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Abstract. Excursion theory is revisited on the ground of It6—McKean diffusions.
There are raised questions about symmetries, knock-in processes, excursion local
time and the non-linear version of the master formula of excursions. The questions
are answered due to introducing the counting excursion technique. The technique is
a synthesis of straddling at time approach, the classical, potential in spirit approach,
and the theory of convolution algebra of locally integrable functions, generalized
later in this work for the convolutions of o—finite measures. Some examples are
presented, including the famous problem of expressing the density of first hitting
time of Ornstein-Uhlenbeck process in terms of elementary functions.

1. Introduction

On the ground of classical theory of It6-McKean diffusions we raise questions re-
lated to excursion theory of Markov processes. These concern symmetries, knock-in
processes, excursion local time and finally the non-linear version of master formula
of excursions. The primal reference for the theory of Ito—McKean diffusions (called
later in this paper simply diffusions) is the monograph It6 and McKean (1974). The
references for excursion theory are again Ito and McKean (1974) but also Rogers
and Williams (1987) or Revuz and Yor (1991). Excursion theory, initiated originally
by [t6 (1972), is a probabilistic method of describing the paths of Markov processes
by setting their fragments into a Poisson structured space. The synthesis of sev-
eral concepts of excursion theory is the Blumenthal’s acclaimed book (Blumenthal,
1992).

Our contribution to excursion theory for diffusions relies on developing the new
computational technique, called later counting excursions. We divide a path of a
diffusion X into the excursions from a level  and for a fixed time ¢ > 0 we consider
some integral functionals of X on [0,¢]. We count the excursions before t and
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complement the functional by the fragment straddling at ¢. The regular excursion
fragments are described by the master formula in terms of excursion measure and an
associated local time. The complemented fragment straddling at ¢ is described by
means of potential theory. Our technique is to compare obtained description with
the information coming from the distribution of X and its transition density. Some
elements of the technique have been already used for studies on Bessel processes
with negative index in Byczkowski et al. (2019). For the straddling at time approach
see the comprehensive study of Getoor (1979).

The reason for the choice of the diffusive setup does not come from the neces-
sity to work on a process with continuous paths, but rather from the fact that
It6-McKean diffusions are regular and rich with useful objects for the effective dis-
tributional characterization. For a detailed discussion on such a setup and its use in
excursion theory see the monograph of Salminen, Vallois and Yor (Salminen et al.,
2007). Our contribution to the theory of Ito—-McKean diffusions relies on using
the algebra of convolution of locally integrable functions on non-negative half-line.
Combining the counting excursions technique with convolution algebra approach
turns out to be essential for answering the questions raised above. A recent study
on convolution algebra approach for the notions of first hitting time, local time
and generalized Stroock Wiliams equation can be also found in Jakubowski and
Wisniewolski (2020) and Jakubowski and Wisniewolski (2020+).

In what follows we give an overview of our results. For a diffusion X and points
x,b, we consider excursions from z and a killed diffusion obtained by sending X
to the cemetery state at the first hitting time of b. We develop a new formula
joining the transition densities of a killed processes and the corresponding first
hitting time. Joining it with the formula of Hunt, we will discover symmetries of
transition densities of killed processes and new relations between densities of first
hitting times and the Lévy measure of inverse local time of X at x. It is well known
that the distribution of the first hitting time may be asymmetric in a sense that
there is an elementary formula for the density of hitting x when one starts from b,
and at the same time we do not know the accessible formula for the case, when the
roles of b and x are exchanged. We present a new representation of the density of
the first hitting time of b when X starts from z in terms of the following objects:
transition density of X, the Lévy measure of inverse local time at z and finally, the
first hitting time of z when the process starts from . We present a new approach
to well known problem of finding the formula of the density of the first hitting time
of b by an Ornstein-Uhlenbeck process which starts from 0 (see Alili et al., 2005,
Lipton and Kaushansky, 2018, Hamana, 2020).

For the two fixed regular points of the state space (say = and b) we study sym-
metries for additive functionals of X. We present several dependencies between
expectations of functionals considered under excursion measures @w and @b respec-
tively. We also define the double-knock-in process which behaves like X until it
exits the given interval I. Then it becomes the process killed at =. The knock-in
process is defined analogously. We develop formula joining the transition densities
of the process killed at = and the process killed at the exit from I. This leads to
a conclusion that the transition density of a double-knock-in is the convolution of
the density of the process killed at first exit from I and the density of first hitting
time of a single point. Moreover, using these concepts we generalize the classical
Hunt formula. The notion of knock-in constructions is strictly connected with the
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financial problem of pricing and hedging so called barrier options (see Mijatovié
and Pistorius, 2013).

Next we study the distribution of excursion local time. The concept of excursion
local time for a Brownian motion is presented in Trotter (1958) and in a more
general context in Blumenthal (1992, Ch. VI). A brilliant application of the notion
of excursion local time for branching processes was presented by Le Gall (1991).
We find the convolution formula for the Laplace transform of excursion local time.
For this, inspired mostly by the work of Lew (1972), we develop the theory of
convolutions of o-finite measures.

Last but not least we present a generalization of the master formula of excursions
for the non-linear case. Although the exponential version of the master formula for
additive functionals of a Markov process X has been known before (see Revuz and
Yor, 1991, Ch. XII, Sect. 2), it has not built any deeper understanding of the
non-linear case of the excursion formula. We shed a new light on the the last
problem. We find a non-linear formula for the class of additive functionals. The
structure of our result reminds the Getoor’s description (Getoor, 1979) of straddling
at time excursions, but unlike their formula our result has not a local character. We
present a Markovian kernel describing the sum of excursions under the arbitrary
chosen function. The presentation of non-linear version of the master formula in
terms of the Markovian kernel is exactly in the spirit of general excursion theory
(see Blumenthal, 1992, Ch. VII).

2. Preliminaries

On a complete probability space (2, F,P) endowed with a filtration (F):e[0,00)
satisfying the usual conditions we consider a diffusion X with the state space £ =
(I,7) € R where [ and r do not need to be finite. The death-time of X is denoted
by ¢ and we assume that X is continuous on [0, (). Not loosing much generality we
will always assume that ¢ = co (see discussion in Getoor (1979)). We assume that
each point y € F is a regular point. We use standard notation for the measure P,
under which Xy = z a.s. By 6 we denote the shift operator. We also assume that
for any = € Int(E) and y € E we have P,(0, < 00) > 0, where o, denotes the first
hitting time of y.

A linear diffusion has three basic characteristics defined on E: the speed measure
m, a scale function s and the Kkilling measure k, whose properties determine the
behavior of X in the vicinity of the endpoints of E. In general, the functions m, s, k
are responsible for boundary classification (see, e.g., It and McKean, 1974, pp.108
and Borodin and Salminen, 2002, Chapter II, Section 1). We will always assume
that £ = 0.

It is well known (see Salminen et al., 2007, 1.2 or Borodin and Salminen, 2002,
Chapter II, pp. 4) that in the above setup a diffusion X has a jointly continuous
transition density p;(x,y) with respect to the speed measure m, i.e.

P, (X, € A) = /A prla y)m(dy)

for every Borel subset A of E. Moreover, p is symmetric, that is, p;(z,y) = p(y, ©).
The Green (resolvent) kernel of X is defined for A > 0 by

Ra(a,y) = / My, ) dt.
0
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The last object is especially useful for the description of the Laplace transform of
oy, since

E,e v — BA@.Y) (2.1)

RA (ya y)

(see Salminen et al., 2007, formula (3)). It is known that o, has under P, a density
gy, and moreover the mapping t — g (t) is continuous as follows from the eigen-
differential expansions and discussion in It0 and McKean (1974, pp. 153 and 217)
(see also Kent, 1980). By (L*) we denote the jointly continuous version the local
time of X at the point z, which is well defined due to assumptions on regularity
of points from E. We assume that the local time is normalized such that for every
measurable f on E and ¢t > 0

/Otf(XS)dS/Ef(Z)Lfm(dz) s,

We will also need some elements of convolution algebra theory. In particular for
locally integrable f, g we denote by f * g their convolution

(f*g)(t) = / Fwg(t —w)du, t>0. (2.2)

The background of the theory of convolution algebra will be given in Section 3.

We assume that our probability space is a canonical space and that the coordinate
process X is a linear diffusion under a measure IP,. The setup here is standard and
Q is a set of continuous F-valued functions with associated o-field of measurable
functions and filtration (F%)c[0,00) satisfying usual conditions. We assume that the
speed measure m does not have atoms. It is well known that for a linear diffusion,
due to existence of the local time at z € E, the classical Itd theory of excursions
of the process X from the point 0 may be applied (see Blumenthal, 1992, Chapter
IIT). Let U be the subspace of continuous functions u : [0,00) — FE such that
0 < R(u) < oo, where R(u) = inf{t > 0 : u(t) = z} and u(0) = z,u(v) > 0 for
v € (0, R(u)). Moreover, we demand that u(t) = x for all ¢ > R(u). Let U be the
o-algebra generated by the coordinate mappings. Let § : [0,00) — E be a constant
function, §(t) = x. We denote by U? the space U U {6}, and set U° = o(U, {6})
(actually d serves only for the formal definition of excursion path-space and will
not be used in the sequel). Finally, on the canonical space we consider an excursion
point process (es)s>o and we denote by ﬁr() the associated measure of excursions
from z (see Blumenthal, 1992, Chapter III). If a diffusion is recurrent then the
point process (es)s>o is a Poisson point process and the theory is built upon the
stochastic integral with respect to Poisson process (see Revuz and Yor, 1991, Section
1 Chapter XII). However, in the general case the theory is build on the properties
of excessive functions and in particular on the existence of the associated additive
functional, which in case of excursions from the point is simply a local time. One
should notice that the existence of excursion measure, fundamental master formula
and Markov property under the measure of excursions in no way depend on the
recurrence hypothesis (see Blumenthal, 1992, Section 3, point (g), Chapter III).
Thus we are not limited by the recurrence assumption.

The path-space of excursions can be seen as an immersion into the canonical
space. If the measure of excursions from z is denoted by ]IA"JE7 we recall the well
known fact that a coordinate process X killed at R (denoted by X ) is under P, a
Markov process with a transition function equal to the transition function of the
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initial diffusion killed at z. The advantage of working under the diffusive setup is
that the entrance law of X is given on measurable subsets of E \ {z} by

P, (X, € dz) = g2(t)ym(dz), (2.3)

(see Salminen et al., 2007, Sect. 2).

3. Symmetries for the transition densities of killed diffusions

In what follows we assume that a diffusion X ®) built on X by killing at first
hitting time of b € F/, has a transition density with respect to the speed measure,
denoted by p®. Although we will regularly omit the dependence of p®) on ¢, we
always have in mind that

i)ﬁb) (x,z)m(dz) = Pw()?t(b) €dz), t>0.
In the sequel we will use the classical result of Hunt saying that
P (x,2) = p(x,2) = p(b, 2) * g7, (3.1)

(see Bogus and Malecki, 2015). The notation of a killed diffusion should not be
confused with a coordinate process under excursion measure. The following new
representation of p(*) is a consequence of application of the counting excursions
technique.

Theorem 3.1. Assume that x,z,b € E. Then

P (,2) = g; + ) (2, 2) — g§ x D' (b, 2). (32)
Proof: Let (es)s>o be the point process of excursions away from the set {x} of the
process X, and P, (-) be the corresponding excursion measure on an associated path
space. Assume that ¢ > 0 is fixed, o} is the first hitting time of b, and f is a Borel
positive or bounded function f on E. We write the integral E, fg Ao g=Ar f(X,)dr

in terms of excursions (e;). For this let d¥ :=inf{s > ¢ : X, = z}, and for (L") the
process of local time of X at z, let

f=inf{s >0: Ly >t}, 77 =inf{s>0:L] >t}
By G we denote the set of left hand sides of excursion intervals, that is
G={r_ 12>}

Since we assumed that the speed measure m does not have atoms, and thus there is
no mass put on the set {x}, we can write for a Borel positive and bounded function
T

fonE
. e_ksf(Xs)ds - Em’ [/dfm,b e_/\sf(Xs)ds:|
& t

tAop
EI/ 6_/\Tf(Xr)dT =E, Z /
0 GN[0,tAay) 7 T Ao
=I(t)—I1(¢t).
Observe that

I(t)=E, Y e—”f—( / e f(XS)ds) 0frs =E, Y e Fylen),
0

GN[0,tAop) {r7*_<thop}
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where F(u) = fOR(u) e f(u(s))ds. The master formula of excursions (see, e.g.,
Blumenthal, 1992, Theorem 3.24 and formula (3.27) in Chapter III) applied to the
excursion point process (e), parametrized in line with Itd’s theory by the process
of inverse local time at 0, yields

tAoy R
E. Y e Fye)=E, /O e*AS{ /U Ff(u)IPx(du)}de

{r:1¥_<thop}
R t
:/ Ff(u)IPw(du)(IEw/ e_Ade’S”Mb).
U 0

On the other hand, by strong Markov property

d?/\o Oz
I1(t) = E, [ / "o f(Xs)ds} — E,e M\Ey,, { /O oA f(Xs)ds}.
t

Aoy

Thus, letting now ¢t — oo in (3.3) and some standard limit arguments yield
Op /\ o0
E, / N (X, )dr = / Fiy () () (. / e VAL, )
0 U 0
_Ege o [Eb / e A f(Xs)ds] (3.4)
0
We have
Op (oo}
EI/ e M f(X,)dr = / f(z)/ e p®) (2, 2)ds m(dz).
0 E 0
Define a measure on B(R, ) by p.4(0,1) := E, Lf,,,, so that

B, [ oL, = [Pl
0 0

Integration by parts yields easily that
/ ey p(ds) = )\/ e 1y (0, 5)ds. (3.5)
0 0

By immersion, u(-) on (0, R(u)) can be identified with the coordinate process X

o~

killed at R, which is under P a Markov process with the entrance law given by

~

P(X; € dz) = gZ(t)m(dz) and the semigroup of the initial diffusion killed at the
first hitting time of z. Thus, recalling the definition of Fy we obtain

/ Fy(w)B (du) = / / e £(2)g7 () dsmi(dz).
U E\{z} JO
By Fubini’s theorem and a property of convolution

B, e~ A% (]Eb /% eiAsf(Xs)ds)
0

= (/OOO e—Asng(s)ds)(/Ow/lfe—xsf(z)ﬁgm)(b, Z)m(dz)ds)

_ /E/OOO e £(2) (gE * PO (b, 2)) ()dsm(dz).
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Inserting just obtained identities into (3.4), using the fact that m does not charge
a single point and arbitrary choices of A and f yield a.e. that for ¢t >0, z € E

t t
b z T T
A Gw2) = [ it haatds) [ g5t~ 950, 2)ds,
0 0
Let fiz p(t) :== pg(0,t). Using (3.5) we may rewrite the last equality as
159 (2, 2) = ¢ % iz — 1 % g7 * DO (b, 2). (3.6)

A simple use of occupation time formula shows that fi,, = 1 % p®) (z,z). Indeed,
the last follows from identity

tAoy
B, [ 5(X)ds =B, [ J()Lin,m(dz),
0 E
which holds for arbitrary Borel positive bounded f. As a result we rewrite (3.6) in
the form
1 *ﬂb)(x,z) =gZx1 *ﬁb)(;v,x) —1xg7 *;b\(”’)(b, z),

so using the fact that the algebra of locally integrable function on positive half-line,
with operation of convolution has not 0-divisors, we finally obtain

P (2, 2) = gz + P (2, 2) — g P (b, 2).
O

As a simple corollary of the last theorem we obtain the symmetric formulas for
transition densities of killed diffusions.

Corollary 3.2. For xz,b € E we have
gg*ﬁ(b)(m,x) :glf*ﬁ(aj)(bﬂb)v (3.7)
p(b,b) % 5 (x,2) = p(z, ) * P (b,b). (3.8)
Proof: Recalling that (x, z) — p(z, ) is jointly continuous, we may let z tend to b
and conclude from the Hunt formula (3.1) that lim,_,;, p®)(z, z) = 0. Now observe,

that formula (3.2) and the Hunt formula imply that z — gZ*p®) (x, x) is continuous.
Moreover

z—

The first assertion follows. To obtain the second formula, we rewrite (3.7) in the
form

p(b,b) * p(z, z) * g%+ ) (z,2) = p(b, b) * p(z,x) * g * P\ (b, b),

repeat the identity p(y,y) * g; = p(z,y) which holds for any x,y € E, and use
the fact the there are no O-divisors in the convolution algebra of locally integrable
functions on a positive half-line. O

Recall that by IFADI we denoted the measure of excursions of X from the fixed
point z € F, and by R we denoted the life-time of an excursion. Define a measure
vz (dt) = P, (R € dt). Tt is well known that ~, is a Lévy measure of the inverse of
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local time of X at x denoted by (77);>0. For a locally integrable f by f * -, we
denote the convolution (with respect to a o-finite measure)

(F %)t /ft—u%dU)

If f is an element of A and p is a o—finite signed measure on B(R ), we may define

fo f(t —u)u(du), and since f * u € A we may continue with recursive
deﬁnltlon setting f = u*(”‘H) = (f = ™) x u, n > 1. The last definition will play
an important role in Section 5.

Corollary 3.3. Assume that x,b € E. We have
9 + 95 %95 =P (@, ) ¥ s (3.9)

Proof: We use formula (3.2) to write

/pt (z, z)m(dz) //gr t (z, z)dum(dz)
//gb (t — uw)pi® (b, 2)dum(dz).

By the definition of a killed process, Fubini’s theorem, the definition of entrance
law of coordinate process under P, (that is by formula (2.3)) and the last equality
we obtain

t t
Py(op > 1) + / gy (t —w)Py(oy > u)du = / ;bfli)u(x,x)}P’I(R > u)du.
0 0

Hence

95 + g+ g0 =V (x, 2) * s,

as asserted. O

In some cases, the use of some clever analytic and probabilistic arguments may
result in the explicit form of ¢® for fixed z,b € E. At the same time, we may fail to
establish the analogous simple formula for gi. To give an example of asymmetry
of this kind, recall the famous case of Ornstein-Uhnlenbeck process where the form
of g§ is well known and relatively simple, while the form of g appears only as a
series of complicated functions or complicated integral transforms (see Alili et al.,

)05 for a detailed discussion). In what follows we will find the form of functional
H such that (writing informally)

glgf =H (p(xa 35), "Yac()a gz)

We will then present how the last works for Ornstein-Uhlenbeck case and thereby
we contribute to the long problem of finding representation of gg via elementary
functions. For this let us introduce some background of convolution algebra theory.

By A we denote the set of all real-valued locally integrable functions on [0, c0).
The convolution of f,g € A is given by (2.2). We recall after Lew (1972) that
A is closed under point-wise addition, scalar multiplication and convolution. A is
a commutative associative algebra over the real numbers, and we may define the
convolution powers by

fr=f ot =fxfm n=12 .
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Let

w(f) = / F)ldu,  t>0.

We denote by U the topology in A generated by the family of semi-norms u, (f),n =
1,2,.... The space A with this topology is complete, metrizable and locally convex.
We have

ur(f * g) < ue(fui(g), (3.10)

and it is well known that the algebra A can be adjoined with an identity ¢ to obtain
a topological algebra A=Aa 0, called the unitization of A (see Naimark, 1959
p. 170). If f,g1,92 € A, f # 0 and f * g1 = [ * go, it follows from Titchmarsh
theorem that g1 = g2 (see Titchmarsh, 1926).

For a given element f € A, one can define a quasi-inverse of fwhich is an element
fT € A such that

FHfT=rfxrm

It can be shown that each f € A has a unique quasi-inverse, the mapping f - fT
defines a homeomorphism from (A,U) into itself (Lew, 1972, Theorem 1) and

fl==>"fm (3.11)
n>1

Hence, the sum on the RHS of the last equality always converges.
If § denotes a neutral element, we have for any h € A and quasi-inverse hf

(6 —h)* (6 —hT) =0.

Setting h=06—he Awe see that h is invertible in A and h=! = § — hf. Finally,
for any f, g € A the Volterra integral equation of the second kind

v=f+g¥o,
has a unique solution given by
v=f—fxgt, (3.12)

which depends continuously on f and g in the topology U (see Lew, 1972, Theo-
rem 2).
We are ready to present the announced formula for the density g .

Theorem 3.4. Assume that x,b € E. For any y € E define

A(z,y,) = ply, ) — p(y, @) * (—g7)' (3.13)
=p(y,z) +py,z) * > _(=1)"(gh)"™".
n>1
Then
gi = Az, x,b) * v + Az, 2,b) * Z A (2, b, ) % (D), (3.14)
n>1

Proof: By Corollary 3.3 we may write

gy = ﬁ(b)(x,x) * Yy — gp * 927 (3.15)
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and we look at the last equality as an integral equation with respect to g;. Using
(3.12) we obtain

g =P (z,2) % 7p = PO (@, @) %70 % (=)' (3.16)
By the Hunt formula
ﬁ(b)(xa x) - p(:l?, x) - p(b, 9:) * glgfa
so inserting the last identity into (3.16) yields
g5 = (p(x,2) = p(b,x) * g7 ) * 7 — (p(x, @) — (b, @) * g ) * Ya % (—g2)T.

After reordering, we arrive at Volterra integral equation of the second kind with
respect to gi. Indeed, by the Hunt formula
gy = pla, ) x v, — (p(a, ) = p(b, ) * g§) * (—g2)" % 7w — i * (p(b,x) * 72)

= pla,2) % 7o = p(a,2) % (=g2) 20 + g * (p(b,2) ¥ 70+ (—g2)T = p(b, ) ¥ 7).
It follows again from (3.12) that

g = (p(@,2) = po,2) + (~gb)f
— (b, ) = plw,@)  (~g)T) * (3 +p(b, @) = 7 5 p(b, ) (~g2)1) ') 7,
so recalling the definition (3.13) of A, we obtain from the last equality
gy = (A(x,x, b) — Az, z,b) * (72 * Az, b, b))T) * Y
= A2, 2,b) % 7o — A, 2,b) %72 % (2 # Az, ,0)) .

The assertion follows from the definition of a quasi-inverse element. O

Ezample 3.5. (Ornstein—Uhlenbeck process) Let X be an Ornstein—Uhlenbeck pro-
cess (OU), that is a strong solution of SDE

t
Xt:X0+Bt*Ol/ Xudu,
0

where B is a standard Brownian motion. Alili, Patie and Pedersen (Alili et al.,
2005) gather different expressions for the density function g7 of the first hitting
time of OU process. They provide the Laplace transform of o}, for © < b (X = )
in terms of Hermite and parabolic cylinder functions, which is next inverted by
means of the Cauchy residue theorem. The obtained denisty is a series expressed in
terms of parabolic cylinder functions. Another representations given in Alili et al.
(2005) is the cosine transform of the distribution of o,. As a result, the density g
is obtained out from the cosine transform. Their final method relies on observation
that computing the density of o, equals to characterizing the distribution of a
quadratic functional of the 3-dimensional Bessel bridge. The killed version of the
OU process is considered in Salminen et al. (2007), where the results rely on the use
of Doob’s transform and the form of density gjexpressed as a limit with respect to
scale function of the transition density of a killed process Salminen et al. (2007, (2)).
In Lipton and Kaushansky (2018), author claimed that the problem of expressing
gf (b € R) in terms of elementary functions is still open. The newest result in
this direction by Hamana (2020) concerns the first hitting time of radial Ornstein—
Uhlenbeck process (that is the euclidean norm of independent OU processes). He
studies the case when the hitting site is closer to the origin than the starting point



Counting excursions 359

and obtains the probability density function by the Heaviside expansion theorem.
Our approach, based on counting excursion technique, is new and totally different
from all mentioned above.

As one can easily check (see Salminen et al., 2007, Sect. 5) all the ingredients of
formula (3.14) for Ornstein-Uhlenbeck process are given. For simplicity we assume
that Xg = 0 and a > 0. Namely, we have for x =0, b€ R and ¢t > 0

0,0 1 \/a e%" b,0 1 \/a e";-{—‘“’ (1—coth(at))
pe(0,0) = g —=——==e2, p(b,0) =5 —F—— :
2 /27 sinh(at) 2 /27 sinh(at)
a3/2e% o=t
() = et 9h(t) = b an()e
and so
98 = A(0,0,6) %50 + A0,0,0) * Y A*™(0,b,0) 5",
n>1
where

A(0,0,b) = p(0,0) +p(0,0) Y (=1)"(g5)™",

n>1

A(0,b,b) = p(b,0) + p(b, 0) = Z(_Dn(gg)*n

n>1

O
The above asymmetries motivate a question about the similar effects within the
class of additive functionals of X. The question is how the symmetry of an addi-
tive functional F' on a canonical space between expectations of minimal processes
affects the expectations of the same additive functional but on the path-space with
respect to the excursion measure. The next result ShOWS the dependen(:les between
expectations of such a functional taken with respect to IP’ and IP’b respectively. We
consider F' defined on a path-space of continuous functions.

Definition 3.6. We say that there is an universal symmetry for x,b € F and F' if
E, Fy(X®)) = B, (X®), ¢>0, (3.17)

where the expectations above are assumed to be finite.
As usual X®) denotes the process killed at first hitting time on b. We say that
F is universally integrable if

E,Fi(X®) < 00, PyFiap(X) < oo,
for any z,y € E and t > 0. We say that F' is of finite potential if for every A > 0

Ew/ e MdF(X) < o0, x,y€E.
0

For t > 0 we define two measures
125(0,1) =B, Fy(X ), [ig(0,) 1= Py Fyar(X),
where in the second definition X denotes a coordinate process on the path-space U.
Since Fy = 0, it is enough to define above measures on open intervals (0,t), ¢ > 0.

By equality pzp = pb,z (He = i) We mean fiz 5(0, ) = 1p,2(0, 1) (72(0,2) = Fip(0,))
for every t > 0.



360 M. Wisniewolski

Theorem 3.7. Assume that (F})i>0 is an additive and universally integrable func-
tional of X, and that there is an universal symmetry for x,b and F. Then

(1) (14 g) #p(b.b) * iy = (1 +g2) * pla,2) * iy
(2) z=m = plx,x) =p(b,b).
Proof: Step 1. Assume that (3.17) holds for fixed z,b € E and every ¢ > 0.

Let A; := Fi(X) and Eﬁb) = Fy(X®). For A\ > 0 consider E, fot/\a” e MdA,.
Repeating the idea of proof of Theorem 3.1 we obtain I; — II; = I11;, where

I, =E, Z e AT (/JI e_’\“dAu) 00,
0

‘r:7<t/\¢7b
Oy t R
II, .=E, (ef)‘(ma”)EXth / ef)‘“dAu>, III; = Ex/ ef)‘“qu(f)
0 0

Using the master formula of excursions we obtain

t
I, =E, /O e MdLE /U F(u)P,(du),

where F is defined on the path-space U by F(u) = fOR(u) e MdF,(u). Putting the
things together we conclude that

E, / e MdLE A, / F(u Ex(e*’\(m"b)]EXth /0 e**“dAu)
t ~,
+E, / e gAY, (3.18)
0
Recall that py (0, s) := Emggb) and i,(0, s) :== @IFMR(X). Moreover,

E, (e_)\tl{t<0b}EXt/ 46_)\udAu) < e_MEz/ e_AudAu7
0 t

so by the finiteness of the potential of A, the last tends to 0 with ¢ — co. By (3.18)
and arbitrary choice of A

/0 PO, (2, )i (ds) = / G (t — 8o (ds) + s (0,1), (3.19)

where we used the identity fg]/)ﬁb)(x,x)ds = E, L%, e Let fizp(t) = pap(0,1).
Rewriting (3.19) in terms of convolution algebra yields
Z/)\(b)(wa) * //Zw = ﬂw,b + gff * Wb, -

Since figp = 1% pgp and piz p = pp (by universal symmetry), we may rewrite the
last equality as

PO (z,2) * e = (1 + gF) * o (3.20)
and analogously
P (b,0) * iy = (1+ g2) * - (3.21)

Using the Hunt formula and multiplying both sides by p(b, b) (in a sense of convo-
lution) yield

(p(b, b) * p(z,z) — p(b, x) * p(b, J:)) * [y = p(b,b) * (1 + g§) * bz,
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and by symmetry
(p(b,) * p(z,2) — p(b, ) * (b, x)) * iy = p(a, ) * (1 + gb) * fipz-
Thus
p(b,b) x (14 gi) * i = p(a, x) x (14 gb) * fia-

Step 2. (=) If [i, = fip, we have from point 1.
p(b,b) * (1 + i) = p(x,z) * (1 + g7),
from which it follows that
p(b,b) * 1+ p(x,b) = p(x,x) x 1 + p(b, x).
Symmetry of p yields that p(z,x) = p(b,b).

(<) Observe that for given z,b € E equality p(x,z) = p(b,b) is equivalent with
equality g¢ = g2. Indeed, this follows from Corollary 3.2. If p(x,x) = p(b,b), then
by equality (3.7) we have (g2 — ¢¥) * p(z,z) = 0, so gf = g2. If in turn g¥ = g%,
then again by (3.7) it follows that p(®) (x, z) — p{*) (b, b) = 0, so by the Hunt formula
we immediately get p(x,z) — p(b,b) = 0. Hence, by point 1. we easily find that
p(z,x) = p(b,b) implies [i, = [ip. O
Remark 3.8. If we define an operator ICy, : A — A by

ch,bf:f*(l+glf)*p(bab)v f€u4,
then by point 1. of Theorem 3.7 and Fubini’s theorem, we conclude that an universal
symmetry for x,b and F implies that for each f € A

N t R t
]Pm / ’Cz’bf(t - u)dFu/\R(X) = ]Pb/ ]Cb,xf(t — ’U,)dFu/\R(X)
0 0

Ezample 3.9. The elementary example of situation p(z,x) — p(b,b) = 0 is the case
of p being the transition density of a Brownian motion. Indeed, the known identity
E,e % = e~ M*=?l confirms the symmetry and equality g7 = g°.

Next, we define a notion of strong universal symmetry for a "classical" additive
functional and show that it is not satisfied unless p(z,z) — p(b,b) = 0.

Definition 3.10. For a positive Borel function f on E we define on a functional
FT by

foxy o [ .
)= [ X

We say that a strong universal symmetry holds for z,b € E if there is an universal
symmetry for z,b and F7 for each positive Borel f.

Corollary 3.11. There is no strong universal symmetry for x,b € E wunless
p(x, ) — p(b,b) = 0.

Proof: If strong universal symmetry holds for xz,b € FE then Ethf ()/(\' ®)y =
E,F} ()/(\' (@)) for each t > 0 and each positive bounded Borel f on E. Thus
ﬁ,(:b)(;v,z) = ]3,(510)(@ z) each z € E and integrating out with respect to m(dz) shows
that P, (o, > t) = Py(0, > t). Hence, g¢ = g2 and we conclude by Theorem 3.7
that p(z,z) = p(b,b). O
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If we assume a little bit more about the function ¢ — g¢i, we obtain a symmetric
formula joining i, iy and g¥, g5.

Theorem 3.12. Under assumptions of Theorem 3.7 suppose that gy, g2 € CH0, 00).
Then

dgh  Ogb OgfN . (Ogy  Ogh  Ogi\ -
(Gor =3t = a0 ) = (G + 5 ) P (3.22)
Moreover
. ogint
gy fip = (1+ gp) * (—789;’) * [l (3.23)

Proof: Tt is well known that for a kernel k on [0, 00) such that k£(0) = 1, the Volterra
equation of the first kind y * k = f (with respect to y) for k, f € C1(0,00) may be
reduced to the Volterra equation of the second kind y + % xy = %{ (see Gripenberg

T
et al., 1990 or Friedman and Shinbrot, 1967). Hence, y = ‘Z—{ — %’: * (— %) . Since

g¥, g% € C(0,00), we may consider the integral equation
Lsp(b,b) * iy * (14 gF) = 1% p(z, z) * ie * (1 + ¢°), (3.24)

with 14 g7 taken as a kernel k, the RHS of (3.24) taken as f and y := 1xp(b, ) * [ip.
Indeed, the regularity of points x, b implies that k£(0) = 1. The rest of assumptions
follows easily. We solve the equation and obtain

—~ ~ - OgFN T
1#p(b,b) * iy = p(x,2) * iy * (14 ¢2) — p(x, ) * iy * (14 ¢2) * (— %) .
From point 1. of Theorem 3.7 and the last identity
-~ -~ b ~ b gy \ T
P, B) % iy + Dl ) % o (14 62) = pla ) 5 o x (1 -+ g2) (= 222

= p(z, @) * iz * (1 + g3).

As a result

. N agFNt
p(x,b)*ub:p(r,z)*uz*(lJrgﬁ)*(* agtb) ;

and (3.23) follows from the last equality and identity p(z,b) = p(x,z) * g8. Next,
we rewrite (3.23) as

ogd .
1*%*/%:1*(

(%) 5

_ 99y

ot

i
) * [y + 1 %

Multiplying both sides of the last equality in a sense of convolution by 7(’%? yields

b

dgf 0g¢b . Ogh . /. Ogh dg;
ot T o T T *Nb*(“”ﬁ*ﬂz)*(—ﬁ)v

and equality (3.23) follows from the last equality and some simple algebra. d
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4. Stopping at exit time

In the previous section, for a given b € E, we counted excursions before t Aoy, and
obtained a number of identities for a diffusion stopped at the first hitting time of
a single point. In what follows we will run analogous study for a diffusion stopped
at the first exit time from a given interval. We will count the excursions of X from
x and stop the process at o7 := 04 A 0, where z € I = (a,b). We introduce an
auxiliary notation. For ¢ < x < b we denote

Gapt)dt :=Py(0q € dt,0q < 0p), gy, (t)dt :=Py(0b € dt, 00 < 74a).
By ]3,5[) we denote a transition density with respect to speed measure of a diffusion
killed at first exit from I, namely

]’)ﬁ[) (z,2)m(dz) = Py (X, € dz,t < oy).
For objects used before we use the previous notation.
Theorem 4.1. Assume that x € I = (a,b). For any z € I
) (a,2) * g2 + PO, 2) % g = g2+ D (@ 2) — FD(@,2). (A1)

Proof: Let t > 0. The proof relies on counting excursions, this time before o; A
t. We will skip the repetitions. Let A > 0 and f be a positive and bounded
Borel function on E. As always we define a function on a path space Fy(u) =

fOR(u) e~ f(u(s))ds. What we get from counting excursions approach is equality
IIt = It — IIIt, where

I, . =E, / e MdLY, / Fy(u

11, = B, (e By, /0 e‘“f(Xs)ds)
=E,; (]—{aa<ab}ei/\t/\aa]Ea/ yeiASf(Xs)ds + 1{aa>ab}ei/\tAob]Eb/ 'ei)\sf(Xs)ds>7
0 0
or A\t
11l :=E, / e M f(X,)ds —/ / e f(2)p) (, z)dsm(dz).

Introducing fip ;(t) := E.Lf§,,, and using the same arguments like in proof of
Theorem 3.1 we conclude that
159\ (a, 2) * Gapp T 1 « p) (b, 2) * Gpla = 9o * Ha,g — 1 « p(x, 2). (4.2)

By occupation time formula

5 | CHRW)ds = E, [ 1) g, mia)

80 iy r = 1% pU) (2, x). As a result, we rewrite (4.2) as follows
1%p) (a, z)*g‘b—&—l* ) (b, 2) * Gyl = @ 1xpD(z,z) — 1% pP(x, 2),
which concludes the proof. ([l

Taking limits z 1 b and z | a in formula (4.1) yield a counterpart to Corollary 3.2.
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Corollary 4.2. Fora<z <b
P (a, b)xgly, + P (b,0) * gy, = g+ P (x, 2),
P (a, a)xgyy, + P (b, a) * g, = g+ PO (@, ).
Corollary 4.3. Let ~,(dt) = Py(R € dt). Then
P, (01 edt)+ P, (01 +0,00,, € dt) = (ﬁm(x,x) * %)(t)dt.

Proof: We integrate both sides of (4.1) with respect to m(dz) and recall that
gZ(tym(dz) = Py(X; € dz) (X is a coordinate process on path-space killed at
R). Recall that m does not charge any single point. By a little effort one can verify
that o has a density denoted (under P,) by ¢g7. We obtain

97 + 9% % gep + 95 % gha = P (2, ) * Y (4.3)
Next, by strong Markov property

t
(/ g;(t—u)]P’x(aa € du,o, < Ub))dt = ]P’x(aa +0g500,, €dt,o, < O'b),
0

so we may rewrite the LHS of (4.3) as
g7 (t)dt + P, (O'a +0,00,, €dt,on < O'b) + P, (o*b +0gy00,, €dt,op < aa)
= gf(t)dt + Py (07 4+ 04 06,, € dt).

The assertion follows. O

The next identity links the joint distribution of X; and exit time from I, with
the entrance law of excursions.

Theorem 4.4. Let x € (a,b). For any t > 0 we have on I
P.(Xi €dz,01 + 0,00, >1t) = / 2D (z,2)P, ()/fu € dz)du. (4.4)
0
Proof: Formula (4.1) yields

t
/ P, (Xt,u Edz,t—u< UI)]P):E (aa Edu,o, < ab)
0
t
+/ IP(,(Xt_u edz,t—u< ax)Px (ab € du,op < aa)
0

¢
+ P, (X, €dz,0r > t) = / j)ﬁi)u(x,x)gfj(u)m(dz)du.
0

Using strong Markov property and the form of entrance law, we rewrite the last
equality

t
/ P, (Xt,quUa €dz,0, €du,t —u<0;00,,,04 < O‘b)
0
t
Jr/ Pz(Xt_u+gb €dz,op €du,t —u < 0y004,,0p < O'a)
0

+ P, (Xt €dz,or > t / ﬁgl)u (x m)@w(f(u € dz)du.
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To conclude the assertion it is enough to observe that
}P’x(Xt €dz,0, <t <0q+0500,,,04 < ob)
+]P’z(Xt €dz,op <t<op+0,00,,,0, < O’a)
= ]P’I(Xt €dz,o <t<o;+o, 0901).
|
Notice that we have already found the description of the process built on X,
which starts from z, and after exiting the interval I, is killed at the first hitting
of x. In other words, the new process is killed at the stopping time defined by
di, = inf{t > oy : X; = x}. Such a construction is popular in mathematical
finance for modeling a continuous time barrier, and we name it here double-knock-
in construction after that. Till the exit from I, the process behaves like X and
after then becomes a new process killed at the first hitting of x. Since we assume

the infinite life-time of X, we may conclude the same property for one barrier and
obtain so called knock-in construction. We start defining a new process

)?tl_m = th{t<d§1} + 81{t2d§1}’ t >0,
where 9 is the cemetery state. Clearly Py (X[ 7% € dz) = Py(X; € dz,t < dz.).

Corollary 4.5. The process ()?I_m) is under Py a strong Markov process with the
transition density (with respect to speed measure m) given by

ﬁtl_””(x, 2) = (g: *ﬁ(I)(J;, a:))(t), t>0,z€ E. (4.5)

Proof: We find a candidate for the transition density

P, (X, €dz,dZ, >t) = (/0 ﬂl_)u(x,z)gi(u)du)m(dz). (4.6)

Take s,t > 0. Since dg, is a terminal stopping time, we find using Markov property
that

Pz()?sfﬂ €dv, XI7" e dz) :IP’I<XS €dv,s < d®  Xops €dot+5< dg)

or?

=E, (1{X56dv,5<d§I}PXs (Xt €dz,t < d§1)>

Using twice (4.6), we conclude that the last expression is equal to

B (1x cavscas, ) / A0 (X, X0k, (u)du) m(d:))

— (/Otjftl_)u(v,v)gi(U)du)m(dz)(/Osﬂl_)u(x,m)g;(u)du)m(dv)

~—ax ~—x

= p; %z, v)p; (v, z)m(dz)m(dv).
O

Due to the infinite life-time, we may consider b at the right-end of the state
space (and a at the left-end) and by limiting o, — 0o (and o, — 00) we obtain two
strong Markov processes X a=r Xbow (of knock-in type) killed at the first hitting
of x, just after hitting the single barrier. The formulas below generalize the Hunt
formula.
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Corollary 4.6. Let a < x < b. The transition densities of X‘l_’x, X7 gre given
respectively by

*):E(

x,z) =plx,z) —pla,x) x g2 x g2, z€FE
z,z) = p(z,z) —p(b,z) x gy xg;, =€ E.

P"
P

Proof: Follows from (4.5), taking b to the limit (and a respectively), and then using
Hunt formula. O

5. Excursion local time

One of the advantages of the choice of a diffusive setup is that in line with
Trotter’s approach, based on deterministic occupation time of a well measurable
set, we define the excursion local time. For any Borel non-negative f on E we
define a function (t,y) — Lq(y) by

tAR N
/ F(u(s))ds = / F@)Lym(dy), t>0,ueU.
0 E

In what follows, we assume that Et(y) is a right-continuous function of y and
continuous of ¢t. Moreover, it is an additive functional, non-decreasing with respect
to t (see the discussion in Blumenthal, 1992, Chap. VI, Sect. 3). This is exactly
what one expects the path-wise local time inherits from the probabilistic one. By
identifying excursion space with a subspace of the canonical space, we may conclude
the probabilistic definition of the local time

/ F(R)ds = / F@)Eeyym(dy), >0,
0 FE

where m denotes the speed measure of X (see also Salminen et al., 2007, p.5).

To sum up, we assume that on the excursion space we are given a local time
defined as an additive functional on the canonical space. We apply counting excur-
sions to obtain a relation between excursion local time and the measure induced
by Laplace transforms of the local time of X. To establish the main result of this
section we will need two lemmas. Notice that IE;E denotes the expectation taken
with respect to the excursion measure @w

Lemma 5.1. Lett > 0. Then

/t@x(R> s)ds = B (R A t) < oo. (5.1)
0

Proof: Tt is shown in Knight (1981) that P,(R > s) is the Laplace transform of
a measure y on [0,00) and absolutely continuous with a smooth and monotone
decreasing density. Thus

¢
/ P,(R > s)ds =t Py (R > to)
0

for some to € (0,1). O
Lemma 5.2. For fized x,y € E and v >0

I/F:me*VEt(y) < 0. (5.2)



Counting excursions 367

Proof: Not losing generality assume that ¢ = 1. Since we defined Zl(y) by the
occupation time formula, we may easily conclude that

~ 1 1 ~
Li(y) =l Liy—c.yro)(Xs)ds.
1(y) ng((ye’yﬂ))/o (—cy+e)(Xs)ds

Thus, by Fatou lemma
- 1
]Eze_"’Ll(y) <limf}§zex {— v / 1oy ute )/fs ds}.
= €lo P m((y —e,y+e) Jo (v-c+e) (Xs)

By Jensen inequality and Fubini’s theorem we conclude that the last limit is
bounded by

1

lim I/Em exp { — i
el0 Jo m((y_€7y+6)

) Liy—e,y+e) ()?s)}ds =:J.

Using again the form of entrance law for )A(s under I@m we obtain

=i [ [owf- gy e () o (mid)ds

1 1
< lim/ / gz (s)m(dz)ds = / P.(R > s)ds,
o JE 0

el0

which is finite due to Lemma 5.1. O
We are ready to formulate the main result of this section.

Theorem 5.3. For fived vy > 0, z,y € E and t > 0 define Z;,yﬁ(t) = Iﬁxe"yit@)
and Uy - (v) = Eze "0, Assume that for every A > 0

/ e My~ (t)dt < co. (5.3)
0

If /_‘ffv,yn is the measure defined by

ity (0,5)) == Ey / CedLE, s3>0, (5.4)
then i
lAﬂc,y,’v * ﬂic,y,’y =1kl yy (5.5)
In particular, zflA““,(t) = limywl;’yﬁ(t) and (5.3) holds for l;’zﬁ(t) then
(1 —1ppqy)* lAgWﬁ =y xlyp (5.6)

Proof: Notice that lAw,yﬁ(t) is well defined for ¢t > 0 due to Lemma 5.2. The proof
is based on counting excursions. Let \,~y,t > 0. Define

Tz
I(t) :=E, Z e AT (/ e*’\”*”des> 00,
Ts— <t 0

ds .
I1(t) := IEI/ e T dy,  TII(t) = Em/ e A=VLY g
t 0

Again, by the master formula of excursions

I(t) = (ET /0 te—M—WL%dLﬁ) /U F - (0)P,(du),
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where F - (u) = fOR(u) “2v=7LuW)dy. For v < t we defined le,y,v(U) =B e L),

Clearly [, Fx - (u =/ e e, y~(v)dv. For any t > 0 we defined a o—finite
measure fi, ,  on [O t) by (5.4), so by Fubini’s theorem

t t
Ex/ —Av— ’YLJsz_/ efAvu;y’y(dv).

0 0
Letting t — oo and putting just written equalities together yield

tim 1) = [ [T et @] [ [T e T ],

and the last is finite by assumption on the second term.
To compute T1(t) we write by Markov property
[I(t) = Be MM Ey, / e rentgg
0
Observe that
Ex, /0% e M vLligs < %(1 - ]E;(t(f)‘”“”)7

so we clearly see that lim;_,o, II(t) = 0. Finally we observe that for [, , ,(v) =
E,e %% we have by Fubini’s theorem

Jim T11(t) = /O e My y o (v)do.
Since I(t) — II(t) = I11(t), we conclude that
o0 (o) Y 1 o0
[/ e_M,ué’yv(dv)} [/ e_’\”lmﬁyﬁ(v)dv} = X/ e M1, (v)dv,
0 0 0
and by Laplace transform argument

~ » B
Loy * Mgy =1%oy~

By the proof of Lemma 5.2 y 1. 2.y~ (t) is bounded and l;zv( t) = hmywl 2,y (1)
is well defined. By a standard calculus

t t
Eqe M5 =1 - AR, / e M dy — AR, / e MedLy,
0 0
and since I, 5 o (v) = E,e "Ls we obtain

t x 1
Ex/ b gL = [1-1{«: e~ MLE A/ U ( dv]
0

By assumption, (5.3) holds, so we have

lim I(t) = %{1 A /O h L0y ()] | /0 TN (v )do).

t—o0

Hence, comparing I(¢) — I1(t) and I7I(t) with ¢t — oo yields

H/OOO e (1 —la:,w,’y(v))dv} {/OOO e 0y (v )dv} = i/ooo e 1y 2 (v)dv.
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Finally, by Laplace transform argument

1~
(1= Loor) * (;lm’m) — 1l
0

Example 5.4. We will give some examples of using Theorem 5.3 in case x = y. For
~ > 0 we have

(1 - ZI’IW) */l\z,x,'y = * lm,z,'ya (57)

which is the Volterra integral equation of the first kind with respect to ZAMM As
can be seen below, even in typical cases, equation (5.7) is quite complicated.
If X is a Brownian motion and z = 0 then the distribution of LY is well known

and
o0 ) = (1=t (/1)) 120

where Erf denotes the error function Erf(z) = % foz e~ du. Equation (5.7) takes

= (o (555 Yo
_ V/Ot e (1 — Erf (’Y\/g))d“’

which may be solved either by numerical methods (see Linz, 1969) or by the tech-
niques of deconvolution presented in Jakubowski and Wisniewolski (2020).

The formula for [, ; , in case of X being a squared Bessel process with negative
index g € (—1,0) and & = 0, is given in Jakubowski and Wisniewolski (2020-+,
Ex. 5.4)

the form

lo,o~(t) = E_ (= va(u)D(=p)t™"),
where FE, is the Mittag-Leffler function with parameter ¢ and rk(p) :=
(2T(1 + p))~1. Equation (5.7) takes the form
t
| (0= B T (= ) oo (w)d
0

= 7/0 E_( = yw()0(—p)u™")du.

O

To formulate the next results we need some background on convolutions of mea-

sures. Recall that by A we denote the algebra of convolutions of locally integrable
functions on a non-negative half-line.

Definition 5.5. We say that a signed measure uf is a quasi-inverse of the signed
measure p if for any f € A

Frpxpt=frp+t fxpl
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Proposition 5.6. For each o—finite signed measure p on B(R4.) such that u({0}) <
1 there exists an unique quasi-inverse signed measure u'. Moreover

—1*NT221*ﬂ*n.
n>1
Before the proof of Proposition 5.6 we separate out an useful lemma.
Lemma 5.7. Assume that u,p1, e are o—finite signed measures on B(Ry) and

W= 1+ po. Assume that /AJ{ erists and K 1= o — L2 * ,ui. If k1 exists, then ut
ezists and

l*uTzl*(k’T—&—uJ{—kT*MI).
Proof: We follow the ideas of Lew (1972) for A. It is well known that signed mea-
sures on B(R.) constitute Banach algebra with convolution operation. Moreover,
if 0 denotes the neutral element of unitization of A then for each o—finite signed

measure ji1, for which /LI exists, the element 1% (6 — p1) has an associated uniquely
determined element 1% (§ — u;)~! which satisfies

Txls(0—pr)*(6—p1) b =1%1,
or simply
L (6 =) * (6 — )t = 1.
Indeed, (6§ — p1)~ ! is equal to § — ,uJ{, since one may easily check that
L (8= pg) % (6 — pf) = 1.
Moreover, if /ﬂ; and /1,; exist then
L (8= pa) ™" (0= o) ™1 = 1 (6 — paf) (6 — pah).

So if p = p1 + p2, and we may define k 1= po — po * /ﬂ;, then we observe that
to = k% (0 — py). Observe further that

U (T 4+ = kT wpl) = =15 (6= pl) « (6 — k) +1
= 1x(0—p) 'k (0 —r)TH1
=150 —p—k*x(0—p)) P Hl=—1%0—p) t+1,
so it follows that pf := kT + ;f{ — kT« ,uJ{ is the desired quasi-inverse element. [
Lemma 5.8. If u is a o—finite measure, then
Tepspl =1sxp+1sp’ o V€A fxpsxpl=frp+ frul

Proof: Follows by multiplying the LHS in sense of convolution by f and the RHS
by 1 respectively, and by the fact that A has no 0-divisors. O

Proof: (of Proposition 5.6) We adopt the proof of Lemma 1 in Lew (1972) to the
setup of o—finite measures. By Lemma 5.7, for a signed measure p it is enough
to find decomposition p = p1 + po such that ,uJ{ exists and for kK := po — po * u];
the element x! exists as well. Not loosing generality assume that p is a ofinite
measure. Due to hypothesis of the theorem we may choose a strictly positive a
such that (1% p)(a) < 1. Set p1 := pu(-N[0,a)). Clearly > ;1% pui™ converges

in A, so we may define —,uJ{ as a measure induced by the last sum or simply by
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an identity 1 * (—/ﬂ;) = Zn21 1 p3™. If we set po = p — pg, then po vanishes on

any Borel subset of [0,a) and so by the definition of convolution of measures p3™
vanishes on any Borel subset of [0,na) and so does *" for kK = po — s * ,u];. As
a result we may define —ug and —x! as measures induced by > o, 1% p3" and
Y on>1 1 x £*7 respectively, or simply by identities 1 * (—/J;) = Zn;l 1% p3™ and
1 (—kT) = Sy 147, 0

One more lemma will be important in the sequel.

Lemma 5.9. Assume that y, f € A and pu is a o—finite measure on non-negative

half-line. If y = f+y* u, theny = f — f*pul.

Proof: From assumption y solves a Volterra integral equation of the second kind

with respect to o—finite measure. If there exists w € A such that w = f + w * pu

then w = y. Indeed, we would then have
wxy=fxy+yscwkpu=frw-+y*kw*py,

so the assertion about uniqueness follows from the fact that A has no 0-divisors.

To conclude the proof we directly check that y = f — f % u' satisfies the integral
equation. Indeed,

frysu=f+(f—Ffru)ep=F+fop—frplsp=f—feu =y,
where we used Lemma 5.8. O
We use the notion of convolution of measures to describe the excursion local
time. For this recall that for I, , - (v) = E,e7Le we proved under assumptions of
Theorem 5.3 that (1 —ly 2+) *lpay =7 * oz~

Proposition 5.10. Fiz v > 0. Assume that (5.3) holds for y = x. Assume that
there exist a signed o—finite measure [i and a function a € A on [0,00) such that

a(0) = —1 and such that I, 5 , has the following representation
looy=1+a)*1—a. (5.8)
Then
1+ a) *ZAWM =Y *lg oy + 7 *lpgqy* Z T (5.9)
n>1

Proof: For a and [ as in the hypothesis of the theorem, the LHS of formula (5.6)
may be rewritten in the following form

(1 —lsay) *lAz,a:ﬂ =1 *lAw,zﬁ - lAz,zﬁ * ((1 +a)x - a)
= (14 0a) ¥ ooy — (14 0)#lasy * ]
and comparing the last with RHS of (5.6) yields
1+ a) *E’xﬁ -1+ a) *l;,z’,y k=Y % ly g

The last is integral equation with respect to (1 4+ «) * lAgww as in Lemma 5.9, so

(At a)*lpwy =7*loay =7 *lozy* (ﬁ)T

=qxlg oy + V¥l * Z o,
n>1

where in the last equality we used Proposition 5.6. (I
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Below we present some possible choices of « and i for decomposition (5.8).
We assume that assumptions of Theorem 5.3 are satisfied. The first example is
theoretic.

Ezample 5.11. For A > 0 set a(t) := —e ' and assume that ¢ — I, ,~(t) is
differentiable on (0,00). Define Ay (t) := e, , (t). Then decomposition (5.
holds, if

8)

L 08 ()
a0, 0) = eIl s, (5.10)

defines a signed ofinite measure. Indeed, taking a(t) := —e™** equality (5.8) may
be rewritten as

SO
t
Bs () = MA(0.0) — [ M) + 1
0
As a result
6A,\,7(t) RPN
9 = Xe([0,¢)),

which due to assumptions on Ay , makes g well defined.
The second example is constructive. The measure i is chosen upfront.

Proposition 5.12. Let i be the Lebesque measure and j(t) :=t. Then a defined
by

o :_7 _la: x,’y"" - a::z:,'y ZA*H (511)

n>1
satisfies the hypothesis of Proposition 5.10.
Proof: Assuming that fi is given, we rewrite condition (5.8) as an equation with
respect to a. Hence
a=1sp—lgpytaxl=7—ly.+axl,

o to obtain (5.11) we use Lemma 5.9. O

Example 5.13. Since j — I, 5 ~ is locally integrable and [ is the Lebesgue measure,
we have for any ¢ > 0

n

alt) =t —lownr () + > /0 (=t~ Loy (t — u)) . (5.12)

n!

For Ito-McKean diffusions the form of [, ., is given explicitly in terms of the
transition density:
Lown(t) = 1415 Y (=7)"p™" (@, 2)(1).
n=1
As a result, the terms of the RHS of (5. 2) are given explicitly and give the form
of the Volterra integral equation (5.9) for I,
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6. Non-linear excursion formula

The master formula of excursion although surprisingly universal and useful for
the theory, is actually a linear a transformation of some appropriately measurable
process (depending on previsible or optional setup). The naturally raised question
is about non-linear versions of the formula. Actually (to best of our knowledge)
the known non-linear version is the exponential one (see Revuz and Yor, 1991, Ch.
XII, Prop. 1.12). In this section we present a new non-linear version of excursion
formula for additive functionals. The structure of the new formula reminds the
structure of the linear master formula, where the Markovian kernel from the linear
formula is replaced by a more complicated but still a Markovian counterpart.

Let us introduce some auxiliary notation. For a continuous additive R, — valued
functional (A;) associated with Ito—McKean diffusion X, define

it = Aam o 975, t Z 0. (61)

By some standard arguments one may conclude that i,z for 77 = inf {v>0:L%>
t} is well defined and previsible (left-continuous). Recall that by df we denote the
first hitting time of x by the process X, after t.

Definition 6.1. (Hypothesis A) We say that A satisfies hypothesis A if
(1) there exists a density with respect to Lebesgue measure, g of A,_, that is
Py(A,, € dz) = §(w, z)dz,

and for any fixed z the map w — g(w, z) is measurable.
(2) there exists a kernel ¢; , representing the distribution of the pair (A, Agz)
on condition {X; = y}:

P, (A € dv, Agy € dk|X, = y) = ¢4y (dv, k)dk,
and (t,y) — ¢4,y (dv, k) is measurable for any fixed non-negative k.

We are ready to formulate the result of this section, namely the non-linear ex-
cursions formula for non-negative, continuous additive functionals of X.

Theorem 6.2. (Non-linear excursion formula) Let t > 0, x € E be fixed and h
be a Borel, positive or bounded function on Ry. Under hypothesis A there exist a
kernel Q%% such that

Exh( / / h(k)QL*, (dk)dLE. (6.2)

The kernel is defined by
QL*(dk) = B, 0H*(X,,dk), Wh(y,dk) = P, (A € dk|X; = y). (6.3)
Moreover, for z € E define a kernel szz(dk) = Ez‘yt’r()?s(w),dk) where X @)

denotes the canonical process killed at first hitting of x (not be confused with ex-
cursion pmcess), and by pus denote the entrance law of excursion process X that

is ps(dk) = P, (X € dk). Then the kernel (QL") is Markovian in the following

sense: for any u,s > 0 we have Qijfu s Q) b , which formally means

Q' (dk) / O () s (d2). (6.4)
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Proof: Tt is quite clear that ) . e = iy + Ay, so for a chosen h Borel, positive
or bounded. Denote I(t) = ZTE <¢ir=_. We have by Markov property

E,h(I(t)) = Emh<At A, o ot) - ET/ h(A; + 2)§(Xs, 2)dz
0

///hv+z 2)Pa (Xe € dy, Ar € dv)dz

:/ h(k)/ 9y, k — v)P, (X, € dy, Ay € dv)dk.
0 0

Recall that by occupation time formula for local time we have E, LT = f(f oz, x)du,
and since p(z,y) = p(y, z) and p(y,z) = p(x, z) * g¥ we obtain

t
pe(x,y) = Ex/ g2(t — u)dLy.
0
As a result, by Fubini’s theorem
EA(I(1) (6.5)

=E, /Ot /000 h(k) [/E /Ok Gy, k —v)P, (A € dv| Xy = y)gl(t — u)m(dy)} dk dL?

Clearly

k k
/ Gy, k —v)P, (A € dv| X, = y) = / E, [1{Atedv}g(Xt7 k—v)|X: = y}
0 0

By Markov property
§(X1, 2)dz = Eq[Ay, 00, € dz|F).
By hypothesis A
P, (A; € dv, Agz € dk|Xt =) = ¢y (dv, k)dk,
so recalling that Az = A; + A,, o 0; we have

k k
[/ 9y, k —0)P, (4 € dv|X; = y)]dk = [/ gbt,y(dv,k)}dk
0 0

By the definition of df the last probability is equal to P, (Adf € dk‘!Xt = y) which
is exactly what we denote by W"*(y, dk). Thus, the first integrand in the square
bracket of (6.5) may be replaced by ¥%%(y, dk), and we obtain

E.h(I / / / mtvz(y,dk)gg(t—u)m(dy)} dk dL®.
It was recalled several times in this paper that g¥(u)m(dy) = Py(X, € dy), s
E.h(I / / B, U (X, y, dk)dk dL®

_E, / " h(k)QL®, (dk)dLE.
0 0

Since we are in the diffusive setup the kernel th"‘ is measurable directly from the
definition. To see that it is Markovian in the above specific sense we recall that if
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1s is the entrance law of excursion process and 7351) denotes the semigroup of the

process arising from X and killed at =, we have pi,15 = ,uu’ﬁs(w) for any positive s
and u. So we write

QY% (dk) = B, 0 (Ros, di) = /E U (2, d) e (d2)

- /E/E\I/t’m(zadk)ﬁgx)(y,Z)m(dz)uu(dy)
:/E,Uu(dy)</E\I/t’m(z,dk)ﬁgx)(y’z)m(dZD

o
= [ )@ ).
This finishes the proof. (I

FEzample 6.3. For It6—McKean diffusion X and = = 0 recall the setup of Salminen
et al. (2007). Take A; = ¢. It follows from formula Salminen et al. (2007, (6)) that
hypothesis A is satisfied. Moreover,

Po(X, € dy, d° € dk) = (/0 Pu(0,0)g4(t — u)du)gg(k — t)dk m(dy)
= pe(y,0)gg (k — t)dk m(dy),

so that
\Ilt’o(y7 dk) = g¢ (k — t)dk.
We obtain
QL (k) = ( [ b= g (sym) ) .
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