, + My + Hay) > v2(pg,) and  va(uy, + puy, + pg,) > va(pg,)-

From equation (39), we have va(p¥ ) = vs (//54). So ay = by and pl 4 pk, +pk, =
,u’gl + ,u’gz + M§3~ By Lemma 4.1, the equation only has the trivial solutions, except
for k= 1.

If a3 = a4 and b3 # by, we consider four cases.

o If pf = pk = pf, = pk, then va(uf,) +2 = va(pf,). We deduce that
k=+2and by =m F 1 or k= =1 and |bgy —m| > 1. This contradicts (39).

o If puf > pk = pk = pk  then va(3uk,) = va(pf,). So by = m. Lemma 4.1
implies that the equation only has the trivial solutions.
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oIf puk >yl > pk = pk and va(uf)) = va(2uf), then k = £1, a3 = m¥1.
Therefore, the theorem holds.

o If pf, > pl, > pfy = pk, and va(pf,) # va(2uf,), then we get va(pf, +
pk) > va(2uf,). Thus we have vo(2uk) = va(pf,). We deduce that k = 1,
by =m—1,and mis odd, or k = —1, by = m + 1, and m is even. If k = 1,
by =m — 1, equation (39) implies

m—1
Pay + Hay + == Hm—1 = [y + Loy + Hbg. (40)

Notice that b3 # by. So we have b3 < m — 2. As

2m — 2
2m — 3

v2(ftay) = V2(thaz—1) = V2(fhm—2) = vz( 'Mmq)

:1+v2(m—1)+112(,um—1)=1+U2(m 'Mm—l)
and va(ip,) = va(fim—2) = 1+ va (™ - 1y, —1), we get a contradiction to (40). If
k= —1, by = m + 1, using the same method, we come to the same conclusion.

Finally, we suppose that ag = as,by = bs. If va(pk)) # va(2uf)) and
vg(u’g2) * v2(2u§4), then by (39) we get vy (21 ) = U2(2u§4). This implies ay = by.
Using Lemma 4.1, one can see that the equation only has the trivial solutions. If
v (pk ) = va(2uf,) or va(uf,) = v2(2uf,), then k = £1 and az = mF1or k = +1
and by = m F 1. Therefore, the theorem is proved for n = 4.

Second, we suppose that Theorem 4.2 holds for n — 1 and we will prove that
it also holds for n. According to the above discussion, we will also consider three
Cases: Gp—1 7 Ap,bp—1 F by OF A1 = Ay, bp—1 # by, O A1 = Ay, bp—1 = by

Case 4.1: ap_1 F# Gn,bp_1 7 by.

Then we obtain va(pk + -+ pk ) > va(uk ), va(pg, + -+ pp ) >
vy (u’gn). From equation (39), we have va(uf ) = vy (,u}b“n). This implies a,, = b,
Therefore, we obtain ufjl 4+ -+ ,u’,jnfl = ,uffl 4+ -+ u’gn_l. By the induction
hypothesis, the nontrivial solutions of equation (39) satisfy k | va(r), where 2 | r
and 2 <r<n-—1.

Case 4.2: ap_1 = Gp,by_1 7 by

Suppose that p’jnis > u’;nﬁﬂ == u’;nfl = u’;n, where s > 2. If s is
odd, then vy(spl ) = va(py ). So we have ay, = by.

If sis even and vo (uf ) # va(spk ), thenvp(uf ) =wa(py )orva(spk ) =
’UQ([LIan). This implies that a,,—s = b, or k | va(s), where 2 < s < n.

If 5 is even and va(pf ) = vo(spk ), then kva(pq,_,) = va(s) + kva(tta, ).
One obtains the same conclusion.
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Case 4.3: p_1 = Qn,by_1 = by.
Assume that pff > o=cco=ph o =pg o up > ==
,u’b“nil = ,u’b“n, where s,t > 2.

If 2t st, then va(uf ) > wa(spl ), vapp ) > va(tpk ). So from (39), we
get va(sph ) = va(tpg ). Thus, ap = by,

1625, 21 ¢, and va(uf ) # va(syik ), then vy (uf ) = va(tul) = va(uf )
or va(spl ) = va(tpuy ) = va(pg ). This yields to an_s = by or k | va(s). If
va(pl ) =wa(spk ), we see that k | va(s).

If 2t s and 2 | ¢, using a similar method we get the same conclusion.

If 2 | s and 2 | ¢, we consider two cases. If va(puf ) # va(spk ) and
va(p, ) # valtyd, ), then from (30) we get va(uk, ) = valtuf ) or va(sph,) =
va(tpg ), or va(py ) = va(spk ). Thus we conclude that k | va(s) or k | va(t),
or k | va(s) —va(t). It clear that |va(s) — va(t)| < max{va(s),va2(t)}. Therefore,
Theorem 4.2 also holds for n and this concludes its proof. O

Using the proof of Theorem 4.2, one can easily deduce the following corollary.

Corollary 4.3. If k # 0,41, then the equation
Py + ey F iy + 1, = 1, 1, 0, s, kEZ (41)

only has the trivial solutions. For k = %1, if equation (41) has nontrivial solutions,
then these solutions satisfy az = a4 and as = a4 F 1 or b3 = by and by = by F 1.

Again, from Theorem 4.2, we get the following corollary.

Corollary 4.4. If k # 0,41,42, then the equation
Py + Moy + by + p, iy = iy, + oy, ol g, g, KEZ o (42)

only has the trivial solutions. Moreover, for k = £2, if equation (42) has nontri-
vial solutions, then these solutions satisfy as = a3 = a4 = a5 and bs = a5 F 1 or
b2:b3:b4:b5 anda5:b5$1.

PrROOF. By Theorem 4.2, the nontrivial solutions of equation (42) satisfy
k = 41,£2. If k = 42, from the proof of Theorem 4.2, we have uZl > ,uZQ =
plho = ph, = pkoand pf > pgoor >y = pg = pg, or by = by = by = by =
bs. We write as = m.

If K = 2, then a3 > as = a3 = ag4 = as. Using equation (42), we get
vo(pf, +4ps,) = valpi,)-
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If va (2, ) = va(4p2,) = v2(p2.) + 2, then we obtain a; = a5 —1 =m—1 and
m is odd. Thus from equation (42) we have

4m? +4(2m —1)% )
(2m _ 1)2 :u“YIL
=2+ v (m® + (2m — 1)%) + va(pp,) = va(pz,) + 3 = va(piis, ).

vapi, +4pd) = Uz(

Since vo(m? + (2m — 1)?) = 1, then 2va(pm) + 3 = 2v2(up, ). This leads to a
contradiction.

If vo(u2 ) # vo(4p2,) = v2(p2.) +2 and as a1 < as, then va(p2 ) > vo(4p2.).
Using equation (42), we get vp(4p2,) = va(pj, ). S0 14 va(fiay) = v2(p,). The-
refore, we have b5 = a5 — 1 =m — 1 and m is odd.

If kK = —2, then a1 < as = a3 = a4 = a5. Using the same method, we obtain
bs = as + 1. This completes the proof of Corollary 4.4. O

5. The equation fiq, ftay * * * Ha,, = Mo, Mby * * * b,

In this section, we will study the equation

MO(N’alv s 7/1’0%) = MO(Mblv cee 7ﬂbn)'

As BANG and FUGLEDE [3] have solved the above equation when n = 2, we will
start with n = 3. We obtain the following result.

Theorem 5.1. Let a; = b; — 1, ap = by — 1, and ag = b3 + 1. Then every
solution (b1, bs, b3) of the equation

Hay Has tas = by by Hbs (43)
can be represented by

by = s(2t 4+ d),

by =t (23+ 4Std_1>, (44)

by = 2st — 1,

where s,t,d € N and d | (4st — 1).
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PROOF. We write by = s1, by = t1, b3 = u; — 1. Then equation (43) becomes

281—1 2t1—1_2u1—1

45
251 2tq 2uq ( )

So we obtain 2s1t1 (2u1 —1) = u1(2s1—1)(2¢; —1). This implies that u; is even and
uq | (281t1). Put uy=2wv;, v1€ N. Thus, one can see that vy | s1t;. Therefore, there
exist s,t € N such that v; = st with s | s1, and ¢ | t;. Set s; = sz, t; = ty, where
z,y € N. Hence, from (45), we get

2xs 4+ 2yt = zy + 1, (46)

from which we conclude that

_2xs—1_2 +4st—1
T e T T

As y is an integer, it is clear that (z —2t) | (4st —1). So we put d = x — 2t and we
see that x =2t +d, y = 2s + %. Therefore, one obtains (44). This completes
the proof of Theorem 5.1 (]

Ezamples 5.2. (1) Let s =k, t=1, and d = 1. From (44), we get
by = 3k, by = 6k — 1,bg = 2k — 1.

This is another example of Remarks (1) in [1].

(2) Let s =3k + 1, d =3, then t = 1. From (44), we get
by = 15k + 5,ba = 10k + 3,b3 = 6k + 1.
Therefore, equation (43) has the solution given by

M15k+4 H10k+2 H6k+2 = H15k+5 H10k+3 H6k+1-

For n >4 and k =1 = 0, we will prove the following result.

Theorem 5.3. Let n >4,0<a; <as < - <ap,and 0 <b; <by <--- <
bn. Then the equation

Hay Hay *** Ha, = Hby By *** Hb, (47)

has infinitely many solutions satisfying a; # b;, for any 1 <4,j <n.
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PROOF. We use the solutions of equation (43) to construct an infinite number
of solutions of equation (47).
Take t =1 in (44), the equation

Bplghr = Pulbofbw, P<g<T, u<v<W

has the solution

(P, q, 750, v, w)

45 —1 45— 1
:<25,23+8d—1,5(2+d)—1;23—1,2s+ Sd ,s(2+d)>. (48)

As the order of the indexes is not important, we slightly change the order the
indexes. This doesn’t affect the result. First, we set d = d3 = 1 in (48). Taking
s = k1, we see that

0,1:2]{31, a2:3k171, CL3:6]€172, b1:2k'171, b2:3k1, b3:6k171

is a solution of equation (47) when n = 3. Second, we put d = dy =5 in (48). In
order to have 5 | 4s — 1, we take s = 5k} + 4. Therefore,

as1 = 10k} + 8, age = 14k} + 10, as3 = 35k} + 27,

by = 10k}/1 + 7, by = 14]6/1 + 11, by = 35]€1 + 28
is a solution of the equation fia,, flassllass = Moy MbasMbes- Put as = ags. Since

ged(6,35) = 1, then the solutions of the equation 6k; — 2 = 35k] + 27 are k1 =
35ky — 1, k] = 6kg — 1, where ky € N. As

Has  Hag _ Moy Hayy  Hayz _ Mgy (49)
Moy Hby  Hay  Mbas  Hbys  Hag
a3z = ay3, and by = bys, then ’;‘;3 = Z:“. Hence we get
3 43
Hbyq . Hbys . Hay — Hoy (50)

Hayy  Hasz  Hby Hay

Therefore, when n = 4, equation (47) has the solution

(ala az,as, a4, bla b2a b37 b4) == (ala az, b417b427 b17 b27a417 a42)~
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Now let us give two particular solutions of equation (47), for n = 4. The first
example consists in taking k1 = 35ky—1, k] = 6ka—1. Thus one gets the following
solution of equation (47)

a; = T0ksy — 2, ag = 105ks — 4, a3 = 60ky — 3, ay = S4ks — 3,
by = 70ks — 3, by = 105ky — 3, by = 60ks — 2, by = 8dko — 4.
For the second example, we take d = ds = 11 in (48). To satisfy the condition
11 | 4s — 1, we consider s = 11k3 + 3. Therefore,
as1 = 22ks + 6, asy = 26ks +6, as3 = 143k3 + 38,
bs1 = 22ks + 5, bsy = 26ks + 7, bsz = 143ks + 39
is a solution of equation (43). Again here, we slightly change the order of the
indexes. In the equation
Hay Hag Has fas = Hby Hbg Hbs b, (51)

we take a4 = as3, where ay = by — 1, i.e. aqy = 84ky — 4 and by = 84ks — 3. Since
gcd(84,143) = 1, then the equation 84ks — 4 = 143k3 + 38 has a solution of the
form ko = 143u+ 72, ks = 84u+42. Therefore, from £ee = Eosa  Hosa . [bg Hhgy

Moy Hbgz * Hbsg Hagq Hagg
and (51), one can see that equation (47) has the solution

(a1, a2, a3, a4, a5,b1,b2,b3,b4,b5) = (a1, a2, as, bs1, bs2, b1, b2, b3, as1, as2),
for n = 5.

In general, we use a similar method. Put d = d,, in (48). Then there exist
kn, mn such that d,, | 4s — 1, where s = d,ky, + 7. S0 (Gn1, ana, an3, bni, buo,
bp3) is a solution of equation (48). Now, we suppose that equation (47) has a

solution (ay,as,...,an,b1,be, ..., by), with a,, = b, — 1. The goal is to show that
equation (47) has a solution for n+ 1. Set d = d,,41 in (48), where d,, 11 satisfies
ged(dny1, 2] dj(d; +2)) = 1. (52)

j=3

In order to have d, 1 | 4s — 1, we can determine ky, 11, 71 With s = dpy1knt1 +
Tn+1 SO that (an+171, an+1,2, AGn+1,3, bn+171, bn+172, bn+1,3) is a solution of equation
(48). Taking a, = an41,3, from (52), we see that the equation a, = ap41,3 has a
solution. Hence, equation (47) has the solution

(a17a27 e 7an7an+17b17b2; oo 7bnabn+1)
= (017 A2, ...,0pn—-1, bn+1,1, bn+1,27 bl; b2, cey bn—l; An+1,1, 0:n+1,2),

for n+1. Therefore, equation (47) has infinitely many solutions satisfying a; # b;,
for any 1 < ¢,57 < n. So the proof of Theorem 5.3 is complete. (|
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6. Conjectures

Using Corollary 2.3 and Theorem 2.5, we believe that the product of n nor-
malized binomial mid-coefficients ftq, fta, - - - [ta,, cannot be an n-power of rational
number, expect when a; = ag = -+ = a,,. So we make the following conjecture.

Conjecture 6.1. The equation

,ualﬂag"'uan:qna nZ3a TLEN, qe@ (53)

only has the trivial solution a; = ag = -+ = ay,.
For n = 4, we have the following conjecture.

Conjecture 6.2. Equation (39) only has the trivial solution, except for
k =1, in which case ({a;,a;,an,ar}, {bi,b;,bn,b1}) € ({1,3,3,m},{2,2,2,m})),
where m > 0.

In [1], ALZER and FUGLEDE proved the following result.

Proposition 6.3. Let k # 0, p,q,r > 0 be integers, then the equation
,u’; + ,u’; = ¥ has only solutions (k,p,q,v) = (1,1,1,0), (=1,0,0,1).

Let ay,as,...a,,k be integers. We consider the general equation
pE 4k =k, k#0, n >3, (54)

and we set the following conjecture.

Conjecture 6.4. Equation (54) has only the solutions given by
® 2 + pi3 + pi3 = po, when n = 3,

o 2kpk =yl ok ok = ik wheren = 28, k > 2, k € N.
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