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ABSTRACT
A primitive hole of a graph G is a cycle of length 3 in G. The
number of primitive holes in a given graph G is called the primi-
tive hole number of that graph G. The primitive degree of a vertex
v of a given graph G is the number of primitive holes incident on
the vertex v. In this paper, we introduce the notion of set-graphs
and study the properties and characteristics of set-graphs. We also
check the primitive hole number of a set-graph and the primitive
degree of its vertices. Interesting introductory results on the nature
of order of set-graphs, degree of the vertices corresponding to sub-
sets of equal cardinality, the number of largest complete subgraphs
in a set-graph etc. are discussed in this study. A recursive formula to
determine the primitive hole number of a set-graph is also derived
in this paper.
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1. INTRODUCTION
For general notations and concepts in graph theory, we refer to [1],
[5] and [10]. All graphs mentioned in this paper are simple, con-
nected undirected and finite, unless mentioned otherwise.

A hole of a simple connected graph G is a chordless cycle Cn ,
where n ∈ N , in G. The girth of a simple connected graph G,
denoted by g(G), is the order of the smallest cycle in G. The fol-
lowing notions are introduced in [6].

DEFINITION 1.1. [6] A primitive hole of a graph G is a cycle
of length 3 in G. The number of primitive holes in a given graph G
is called the primitive hole number of that graph G. The primitive
hole number of a graph G is denoted by h(G).

DEFINITION 1.2. [6] The primitive degree of a vertex v of a
given graph G is the number of primitive holes incident on the ver-
tex v and the primitive degree of the vertex v in the graph G is
denoted by dpG(v).

Some studies on primitive holes of certain graphs have been made
in [6]. The number of primitive holes in certain standard graph
classes, their line graphs and total graphs were determined in this
study. Some of the major results proved in [6] are the following.

THEOREM 1.3. [6] The number of primitive holes in a com-
plete graph Kn is h(Kn) =

(
n
3

)
.

THEOREM 1.4. [6] For any subgraphH of a graphG, we have
h(H) ≤ h(G). Moreover, if G is a graph on n vertices, then 0 ≤
h(G) ≤

(
n
3

)
.

2. SET-GRAPHS
In this paper, we introduce the notion of set-graphs and study cer-
tain characteristics of set-graphs and also present a number of inter-
esting results related to graph properties and invariants. A set-graph
is defined as follows.

DEFINITION 2.1. Let A(n) = {a1, a2, a3, . . . , an}, n ∈ N be
a non-empty set and the i-th s-element subset of A(n) be denoted
by A(n)

s,i . Now consider S = {A(n)
s,i : A

(n)
s,i ⊆ A(n), A

(n)
s,i 6= ∅}.

The set-graph corresponding to set A(n), denoted GA(n) , is de-
fined to be the graph with V (GA(n)) = {vs,i : A

(n)
s,i ∈ S} and

E(GA(n)) = {vs,ivt,j : A
(n)
s,i ∩A

(n)
t,j 6= ∅}, where s 6= t or i 6= j.

It can be noted from the definition of set-graphs that A(n) 6= ∅ and
if |A(n)| is a singleton, then GA(n) to be the trivial graph. Hence,
all sets we consider here are non-empty, non-singleton sets.

Let us now write the vertex set of a set-graph GA(n) as
V (GA(n)) = {vs,r : 1 ≤ r ≤

(
n
s

)
}, where s is the cardinality

of the subset A(n)
s,r of A(n) corresponding to the vertex vs,r .

The following result is perhaps obvious, but an important property
of set-graphs.

PROPOSITION 2.2. IfG is a set-graph, thenG has odd number
of vertices.

PROOF. LetG be a set-graph with respect to the setA(n). It is to
be noted the number of non-empty subsets of A(n) is 2n−1. Since
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every vertex of G corresponds to a non-empty subset of A(n), the
number of vertices in G must be 2n − 1, an odd integer.

ILLUSTRATION 1. Consider the set-graph with respect to the
set A(3) = {a1, a2, a3}. Here we have the subsets of A(3)

which are A(3)
1,1 = {a1}, A(3)

1,2 = {a2}, A(3)
1,3 = {a3}, A(3)

2,1 =

{a1, a2}, A(3)
2,2 = {a1, a3}, A(3)

2,3 = {a2, a3}, A(3)
3,1 =

{a1, a2, a3}. Then, the vertices of GA(3) have the labeling as
follows. v1,1 = {a1}, v1,2 = {a2}, v1,3 = {a3}, v2,1 =
{a1, a2}, v2,2 = {a1, a3}, v2,3 = {a2, a3}, v3,1 = {a1, a2, a3}.

Figure 1 depicts the above mentioned labeling procedure of the set-
graph GA(3) .

Fig. 1.

THEOREM 2.3. Let GA(n) be a set-graph. Then, the vertices
vs,i, vs,j of GA(n) , corresponding to subsets A(n)

s,i and A
(n)
s,j in

S of equal cardinality, have the same degree in GA(n) . That is,
dG

A(n)
(vs,i) = dG

A(n)
(vs,j).

PROOF. Consider the set-graph G = GA(n) , n ∈ N. We begin
by considering the vertices of G corresponding to the n singleton
subsets of A(n). Let these vertices be denoted by v1,i, where 1 ≤
i ≤ n. Clearly, for all j 6= i, we have {ai} ∩ {ak} = ∅. Hence,
by the definition of set-graphs, it follows that no edges are induced
amongst the vertices v1,1, v1,2, v1,3, . . . , v1,n.

Now, construct all the two element subsets of A(n). Now choose
two arbitrary vertices v2,i and v2,j , where i 6= j. Then, here we
have the subsets ofA(n) of the form {ai, aj}, for 1 ≤ i 6= j ≤ n. It
can be observed that the subsets of the form {ai, aj} and {aj , ak}
are the elements of S, where 1 ≤ i 6= j 6= k ≤ n. Moreover,
{ai} ∩ {ai, aj} 6= ∅ for all 1 ≤ i 6= j ≤ n. In a similar way, we
can extend this argument for the sets {ai} and an arbitrary subset
of A(n) containing the element ai. That is, the vertex v1,i is adja-
cent to those vertices of G whose corresponding sets have m ele-
ments including the common elements ai, for m ≥ 2. Therefore,
dG(v1,i) = 2n−1 − 1. Since the choice of i is arbitrary, we have
dG(v1,i) = dG(v1,j) = 2n−1 − 1 for all 1 ≤ i, j ≤ n. Therefore,
the result holds for s = 1.

Now, assume that the result holds for s = k, where k is a positive
integer. That is, we have dG(vk,i) = dG(vk,j) for all 1 ≤ i, j ≤(
n
k

)
.

Next, consider the vertices of G corresponding to the (k + 1)-
element subsets of A(n). Let A(n)

(k+1),i be a (k + 1)-element subset
of A(n) and let v(k+1),i be the vertex of G corresponding to the set

A
(n)

(k+1),i. Let al be an arbitrary element of the set A(n)

(k+1),i and let

A
(n)′

(k+1),i = A
(n)

(k+1),i − {al}. Then, the vertex v(k+1),i is adjacent
to the vertices of G corresponding to the sets containing the ele-
ment al in addition to the vertices ofG corresponding to the proper
subsets of A(n)

(k+1),i and A(n)′

(k+1),i. Hence, the difference between
the number of edges incident on v(k+1),i and the number of edges
incident on the vertex v′(k+1),i corresponding to the set A(n)′

(k+1),i

is equal to the number of subsets of A(n) containing the element
al, other than A(n)

(k+1),i. This number is a constant for any set of
(k + 1)-element sets. Therefore, dG(v(k+1),i) = dG(v(k+1),j) for
all 1 ≤ i, j ≤

(
n

k+1

)
. That is, the result is true for s = k + 1 if it is

true for s = k. Therefore, the theorem follows by induction.

A question that arouses much interest in this context is what the
degree of an arbitrary vertex of a set-graph GA(n) . The following
result provides a solution to this problem.

THEOREM 2.4. Let G be a set-graph with respect to a non-
empty set A(n) = {a1, a2, a3, . . . , an} and let vk,i be an arbitrary
vertex of G corresponding to an k-element subset of A(n). Then,
dG(vk,i) = (

∑
J

(−1)|J |−1|
⋂
j∈J
Sj |) − 1, where J is an indexing

set such that ∅ 6= J ⊆ {0, 1, 2, . . . , k} and Sj is the collection of
subsets of A(n) containing the element aj .

PROOF. Let G be a set-graph with respect to a non-empty set
A(n). Without loss of generality, let A(n)

k,i be a k-element subset of
A(n), say {a1, a2, a3, . . . , ak} and let vk,i be the vertex of G cor-
responding to the set A(n)

k,i . Therefore, the vertex vk,i is adjacent to
the vertices of G which correspond to the subsets of A(n), contain-
ing the at least one element of A(n)

k,i . That is dG(vk,i) = |
⋃
j∈J
Sj |−

1. But, by principle of inclusion and exclusion of sets, we have
|
⋃
j∈J
Sj | =

∑
J

(−1)|J |−1|
⋂
j∈J
Sj |, where ∅ 6= J ⊆ {0, 1, 2, . . . , k}.

Therefore, dG(vk,i) = (
∑
J

(−1)|J |−1|
⋂
j∈J
Sj |)−1, where ∅ 6= J ⊆

{0, 1, 2, . . . , k}.

Determining the degree of vertices of a set-graph is an important
and interesting problem at this time. The following result deter-
mines a lower and upper limits for the degree of vertices of a given
set-graph.

THEOREM 2.5. For any vertex vs,i of a set-graphG = GA(n) ,
we have 2n−1 − 1 ≤ dG(vs,i) ≤ 2(2n−1 − 1).

PROOF. Let G = GA(n) be a set-graph with respect to a non-
empty setA(n). Here, we need to consider the following two cases.

Case-1: It is to be noted that the vertices of G corresponding to
singleton subsets ofG have the minimum degree inG. Without loss
of generality, let the vertex vs,i of G corresponds to the set {ai}.
Then, vs,i should be adjacent to the vertices of G corresponding
to the subsets of A(n), other than itself, containing the element ai.
Therefore, degree of the vertex vs,i is equal to the the number ofm-
element subsets of A(n) containing the element ai for m ≥ 2. By
binomial theorem, the total number of subsets of an n-element set,
containing a particular element is 2n−1. Therefore, the minimum
degree of a vertex in G is 2n−1 − 1.

Case-2: Note that we need to consider 2n − 1 of the subsets of
A(n) only excluding ∅. Hence, the final vertex vn,1 of the graph
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G = GA(n) corresponding to the set A(n) in S will be adjacent to
all its preceding vertices. Since G has 2n − 1 vertices, dG(vn,1) =
2n−2. No other vertices inG can be adjacent to all other vertices of
G, the vertex vn,1 has the maximum possible degree in G. That is,
the maximum degree of a vertex inG is 2n−2 = 2(2n−1−1).

The following results are immediate consequences of the above the-
orem.

COROLLARY 2.6. For any set-graph G = GA(n) , ∆(G) =
2 δ(G).

PROOF. From the proof the above theorem, we have δ(G) =
2n−1 − 1 and ∆(G) = 2n − 2 = 2(2n−1 − 1). This completes the
proof.

COROLLARY 2.7. There exists a unique vertex vn,1 in a set-
graph GA(n) having degree ∆(GA(n)).

PROOF. The proof follows from Case-2 of Theorem 2.5.

The following result indicates the nature of the minimal and maxi-
mal degrees of the vertices of a set-graph.

COROLLARY 2.8. The maximal degree of vertex in a set-graph
G is always an even number and the minimal degree of a vertex in
G is always an odd number.

PROOF. Let G be a set-graph with respect to a non-empty set
A(n). Then, by Theorem 2.5, the maximum degree of a vertex in
a set-graph G is ∆(G) = 2(2n−1 − 1), which is always an even
number and the minimal degree of a vertex G is δ(G) = 2n−1 − 1,
which is always an odd number.

We have already proved that the vertex of the set-graph G corre-
sponding to the set A(n) itself has the maximum degree 2n − 2 in
G. Analogous to this result, we propose the following result on the
primitive degree of this vertex vn,1.

PROPOSITION 2.9. For set-graph G = GA(n) , the primitive
degree of the vertex corresponding the set A(n) is dpG(vn,1) =
|E(G)| −∆(G).

PROOF. Let G = GA(n) be a set-graph with respect to the set
A(n). Consider the subgraph G′ = G− vn,1. By Theorem 2.3, we
have d(vn,1) = 2n − 2 and hence |E(G′)| = |E(G)| − (2n − 2).
Furthermore, both ends ends of every edge vu ∈ E(G′) are adja-
cent to vertex vn,1 in GA(n) . Hence, each such edge uv in G′ cor-
responds to a primitive hole C3 in GA(n) on the vertices u, v, vn,1.
Hence, dpG(vn,1) = |E(G)| − (2n − 2) = |E(G)| −∆(G).

In the result given below, we describe a recursive formula to deter-
mine the number of edges of a set-graph.

THEOREM 2.10. For a set-graph GA(n+1) we have

(i) |E(GA(n+1))| = 3|E(GA(n))| + |V (GA(n))| +
|E(K|V (G

A(n) )|+1)|
(ii) |V (GA(n+1))| = 2|V (GA(n))|+ 1.

PROOF. Consider the set-graphGA(n) . To extend it toGA(n+1) ,
we proceed in five steps as explained below.

(i) Replicate the vertices of GA(n) as an edgeless graph and add
the new element an+1 as an element to all subsets correspond-
ing to all vs,i ∈ V (GA(n)) and label each replica vertex, v∗s,i.
Also add the new vertex v1,(n+1) corresponding to the single
element subset {an+1}.,

(ii) Apply the definition of a set-graph to these new vertices.
Clearly, we obtain the complete graph K|V (G

A(n) )|+1.

(iii) Each vertex vs,i ∈ V (GA(n)) corresponding to the subset
A

(n)
s,i can be linked with its replica vertex corresponding to the

new subset A(n)
s,i ∪ {an+1}. We refer to parallel linkage and

exactly |V (GA(n))| such edges are added.

(iv) For the ends of each edge in E(GA(n)) say vs,l and vt,l′ with
corresponding subsets say, A(n)

s,k and A
(n)
t,m we have A(n)

s,k ∩
(A

(n)
t,m ∪ {an+1}) 6= ∅ and A(n)

t,m ∩ (A
(n)
s,k ∪ {an+1}) 6= ∅.

So the edges vs,lv∗s,l and vt,l′v∗t,l′ , with v∗s,l, v
∗
t,l′ correspond-

ing to subsetsA(n)
s,k ∪{an+1} andA(n)

t,m∪{an+1} respectively,
exist. Hence 2|E(GA(n))| additional edges are linked.

(v) Relabel the vertices according to the Definition 2.1 to obtain
the set-graph GA(n+1) .

The summation of the edges added through steps (i) to (v) plus
the existing edges of GA(n) provides the result: |E(GA(n+1))| =
3|E(GA(n))|+ |V (GA(n))|+ |E(K|V (G

A(n) )|+1)|.

The second part of the Theorem is an immediate consequence of
the above proof of first part. Then, the proof is complete.

The following is a result related to the largest complete graphs
found in a set-graph.

PROPOSITION 2.11. The set-graph GA(n), where n ≥ 2, has
exactly 2n− 2 largest complete subgraphs K2n−1 .

PROOF. We proceed the proof by mathematical induction. For
the set A(2) = {a1, a2}, the set-graph GA(2) = P3 and hence two
largest complete subgraphs K2 exist. Therefore, the result holds
for n = 2. Now consider the set A(3) = {a1, a2, a3}. Clearly, the
corresponding set-graphGA(3) has four largest complete subgraphs
K4 and the result holds for n = 3 also (see Figure 1).

Assume the result holds for all set-graphs GA(n) , where 2 ≤ n ≤
k. Now consider the set-graph GA(k+1) with A(k+1) = A(k) ∪
{ak+1} and denote the set of non-empty subsets of A(k+1) to be
S∗. Also consider any largest complete subgraph of GA(k) on ver-
tices v1, v2, v3, . . . , v2k1 . For 1 ≤ i ≤ 2k1, let each vertex vi cor-
responds to the subset Si ⊆ S. Hence, Si∪{ak+1} ⊆ S∗ . Also, let
v∗i correspond to the subset Si∪ak+1. Hence, the subgraph induced
by the set {vi : 1 ≤ i ≤ 2k1} ∪ {v∗i : 1 ≤ i ≤ 2k−1} is a maximal
complete subgraph K2k of the set-graph GA(k+1) . In this way, we
can identify 2k − 2 largest complete subgraphs of size K2k . The
subgraph induced by the set {v1,k} ∪ {v∗i : 1 ≤ i ≤ 2k−1}, where
v∗i is the vertex corresponding to Si∪{ak+1} for all vi ∈ V (G

(k)
A ),

is also a complete graph on 2k vertices. Finally, the subgraph in-
duced by the set {v1,k+1} ∪ {v∗i : 1 ≤ i ≤ 2k1 is also a complete
graph on 2k vertices. Now that all possible cases have been consid-
ered and it follows that the number of largest complete subgraphs
is 2k − 1 = 2(k + 1)2. Hence, the result is true for n = k + 1.
Therefore, the proposition follows by induction.

In Figure 1, the subgraphs induced by the vertex sets V1 =
{v1,1, v2,1, v2,2, v3,1}, V2 = {v1,2, v2,1, v2,2, v3,1}, V3 =
{v1,3, v2,2, v2,3, v3,1} and V4 = {v2,1, v2,2, v2,3, v3,1} are the four
maximal complete graphs K4.
The primitive hole number of a set-graph is determined recursively
in the following theorem.
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THEOREM 2.12. For a set-graph GA(n) , n ≥ 3 we find
the number of primitive holes through the recursive formula
h(GA(n+1)) = h(GA(n)) +

(
2n

3

)
+ 4|E(GA(n))|.

PROOF. Consider the set-graph GA(n) whose primitive hole
number is denoted by h(GA(n)). ExtendingGA(n) toGA(n+1) will
only increase the number of primitive holes. What we need here to
determine the number of additional primitive holes formed on ex-
tending GA(n) to GA(n+1) . This calculation is done as follows.

The set of replica vertices together with the vertex v(n+1),1 induce
a complete subgraph K|V (G

A(n) |+1 and hence an additional
(
2n

3

)
primitive holes are added to the extended graph. Finally, for each
edge vs,ivt,j ∈ E(GA(n)) the vertices vs,i, vt,j , v∗s,i, v

∗
t,j induce

a K4 subgraph and the number of primitive holes thus formed is(
4
3

)
= 4. Hence, a further 4|E(GA(n) | primitive holes are added to

the extended graph. This completes the proof.

Next, we introduce the following notions for a set-graph as follows.

DEFINITION 2.13. Let G = GA(n) be a set-graph on a non-
empty set A(n) and let A(n)

s,i be an arbitrary subset of the set A(n).

The characteristic function of a subset A(n)
t,j of A(n) with respect

to A(n)
s,i , denoted by ξ

A
(n)
s,i

(A
(n)
t,j ), is defined as

ξ
A

(n)
s,i

(A
(n)
t,j ) =

{
1 if A

(n)
s,i ∩A

(n)
t,j 6= ∅

0 if A
(n)
s,i ∩A

(n)
t,j = ∅.

DEFINITION 2.14. The tightness number of a subset A(n)
s,k , de-

noted ς(A
(n)
s,k ) is the number of subsets distinct from A

(n)
s,k for

which the intersection with A(n)
s,k is non-empty. Hence, ς(A(n)

s,k ) =∑
j 6=k

ξ
A

(n)
s,i

(A
(n)
t,j ).

We note that in terms of the definition of a set-graph and for the ver-
tex vs,i corresponding to the subset A(n)

s,k we have, dG
A(n)

(vs,i) =

ς(A
(n)
s,k ). Also, we have that |E(GA(n))| = 1

2

∑
1≤k≤2n−1

ς(A
(n)
s,k ).

The next theorem enables us to employ a step-wise recursive for-
mula to determine the tightness number of all non-empty subsets
of A(n+1) if the the tightness number of all non-empty subsets of
A(n) are known.

THEOREM 2.15. Consider a set-graph GA(n) , n ≥ 1 and its
extended set-graph GA(n+1) . Then we have

(i) ς({an+1}) = 2n − 1,
(ii) For each erstwhile subset A(n)

s,i with ς(A(n)
s,i ) = k in GA(n) ,

we have ς(A(n+1)
s,i ) = 2k + 1 in GA(n+1) ,

(iii) For a replica vertex say, v∗s,i representing the new subset

A
(n)
s,i ∪ {an+1} we have ς(A(n)

s,i ∪ {an+1}) = 2n + k.

PROOF. Let GA(n) be a set-graph and GA(n+1) be its extended
graph obtained by introducing a new element, say an+1, to the set
A(n). Then,

(i) To generate the set-graph GA(n+1) by extending the set-graph
GA(n) , we initially add the subsets {an+1} andA(n)

s,i ∪{an+1},
for all applicable values of s and i. Clearly, {an+1} ∩ (A

(n)
s,i ∪

{an+1}) 6= ∅. So, ς({an+1}) ≥ 2n − 1. Also, {an+1} ∩
A

(n)
s,i = ∅. Therefore, we have ς({an+1}) = 2n − 1.

(ii) If ς(A(n)
s,i ) = k in GA(n) , the subset A(n)

s,i has non-zero inter-
sections with exactly k distinct subsets of A(n). Since in the
replication, we have A(n)

s,i ∪ {an+1} together with the subsets

A
(n)
k ∪ {an+1}, for all k, the result follows.

(iii) The replica vertices are 2n − 1 in number and induce a com-
plete graph together with vertex v1,(n+1). This partially rep-
resents 2n − 1 non-zero intersections in respect of any sub-
set say, A(n)

s,i ∪ {an+1} corresponding to any replica ver-

tex say, v∗s,i. Clearly, (A
(n)
s,i ∪ {an+1}) ∩ A(n)

s,i 6= ∅ and

(A
(n)
s,i ∪ {an+1}) ∩ A(n)

t,j 6= ∅, for all A(n)
s,i ∩ A

(n)
t,j 6= ∅ . It

implies that an additional (k + 1) non-zero intersections ex-
ist in respect of A(n)

s,i ∪ {an+1}. Hence, ς(A(n)
s,i ∪ {an+1}) =

2n − 1 + (k + 1) = 2n + k.

This completes the proof.

3. CERTAIN PARAMETERS OF SET-GRAPHS
Let G be a given non-trivial finite graph. The chromatic number,
denoted by χ(G), of G is the minimum k for which G is k-
colourable.

THEOREM 3.1. The chromatic number of a set-graphGA(n) is
χ(GA(n)) = 2n−1.

PROOF. It is easy to see that χ(GA(1)) = 1 = 21−1,
χ(GA(2)) = 2 = 22−1, χ(GA(3)) = 4 = 23−1 (See figure ??).
Assume the result holds for the set-graph GA(k) . Therefore, we
have χ(GA(k)) = 2k−1.

Now consider the set-graphGA(k+1) . From the steps to be followed
to extend from GA(k) to GA(k+1) (See proof of Theorem 2.10), we
have the erstwhile vertices of GA(k) , and in addition, the replica
vertices corresponding to the vertices ofGA(k) and one more vertex
v1,(k+1). From the proof of Proposition 2.11 we can notice that
the replica vertices and vertex v1,(k+1) induce a largest complete
subgraph, K2k in the extended graph of GA(n) . We also note that
the replica vertices and vertex v1,k form a second largest complete
subgraph, K2k .

Since the vertices v1,k and v1,k+1 are not adjacent in GA(n) , both
of them have the same colour, say c1 and colour the replica ver-
tices by the colours c2, c3, c4, . . . , c2k . Since, no other largest com-
plete graph exists it is always possible to find at least one pair of
erstwhile-replica vertices which are non-adjacent. Hence the erst-
while vertex can carry the colour of such a replica vertex. This can
be done in such a way that two adjacent erstwhile vertices do not
carry the same colour by using the colours c2, c3, c4, ..., c2k accept
for the colour of vn,1, exhaustively. So the result χ(GA(k+1)) =

2k = 2(k+1)−1 follows. Hence, the main result follows by induc-
tion.

An independent set of graph G is a set of mutually non-adjacent
vertices of G. The independence number, denoted by α(G), of G
is the cardinality of a maximal independent set of G. The indepen-
dence number of a set-graph is determined in the following theo-
rem.

THEOREM 3.2. The independence number of a set-graph
GA(n) is α(GA(n)) = n.

PROOF. Let G = GA(n) be a given set-graph. Then,
as explained in the proof of Theorem 2.3, the vertices

4



International Journal of Computer Applications (0975 8887)
Volume 118 - No. 7, May 2015

v1,1, v1,2, v1,3, ..., v1,n, corresponding to the singleton subsets
of A(n), are pairwise non-adjacent. Hence, the set I =
{v1,1, v1,2, v1,3, ..., v1,n} is an independent set. By the Definition
2.1, we note that any vertex in V (G) − I is adjacent to at least
one vertex in I . Therefore, I is the maximal set of mutually non-
adjacent vertices and hence is the maximal independent set in G.
Hence, α(GA(n)) = n.

A dominating set of a graph is a set of vertices D such that ev-
ery vertex of G is either in D or is adjacent to at least one vertex
in D. The domination number, denoted by γ(G), of a graph G is
the cardinality of the minimal dominating set of G. The following
discusses the domination number of a set-graph.

THEOREM 3.3. The domination number of a set-graphGA(n)

is γ(GA(n)) = 1.

PROOF. Let G = GA(n) be a given set-graph. By Corollary
2.7, the vertex vn,1, corresponding to the n-element set A(n), is
the unique vertex in the set-graph G that is adjacent to all other
vertices of the set-graph G. Therefore, the singleton set {vn,1} is
the minimal set such that every vertex ofG is adjacent to the unique
element in the set D. Therefore, γ(GA(n)) = 1.

Another parameter we consider here is the bondage number of a
graph G, which is denoted by b(G) defined as the minimum num-
ber of edges to be removed to increase the domination number
γ(G) by 1.

THEOREM 3.4. The bondage number of a set-graph GA(n) is
b(GA(n)) = 1.

PROOF. Since {vn,1} is the minimal dominating set of the set-
graph G = GA(n) , the removal of any edge vs,ivn,1 will in-
crease the domination number by 1 in the reduced graph GA(n) −
vs,ivn,1.

Another parameter we are going to discuss here is the McPhersion
Number of undirected graphs. For this, let us now recall the defini-
tion McPhersion Number, as given in [7].

DEFINITION 3.5. [7] The McPherson recursion is a series of
vertex explosions such that on the first iteration a vertex v ∈ V (G)
explodes to arc (directed edges) to all vertices u ∈ V (G) for which
the edge vu /∈ E(G), to obtain the mixed graph G′1. Now G′1 is
considered on the second iteration and a vertex w ∈ V (G′1) =
V (G) may explode to arc to all vertices z ∈ V (G′1) if edge wz /∈
E(G) and arc (w, z) or (z,w) /∈ E(G′1).

The McPherson number, denoted by Υ(G), of a simple connected
graph G is the minimum number of iterative vertex explosions say
l, to obtain the mixed graph G′l such that the underlying graph
G∗l
∼= Kn.

The McPherson number of a set-graph GA(n) is determined in the
following theorem.

THEOREM 3.6. For a set-graph GA(n) we have Υ(GA(n)) =
2n−1 − 1.

PROOF. Consider the set-graph GA(n−1) which has 2n−1 − 1
vertices. On extending the set-graph GA(n) , the replica vertices, as
explained in Theorem 2.10, together with vertex vn,1 induce a com-
plete subgraph and hence no further vertex explosions are required
to ensure complete induced by these vertices. However, at least all
the erstwhile vertices require vertex explosions to ensure complete
connectivity amongst themselves and the replica vertices. Hence,
Υ(GA(n)) = 2n−1 − 1.

4. CONCLUSION
We have discussed particular types of graphs called set-graphs and
studied certain characteristics and structural properties of these
graphs. The study seems to be promising as it can be extended to
certain standard graph classes and certain graphs that are associated
with the given graphs. More problems in this area are still open and
hence there is a wide scope for further studies. Now, we have the
notion of Mèla numbers as follows.

DEFINITION 4.1. The set of Mèla numbers is defined to be the
set M = {mi : m1 = 1,mi = 2mi−1 + 1, i ∈ N, i ≥ 2}.

Invoking the above definition, it can immediately be noted that
|V (GAn)| = mn.

Some open problems1 we wish to mention in this context are the
following.

PROBLEM 4.2. Show that mi + mj /∈ M, mimj /∈ M and if
mi > mj then mi −mj /∈M.

PROBLEM 4.3. Show that mki is divisible by mi but, mki
mi

/∈
M.

Finding other number theoretical results for Mèla numbers are also
challenging problems which seems to be promising. All these facts
indicate that there is a wide scope for further research in this area.
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