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Abstract. In this article, we investigate the regular Smarandache curves
constructed from the Frenet vectors of spacelike Salkowski curve with a
timelike principal normal. In the first part of the study, literature research
was conducted. In the second part, general information about the curve
and spacelike Salkowski curve in Minkowski space are given. In the last
part, the Frenet apparatus of the Smarandache curves are calculated. We
draw a graphic of the obtained Smarandache curves and some related re-
sults about Smarandache curves are given.
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1. INTRODUCTION

Curves are one of the most important research topics in differential geometry. Research
in recent years has shown that the issue of curves has an important place in other disciplines.
Curves have become indispensable for research topics, especially in areas such as engineer-
ing and science. For example, as in studies [6, 8], curve theory was used in subjects such
as waves in physics and cell modeling in biology. In this study, the Smarandache curve,
which is a special curve in curve theory, has been studied. In 1909, the Salkowski curve is
defined by E. Salkowski as a family of curves whose curvature is constant but the torsion is
not constant [11]. In literature, these curves are known as Salkowski curves. The equation
of the Salkowski curve was given by J. Monterde [9]. In Minkowski space, M. Turgut and
S. Ylmaz described the Smarandache curves [14]. Later, according to the Darboux frame,
Bishop frame and Sabban frame, some features of the Smarandache curves were investi-
gated by [3, 4, 15, 5]. The definition of timelike and spacelike Salkowski curve is given by
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A.T. Ali[l,2]. S. enyurt and K. Eren also studied the Smarandache curves obtained from
the Frenet vectors of the spacelike Salkowski and anti-Salkowski curve [12, 13].

In this study, Smarandache curves are defined by a unit vector that is obtained from the
linear combination of Frenet vectors of spacelike Salkowski curve. The Frenet apparatus
of each curve are calculated and the graph of Smarandache curves is given.

2. PRELIMINARIES

Lorentzian inner product in the Minkowski space R? is defined by
(), = dui + du3 — duj

where u = (u1,uz,u3) € R3. The vector product of u = (uy,ug,u3) and v = (vy, v, v3)
in R} is given by
i —k
UNV=—| Uy Uy U3
U1 V2 U3

For u € R}, if (u,u); > 0 oru = 0, then u is spacelike vector, if (u,u); < 0, then u
is timelike vector, if (u, u) . =0,u 2 0, then u is lightlike (or null) vector. The norm of
u € R} is ||ul| = v/]{u, u),|. In[10], the Frenet vectors and the curvatures of the non-unit
speed spacelike curve with a timelike principal normal y are

T(y) = 2%, B(t) = Am 2%, N(y) = Bly) AT(y),

YW’ T WA ()
I I ( ) e
A (w) YO A" ()
) = rer o TW = A e
T' = kN,
N' = kT + 7B, (2.2)
B’ = 1B.

Definition 2.1. Let -y and 7 be any two curves with Frenet frame {7, N, B} and {T, N.B },

respectively. If <T7 T> = 0, the curve 7 is called involute of the curve + and the curve -y is
called evolute of the curve 7 [7].

Definition 2.2. For m > 1 orm < —1 and an arbitrary m € R, let’s define the space curve

as follows
" 2sin(y) — sin (1 — 2n)y) £95% — sin ((1 + 2n)y) 11J;27:l,
'Ym(y) = @ 2cos(y) — COS ((1 - 2”)3/) 11_+27; — COs ((1 + Qn)y) 1_;27;’ ) (2 3)
cos (2ny) =

m

where n = T T This curve is called the spacelike Salkowski curve. (Figure 1). The first

curvature and the second curvature of Salkowski curve are x(y) = 1 and 7(y) = cot(ny),
respectively.
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In the work [2], the Frenet frame of spacelike Salkowski curve is given as following:

_{ sin(ny) cos(y) — nsin(y) cos(ny),
(y) = < —sin(y) sin(ny) — n cos(y) cos(ny), — cos (ny) =~ > ’
N(y) = (in(y), cos(w), m) 2%, e.4)
Bly) = ( — cos(y) cos(ny) — nsin(y) sin(ny), ) .

N

n

sin(y) cos(ny) — ncos(y) sin(ny), —sin (ny) =
After this definition, the equation (2.2) is
T'=N,N' =T +7B,B =B. @2.5)

3. SMARANDACHE CURVES CONSTRUCTED FROM A SPACELIKE SALKOWSKI CURVE

In this chapter, we describe the Smarandache curves constructed from a spacelike Salkowski

curve and we calculate Frenet apparatus of the Smarandache curves.

Definition 3.1. Let ~,,, be a non planar spacelike Salkowski curve. The Smarandache curve
constructed from a spacelike Salkowski curve 7, is defined by frame vectors as follows
(Figure 2):

Bily) =T(y) + N(y). 3.6

Substituting 7" and N vectors into the equation ( 2. 4 ), we get the curve 31 (y) as follow:

n

sin(ny) cos(y) — sin(y) cos(ny)n + sin(y) 2,
Bi(y) = | —sin(y)sin(ny) — cos(y) cos(ny)n + cos(y) =, | - (3.7
—cos(ny) = +n

Theorem 3.2. Let y,, be a non planar spacelike Salkowski curve with Frenet appara-
tus {T, N, B, k, 7} and 31 be a Smarandache curve constructed from the curve ~,,, then
Frenet aparatus of the curve 31 is given by the followings:

_ T+N+7B
Trn = 7] )

(TlfT)TjL(T'fT:}fT)NfTZB
T\/|T(T372T’+T)\ ’

o (TS—T/)T—T/N—TZB

By = e

where 7 # 0,75 — 27 + 7 # 0and k = 1.

Nry =

Proof. Considering ( 2. 5), the derivate of the equation ( 3. 6 ) is
Bi'(y) =T+ N +71B. (3.8)

The norm of this equation is
18 W) = I7]- (3.9)
From the equations ( 3. 8 ) and ( 3. 9), the tangent vector 777 of the Smarandache curve

(1 is obtained by
_T+N+71B

Trn = 7 #0. (3. 10)

7|
If we take derivate the equation ( 3. 8 ), we get

Bi"(y) =T+ (> + )N + (r + 1) B. - 11)
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From the equations ( 3. 8 ) and ( 3. 11 ), we find

By NB (y) = (= 7')T —7'N - 7*B. 3. 12)
The norm of the equation ( 3. 12 ) is

18 @) A By W) = I7l /17 (73 =277+ 7)]. (3. 13)

From the equations ( 3. 12 ) and ( 3. 13 ), the binormal vector By of the Smarandache
curve 3 is given

(T3—T')T—T’N—T2B 3 ,
Bry = ,T# 0,77 =27+ 7 #0. (3. 14)
7|17 (73 = 277 + 7]
From the equations ( 3. 10 ) and ( 3. 14 ), the principal normal vector N of the Smaran-
dache curve 3 is found

(r"—7)T+ (Tlf’l'S*T)NszB
T\/|T (3 =27+ 7)|
Theorem 3.3. Let vy, be a non planar spacelike Salkowski curve with Frenet appara-

tus {T, N, B, k, T}, then the first curvature and the second curvature of the Smarandache
curve [y constructed from a spacelike Salkowski curve ~y,, are

Npy = TA0 =27 740, (3.15)

\/\T (3 =27+ 7)| d 372 ot — 7'
— anda T == )
2 ™ TIr (3 =27 + 7)]

RTN (3 16)

i
where T # 0,73 — 27" + 7 # 0and k = 1.

Proof. Considering the equations (2. 1), (3. 9) and ( 3. 13 ), the curvature k7 of the
Smarandache curve /3, is found

3 _9pt
I G Y

If we take derivate the equation ( 3. 11 ), we get

KRTN
-
B ()= (1+7)T+ (PP 437 +1) N+ (* + 7+ 7' +7") B. (3.17)

Considering the equations ( 3. 8 ), (3. 11), (3. 13 ) and ( 3. 17 ), the torsion 7y of the
Smarandache curve f3; is obtained by

B 372 —rr— 71
CoT|T (3 =21+ 1)

TN L T#0, 70 =27 + 7 #0.

Definition 3.4. Let ,, be a non planar spacelike Salkowski curve with Frenet apparatus
{T, N, B, k, 7}, then the Smarandache curve constructed from a spacelike Salkowski curve
Ym 1s defined by frame vectors as follows (Figure 3):

T(y) + B(y)

7 (3. 18)

Ba(y) =
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Substituting 7" and B vectors into the equation ( 2. 4 ), we get the curve 32 as following:

cos(y) (sin(ny) — cos(ny))
) = | i) (st - o) 319
b(y) = —= | —sin(y) (sin(ny) — cos(ny . .
V2 —n cos(y) (cos(ny) + sin(ny)),
— (cos (ny) +sin (ny)) =~

Theorem 3.5. Let vy, be a non planar spacelike Salkowski curve with Frenet apparatus
{T, N, B, k, 7} and (B3 be a the Smarandache curve constructed from the curve 7,,, then
Frenet aparatus of the curve B is given by the followings:

T+ 1B —1T+ B

, Brp = ———,

Tro =£N, Nrp ==+ 2 +1 2 +1

where k = 1.

Proof. Considering ( 2. 5) in derivate of the equation ( 3. 18 ), we get

/ 1 N
B2 (y) = H\/%) (3. 20)
The norm of this equation is
/ 1+
182" ()] = | \/;l. 3. 21)

From the equations ( 3. 20 ) and ( 3. 21 ), the tangent vector Trp of the Smarandache
curve s is found as

Trg = £N. (3.22)
If we take derivate the equation ( 3. 20 ), we find
1+7)T+7N+7(1+7)B

8" (y) = 7 (3. 23)
From the equations ( 3. 20 ) and ( 3. 23 ), we get
1+7)°(—1T+B
B (y) A B2" (y) = (1+7) (2 ), (3. 24)
The norm of the equation ( 3. 24 ) is obtained by
T+1)°Vr2+1
182" () A B2" ()| = THh)vrtl (3. 25)

2

From the equations ( 3. 24 ) and ( 3. 25 ), the binormal vector Brp of the Smarandache

curve (35 is found as
—7T+ B
Brp— =12 3. 26)
T2 4+1
and from the equations ( 3. 22 ) and ( 3. 26 ), the principal normal vector Ny g of the curve
(2 is obtained by

T+7B

Nrp = £—F——.
VR

(3.27)
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Theorem 3.6. Let v, be a non planar spacelike Salkowski curve with Frenet apparatus
{T,N, B,k, T}, then the curvature and the torsion of the Smarandache curve 35 con-
structed from a spacelike Salkowski curve v, are

_ V2Vl V2r!

andrrg = —— ' 3.28
EE 5= ) (P2 4 D) (3. 28)

RTB

where T # —1 and k = 1.

Proof. Considering the equations ( 3. 21 ), (3. 25) and ( 2. 1), the curvature k7 of the
Smarandache curve S is

V2V 41
|7+ 1|

If we take derivate the equation ( 3. 23 ), we found

B, (y) = 27T + (T3+72+T—|—1+T")N+T’(1+3T)B

2 — .

V2
From the equations ( 3. 20 ), (3. 23), (3. 25 ) and ( 3. 29 ), the torsion of the Smarandache
curve (3, is obtained by

, T # —1.

RTB =

(3. 29)

2/
7-TB:( fT aT#_l'

T+1)(r2+1)
Definition 3.7. Let ~,, be a non planar spacelike Salkowski curve with Frenet apparatus

{T, N, B, k, 7}, then the Smarandache curve constructed from a spacelike Salkowski curve
~Ym 1s defined by frame vectors as follows (Figure 4):

Ba(y) = N(y) + B(y). (3. 30)

Substituting N and B vectors into the equation ( 2. 4 ), we get the curve 3 as following:

n

— cos(y) cos(ny) — sin(y) sin(ny)n + sin(y) 2=,
Bs(y) = sin(y) cos(ny) — sin(ny) cos(y)n + cos(y) =, . (3. 31)
n —sin (ny) =~
Theorem 3.8. Let vy, be a non planar spacelike Salkowski curve with Frenet appara-
tus {T, N, B, k, T} and B3 be a Smarandache curve constructed from the curve vy, then
Frenet aparatus of the curve 3 is given by the followings:
Tvg=T+7N + 7B,
TT+(r24+7"+1)N+(2+7")B
Ny = T )N ()

E/‘TQ+27/+1|
T—7"N—(1 T/)B
B = — 7
NB VI T2+2T 41 ’

where 72 + 27" +1# 0and k = 1.

)

Proof. If we take derivate the equation ( 3. 30 ), we obtain
Bs'(y) =T +7N +7B. (3. 32)

The norm of this equation is found as
185" W) = 1. (3.33)
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From the equations ( 3. 32 ) and ( 3. 33 ), the tangent vector 7y of the Smarandache
curve 3 is

Ing=T+ TN+ 7B. (3. 34)
If we take derivate the equation ( 3. 32 ), we have
Bs"(y) =T + (T*+7 + 1) N+ (7' +7%) B. (3. 35)
From the equations ( 3. 32 ) and ( 3. 35 ), we found
Bs'(y) ABs"(y)=7T —7'N — (1 +7') B. (3. 36)

The norm of the equation ( 3. 36) is

185" (y) A Bs" (v)|| = V/Ir? + 27" + 1]. 3.37)

From the equations ( 3. 36 ) and ( 3. 37 ), the binormal vector By p of the Smarandache
curve (35 is found by

TT—7N-(r"+1)B

[72 4+ 27/ + 1]
From the equations ( 3. 34 ) and ( 3. 38 ), the principal normal vector Ny g of the curve (3
is obtained

Bnp = T2 427 +14£0. (3. 38)

T+ (r?+7 +1)N+ (2 +7') B

VT2 + 1
Theorem 3.9. Let ~,,, be a non planar spacelike Salkowski curve with Frenet apparatus
{T, N, B,k, 7}, then the curvature and the torsion of the Smarandache curve 3 con-
structed from a spacelike Salkowski curve ~,, are
KENB = \/|T2+ 27" + 1],
o T(T2+1+2T/)—T/(T3+2+3TT/+T”)—(1+T/)(72+1+2TT/+T”+T/) (3 40)
TNB = [F2+27/+1] )

where 72 +27' +1# 0and k = 1.

T2 427 +14£0. (3. 39)

Nnp = —

Proof. Considering the equations (2. 1), (3. 33 ) and ( 3. 37 ), the curvature of the curve

B3 is found by
KNB = \/|T2+27’/—|—1|.
If we take derivate the equation ( 3. 35 ), we get
V'Npy) = (T2 +1+420) T+ (3 +7+3r7 +7") N
+ (73 + 14277 + 7" +T') B.
From the equations ( 3. 32 ), (3. 35), (3. 37 ) and ( 3. 42 ), the torsion of the curve (3 is
obtained by

(3.41)

o T(T2+1+2T/)7T/(T3+2+3TT/+T”)7(1+T/)(T2+1+2TT/+T”+T/)
TNB = [722r 1] ’ (3. 42)
2427 +1#0.
Definition 3.10. Let ,,, be a non planar spacelike Salkowski curve with Frenet apparatus
{T, N, B, k, 7}, then the Smarandache curve constructed from a spacelike Salkowski curve
Ym 1s defined by frame vectors as follows (Figure 5):

Ba(y) = T(y) + N(y) + B(y). (3. 43)
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Substituting 7', N and B vectors into the equation ( 2. 4 ), we get the curve 3, as following:

cos(y() ()sin(ny) — cos(ny)) — nsin(y) (cos(ny) + sin(ny))

+sin(y) -,

Ba(y) = | sin(y) (cos(ny) — sin(ny)) — ncos(y) (cos(ny) +sin(ny)) |. (3. 44)
+cos(y)

n — 2 (cos (ny) + sin (ny))

Theorem 3.11. Let ,, be a non planar spacelike Salkowski curve with Frenet apparatus
{T, N, B, k,7} and 34 be a the Smarandache curve constructed from the curve ~y,, then
Frenet aparatus of the curve By is given by the followings:

Trnp = T+(147)N+7B
2 )
V2I7| )
N _ (r+D)T+(r*+1)N+7(r+1)B
TNB — \/2‘T|(7_2+1) )
B _ —1T+B
TNB = /oy

where T # 0 and k = 1.
Proof. If we take derivate the equation ( 3. 43 ), we get
B (y) =T+ (r+1)N +7B. (3. 45)

The norm of this equation is

184 ()| = V217]. (3. 46)

From the equations ( 3. 45 ) and ( 3. 46 ), the tangent vector 17 p of the Smarandache
curve 34 is found
T+(1+7)N+7B

-

Trng = , T #0. (3.47)
2|7|
The derivate of the equation ( 3. 45 ) is
B () =T+1)T+ (FPP+7+1)N+7(r+1)B. (3. 48)
From the equations ( 3. 45 ) and ( 3. 48 ), it is found
Bi' (y) A By (y) = (21 — ') (—7T + B). (3. 49)
The norm of this equation ( 3. 49 ) is
Hﬂ4/(y) A ﬂ4”(y)H =Q2r—-7)Vr2+1 (3. 50)

From the equations ( 3. 49 ) and ( 3. 50 ), the binormal vector By p of the curve (34 is
found by

—71T+ B
BTNB:27' (3.51)
T4+ 1
From the equations ( 3. 47 ) and ( 3. 51 ), the principal normal vector Ny p of the curve
(4 is obtained by

T+ )T+ (T +1)N+7(r+1)B

, 0. 3.52
AGIEES 7 G52

Nrnp =
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Theorem 3.12. Let ~y,,, be a non planar spacelike Salkowski curve with Frenet apparatus
{T,N, B,k, T}, then the curvature and the torsion of the Smarandache curve 34 con-
structed from a spacelike Salkowski curve v, are
2r—7mH)Vr2+1 T (r+1)
. and T = )
27| TNE = (or —71) (2 + 1)

where T # 0,21 — 7' £ 0and k = 1.

KTNB = (3.53)

Proof. Considering the equations ( 2. 1), (3. 46 ) and ( 3. 50 ) the curvature of the
Smarandache curve 3, is found

2r—1)Vv72+1

|27

,T#0.

KRTNB =

The derivate of the equation ( 3. 48 ) is
B (y) = (P27 + )T+ (PP + 7 + 7+ 377 + 7" +1) N
+ (T3 + 7+ 377’ +T’) B.
From the equations ( 3. 45), (3. 48), (3. 50 ) and ( 3. 54 ), the torsion of the curve (4 is
obtained

(3. 54)

7 (r+1)
2r —7) (12 4+ 1)
Corollary 3.13. The Smarandache curves 31 and (3 constructed from a spacelike Salkowski
curve v, are spacelike curves with a timelike principal normal.

TITNB = (

Proof. Considering Theorems 3.2 and Theorem 3.8, proof is easily seen.

Corollary 3.14. The Smarandache curves Bo and (4 constructed from a spacelike Salkowski
curve v, are timelike curves.

Proof. Considering Theorem 3.5 and Theorem 3.11, proof is easily seen.

Corollary 3.15. The Smarandache curve 35 is evolute of spacelike Salkowski curve with a
timelike principal normal .

Proof. Considering the equations ( 2. 4 ) and ( 3. 22), we get (T, Trp) = (T, N) = 0. In
that case, we call that the Smarandache curve (35 is evolute of spacelike Salkowski curve
Ym-
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FIGURE 1. m = {3,5,8,16} and y € [-5,5] for the spacelike
Salkowski curve ,,



690

Sleyman enyurt and Kemal Eren

o
[XTy
EXmrv e

FIGURE 2. m
curve (31

987gg 08 07 06 05

s 076
075 0
07
0.68
0% 0.64
8 01 08
o 0 LT

01 i
o o
1 005
01
02
Rl ey

AT Gre 072 066064

e .= =
2 S 3%
@

3

0M 57y D7

10

ddd seoo
FES-8ES%

04

= {3,5,8,16} and y € [-5,5] for the Smarandache

iRz VM

FIGURE 3. m = {3,5,8,16} and y € [—5,5] for the Smarandache

curve By
YD

1

[

s

07

[ 1
[ llgﬂ

44 02750103

LT

085
08 076
075 072
or
068
18 08 575
[ 07 L. ‘01
3

R TR Ty DB

07e
072

07
068

@n
et ‘068

0402904

FIGURE 4. m = {3,5,8,16} and y € [—5,5] for the Smarandache

curve f3

09
[1]
07
06
05

o8
e T s as0r 08

or 065
065
iE 05
055
055
05
0.45 05
o7
06
A5 e o7 055 058 062 066

FIGURE 5. m = {3,5,8,16} and y € [—5,5] for the Smarandache

curve [34



