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The grating fringe on the reference plane is broadened in the intersecting axis system because of oblique-angle
projection. In order to solve this problem, we study the theoretical model of the temporal phase unwrapping
method based on the fringe cycle correction. We also study the 3D shape measurement theoretical model
of the larger complex objects after considering the coordinate deviation and lens distortion. Experimental
results demonstrate that the fringe cycle on the reference plane can be corrected to a constant value, the lens
distortion can be corrected, and 3D shape of larger complex objects can be accurately measured.
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3D shape measurement is very important in both
scientific studies and industrial practices!'. Fringe pro-
jection profilometry (FPP) has received significant
attention for 3D shape measurement because of non-
contact operation, full-field acquisition, and fast data
processing. According to the spatial position difference
between the optical axis of the CCD camera and the
projector, FPP can be divided into the intersecting
axis system and the parallel axis system. The inter-
secting axis system is widely used. It consists of two
structures, one is the oblique-angle projection of the
projector with vertical reception of CCD camera, the
other is the oblique-angle reception of CCD camera
with vertical projection of the projector. When larger
complex objects are measured, both of these structures
will have the similar measurement errors. In this letter,
the former typical intersecting axis system is discussed.
The grating fringe on the reference plane is broadened
in the intersecting axis system because of oblique-angle
projection, and the fringe cycle is not a constant value.
Evident broadening of the fringe cycle causes errors
when large objects (1-2 m) are measured, thereby re-
ducing measurement accuracy.

Several researchers have conducted in-depth study of
the problem. Sansoni et al. pointed out that the cycle
of a standard sinusoidal grating projected onto the ref-
erence plane is no longer a constant value because of
oblique-angle projection, and proposed an error com-
pensation algorithm to correct the error. Wang et al.
obtained the relationship between the virtual refer-
ence plane and the reference plane?. Chen et al. not
only determined the fringe cycle relationship between
the projection plane and the reference plane but also
got the phase distribution on the reference plane using
the least-squares method. Rajoub et al. obtained the
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relationship of phase-to-height after geometric analysisP.
Luis et al. deduced mathematical relationships among
projection coordinate, object-coordinate, and camera-
coordinate, which did not rely on equivalent wavelength
and could remove the measurement error caused by the
changes in the equivalent wavelength®®. Wu et al. pro-
posed a new method to analyze wrapped phase distribu-
tion on a reference plane using static phase measuring
profilometry and to modify the projected grating fringe
cycle gradually using an iterative algorithm[. Zhang et
al. proposed a method to obtain evenly spaced fringes
on the reference plane®, but this method did not build
the relationship between coordinates and phases. Cheng
et al. analyzed the situation of orthographic projection
and oblique-angle reception, and obtained the height
and height error expressions of the measured objectl’.
Hao et al. analyzed the phase distribution of the z-axis
on the reference plane and phase error. He proposed
a method to reduce errors using second-order polyno-
mial fitting'. Many researchers have conducted stud-
ies on lens distortion, phase-shifting method!">", and
calibration 7, The methods used to measure complex
shape include gray code and phase-shifting methods,
dual-frequency FPPM, multi-frequency FPP, etc.. The
methods used to measure larger objects include indoor
global positioning system, three-coordinate measuring
machine, theodolite measuring system®, optical mea-
surement network®, etc.

The above-mentioned methods can solve the problem
of fringe cycle broadening to a certain extent. However,
as the parameters involved usually contain multiple
angles, calibration is fairly complex and measurement
accuracy is insufficient. Therefore, we propose a 3D
shape measurement method based on the fringe cycle
correction. The experimental results demonstrated that
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the proposed method can solve the problem of the fringe
cycle broadening on the reference plane and enables ac-
curate 3D shape measurement of larger complex objects.

Figure 1 shows the measurement system, where P
is the optical center of the projector, X is the refer-
ence plane, X’ is the virtual reference plane, and X”
is the plane of the projector. X’ is perpendicular to
the central axis of the projector. The optical axis of
the projector and that of the CCD camera intersect
at point O, which is the origin. The optical center of
the projector and the optical center of the CCD cam-
era are equidistant from the reference plane, and L is
the value of its distance. d is the distance between the
CCD camera and the projector, and f is the frequency
of the fringe pattern on the reference plane. Ag is the
phase difference between the corresponding point on
the reference plane and the object. The height of the
measured object is!!

b= LAg ,
2nfd + Ap
where L, d, and f are obtained by calibration.

Coordinate deviation correction is shown in Fig. 2019,
The image coordinate of point F is considered the im-
age coordinate of point C when captured by the CCD
camera. (X,, Y, Z,) is considered as the coordinate of
point C' (X, Y, Z,) in the world coordinate system.
Thus coordinate deviation occurs. It is very important
to correct coordinate deviation when measuring larger
objects. According to the corresponding geometry rela-
tionship between similar triangles: and consequently,
(X, Y, Z,) is the corrected world coordinate of the
point C.

The first and second orders of lens radial and tangen-
tial distortions should be considered when measuring
larger complex objects. To correct the lens distortion
for any point (z,, ¥,), the equations of lens distortion
correction are'!

(1)

g, =z, +kz (¢’ +y°)+kz (z°+y°)
+p, (3:1:u2 + yug) +2p,2.9,
Yy =y, +ky, (@’ +y") +hy, (@’ +y,)
2pzy. +p,(z7 +3y?), (2)

—
- p CCD camera
Projector

Fig. 1. Measurement system.

Reference

Y

Fig. 2. Coordinate deviation correction.

where k, and £k, are the first- and second-order coeffi-
cients of the lens radial distortion, respectively, p, and
p, are the first- and second-order coefficients of the lens
tangential distortion, respectively, (z,, y,) is the distor-
tion image coordinate, and (z, y ) is the ideal image
coordinate. Here k,, k,, p,, and p, can be obtained by
the camera calibration.

The 3D shape measurement model of large objects
can be established after correcting image point dis-
placement and lens distortion errors. The relationship
between the pixel and length coordinates of the im-
age coordinate system and the relationship between the
length coordinate of the image coordinate system and
the world coordinate system are shown as

Vu, 0 u |z

X
x 70 00
‘o , R T||Y
sly, |=10 f 00 o 1zl (4)
1 0 0 1 0 )

The height h of the larger object can be calculated us-
ing Eq. (1). s, u, v, u, and u, are the camera internal
parameters that can be obtained in advance by cali-
brating the camera. R and T are the unit orthogonal
and translation matrices, respectively and f”is the focal
length of the CCD camera. Assuming that the pixel
coordinate of the image coordinate system is (u, v),
its corresponding length coordinate (z,, y,) can be ob-
tained using Eq. (3). (z, y,) can be obtained using Eq.
(2), then the world coordinate (X, Y) can be solved
using Eq. (4), where Z = 0. The world coordinate of

1—%) Y, h} after coordinate
deviation cortection’is applied.

The sinusoidal grating fringe is on an oblique angle
projected onto plane X, (Fig. 1). A’ is the point on
plane X’ corresponding to point A on X. The fringe
frequency on the reference plane is a constant value f,
OA = z and OA’ = 2 are supposed, op = (L* + d?)'/2

the point is || 1 —% X,
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Fig. 3. Camera calibration process: (a) calibration images and
(b) extract grid corners.

The relationship between the reference plane X and the
virtual plane X’ can be represented as®
2 .1
p=_ % (5)
L-op—z'd

Using the N-step phase-shifting method, the grating
fringe on the reference plane is moved by T/N, that is,
z-T/N =[op’z /(L-op—x -d)] (T is the period of the
grating fringe on the reference plane). Because A and
A’ are in the same optical path, @(z)=¢(z") can be
obtained. M is the magnification of the projector, z” is
the coordinate on the projector plane corresponding to
z’, and x’= Mz”. The N-step phase-shifting equation on
the projector plane can be deduced as

Az”) = 2nf op” Ma” oL

L-op— Mz"d N

If the grating fringe phase on the projector plane is

in accordance with Eq. (6), the constant cycle grat-

ing fringe can be obtained on the reference plane. The
N-step phase-shifting algorithm can be described as

I (z,y) = a(z,y) + b(z,y) cos[Az,y) + 2zn/ N}, (7)

where a(z,y) is the background light intensity, b(z,y)
is the light intensity amplitude, n =1, 2, 3, ..., N, and
#(z) is the wrapped phase that can be solved byl

%(.77 y) = tan’l :[:1 In (CU, y) Sln(Qﬂ,’n/N)
) N T (x’ y) cOS(Znn/N) )

n=1"n

(n=1,23..N). (6)

and the wrapped phase ¢(z,y) ranges from —x to =.
The temporal phase unwrapping method can achieve
phase unwrapping of larger complex objects. Using

Image points (+) and reprojected grid paints (o)

Extrinsic parameters (camera-centered)
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Fig. 4. Calibration of extrinsic parameters: (a) extrinsic
parameters and (b) calibration of extrinsic parameters.

the N-step phase-shifting method based on the fringe
cycle correction, the fringe frequencies on the reference
plane change according to the rule 2if (i = 0, 1, 2...).
The grating fringes based on temporal phase unwrap-
ping method are obtained.

The theory of the temporal phase unwrapping method
is as follows:

Working out the wrapped phase ¢ f(i)(m7n) of each
frequency by adopting Eq. (8), the absolute phase

¢f(0)(m? n) can be solved by (pf(o)(m,n) (i=0). The ab-

solute phase @, (m,n) can be deduced from @ (m,n)

1) i)
=05(mn) 4 27 x0, . (mn) (i=1,2 3..).

The function O, (m,n) can be expressed as

(d)m_l) (m,n)xk—¢, . (m, n)J )

0,y (m,n)=INT o

where INT (*) means the nearest integer of * and k is
the increase index of the frequency; here, k = 2.

The measurement system is shown in Fig. 1. It
comprises a Samsung projector and a CCD camera
(DH-HV1351UM) with a focal length of 14 mm. The
resolution of the projector is 1024x768 and the resolu-
tion of the CCD camera is 1024x768. The fringe pat-
terns are on an oblique angle projected onto the mea-
sured object and reference plane, respectively. The
images are captured by the CCD camera.

Standard blocks are used to calibrate the parameters
L and d after vertical and parallel calibration of the sys-
tem. L is 210.004 + 0.022 cm and d is 115.002 = 0.017
cm. M is obtained through a simple experiment and
M is 3.101 £ 0.008. f can be set to a reasonable value
depending on requirements. L, d, M, and f can be set
from the input interface of grating generating software.
Subsequently, the desired grating can be achieved. The
internal and external parameters are calibrated using
Zhang’s 2D plane template method?!, taking into ac-
count the lens distortion and coordinate deviation. The
experiments performed are discussed below.

The calibration images and the process of extract-
ing grid corners are shown in Fig. 3. Figure 4 shows
the calibration of extrinsic parameters. The calibration
results of the intrinsic and extrinsic parameters are pre-
sented in Table 1.

A slab (125%2.45x2.45 (cm)) is used in comparative ex-
periments to prove the availability of the proposed meth-
od. Sinusoidal fringes are used to measure the slab by
employing the temporal phase unwrapping method based
on uncorrected and corrected fringe cycles, respectively.
Figure 5 shows 270° phase-shifting images of the refer-
ence plane. Figure 6 shows 270° phase-shifting images of
the slab. Figure 7 depicts the absolute phase difference.

The absolute phase difference can be obtained utiliz-
ing the temporal phase unwrapping method. The height
of the slab can be solved by Eq. (1). Finally, the world
coordinates of the slab can be obtained using the 3D
shape measurement model of larger objects. Figure 8
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Table 1. Camera Calibration Results of the Intrinsic and Extrinsic Parameters

Intrinsic Focal Length Principal Lens Pixel Error
Parameters Point Distortion
fr=2570.8556  u, = 634.4821 h= 03419 o= 025844
fy=2570.7478 v, = 525.3569 k, = 0.17140 err_y=0.29377
p, = —0.00105
p, = 0.00024
Extrinsic Translation Vector Rotation Pixel Error
Parameters Matrix
T, = —376.01206 r, = 0.02037
err z=0.20314
r, = 0.99979
= -0.00094
T, =-130.34975 T, = 0.99931
r,, = =0.02039
= -0.03106
T, = 2313.74960 =-0.03107 err_ y =0.23772
T, = —0.00031
Ty, = —0.99952

2) The following iterative formula is established:

(£, - 1)

shows the height of the slab. Figure 9 shows the height
error of the slab.
To correct the camera lens distortion, the calibrat-

ed lens distortion coefficients k, k, p,, p,, and the u ! ( Ji fzy - fly fos ),

distortion image coordinate (z,, y,) are used to solve o N

the nonlinear Eq. (2) to obtain the ideal image coordi- ( Ll = hifax )

nate (z, y,). The Newton iteration method is used to Y =Yy~ - - (11)

(i fon, = Finfon)

where flz 7f1yn’ 22,0 andf2 are the first-order partial
derivatives of Eq. (10), f( z,y,), and f(z,y ). The itera-
tion formula can be described as

solve Eq. (2). The specific steps are as follows?':
1) Assuming that (z,, y ) is the old variable and (z,, y,,)
is the new variable. Equation (2) can be expressed as

fl(xu’yu) = fi = xu + klmu($u2 + yuz) + kQIu(zuZ + yu2)2

+p,(3z 4y 2)+2p2:v y, —,

) X o mu,=x1l—_(ff1 _ffz)/f1f1 _fzf'n’
fZ(xu’yu> — f2 =y, +k1yu(xu2 +yu2)+k2yu(xu2 +yu2)2 k (k-1 192y, 271y, (1“ 2y, 1y, 2) (k= 17273'”]\,)7
¥2pay +p(n +3y) 10) (Vs =y ~ B~ B8/ (R = h f )

I

(12)

|

i
IO I

i

i

) Uncorrected fringe cycle ) Corrected fringe cycle (a) Uncorrected fringe cycle (b) Corrected fringe cycle

Fig. 5. 270° phase-shifting images of the reference plane based
on (a) uncorrected and (b) corrected fringe cycles, respectively.

Fig. 6. 270° phase-shifting images of the slab based on
(a) uncorrected and (b) corrected fringe cycles, respectively.
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Fig. 7. Absolute phase difference based on (a) uncorrected and
(b) corrected fringe cycles, respectively.
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Fig. 8. Height of slab based on (a) uncorrected and (b) cor-
rectedfringe cycles, respectively.

where (z,, y,) is the %k times’ iteration variable of
the initial variable (z,, y,). (z,, ¥,) is then substi-
tuted into Eq. (12) to acquire the new equations
fis b Bk, fo s and £y, for the next iteration.

3) The iteration is ceased when the absolute values of
fi(z,y ) and f(z,y) areless than 107 the final value
of (z,, y,) is the ideal image coordinate.

Two long straight slabs (length is approximately 140 cm)
are used for the lens distortion correction experiment.
Figure 10(a) shows the phase-shifting image of the refer-
ence plane. Two straight slabs are placed on the upper
and lower edges (Fig. 10(b)), given that the lens distor-
tion at the edge of the view field is evident. Figures
10(c) and (d) show the absolute phase difference of
plane and straight slabs, respectively. Figures 11(a) and
(b) show the original and lens distortion-corrected 3D
measurement results of the straight slabs, respectively.
Figure 11(a) shows that the straight slabs bend to a
certain degree because of the influence of lens distortion.
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(a) Uncorrected fringe cycle (b) Corrected fringe cycle

Fig. 9. Height error of the slab based on (a) uncorrected and
(b) corrected fringe cycles, respectively.
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(a) Reference plane

(¢) The wrapped phase of the
reference plane

(d) The wrapped phase of
long straight slab

Fig. 10. Phase-shifting and the wrapped phase images:
(a) reference plane, (b) long straight slab, (¢) wrapped phase of
the reference plane, and (d) wrapped phase of long straight slab.

(b) Distortion corrected

(a) Distortion uncorrected

Fig. 11. Long straight slabs 3D measurement results with lens
(a) distortion uncorrected and (b) distortion corrected.

However, long straight slabs have been well recovered
after lens distortion correction (Fig. 11(b)). These
experimental results demonstrate that the proposed lens
distortion correction model has effective performance.
A large complex plaster statue (45x30x65 (cm)) is
measured to illustrate the effectiveness of the proposed
method further. Figure 12 shows the 270° phase-shift-
ing images of the reference plane and the plaster statue
based on the fringe cycle correction, respectively. The

(b) Plaster statue

(a) Reference plane

Fig. 12. 270° phase-shifting images of the (a) reference plane
and (b) plaster statue based on the fringe cycle correction.
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Fig. 13. Wrapped phase of the (a) reference plane and (b) plaster
statue based on the fringe cycle correction.

wrapped phase is shown in Fig. 13. The 3D shape of
the plaster statue is presented in Fig. 14.

The height error without fringe cycle correction
increases along the z-axis direction (Fig. 8(a)). The
RMS error is 3.01 mm compared with that of the stan-
dard 3D shape of the slab. The height error is 3.61
mm at (500 and 243 pixel), and the relative error is
approximately 14.4%. The height of the slab using the
proposed method is almost consistent with the actual
height (Fig. 8(b)), and its RMS error is 0.20 mm. The
height error of the slab is 0.22 mm at (500 and 243
pixel) and the relative error is less than 0.88%; the
height error is significantly reduced (Fig. 9). Figure 11
shows that the lens distortion correction method pro-
posed in this letter can effectively realize lens distortion
correction. Therefore, the measurement accuracy of the
proposed method is significantly improved.

The proposed method presents the solution to obtain
accurate and stable 3D shapes of large complex objects.
Figures 8 and 14 show that the proposed method can
measure a large complex plaster statue well, with eyes
and nose that are clearly discernible. The RMS error is
0.25 mm compared with that of the standard 3D shape
of the plaster statue.

In conclusion, we propose a temporal phase unwrap-
ping method based on the fringe cycle correction. The

[
>
=]

1 ©

phase difference
g S gad)
s 8

(a) Phase difference (b) 3D shape

Fig. 14(a) Phase difference and (b) 3D shape of the measured
plaster statue.

method generates the uniform sinusoidal fringes on
the reference plane by producing the nonuniform sinu-
soidal fringes on the projection plane and can reduce
the error, thereby improving measurement accuracy.
Experimental results demonstrate that the proposed
method can solve the problem of the fringe cycle broad-
ening on the reference plane and correct lens distortion
issues. Thus, the 3D shapes of larger complex objects
can be measured accurately using the proposed method.
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