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Abstract: In this paper, we investigate the existence of random attractors for a semilinear reaction-diffusion
equation with a nonlinearity having a polynomial growth of arbitrary order p — 1(p > 2), and with
distribution derivatives and multiplicative noise defined on unbounded domains. The random attractors
are obtained in L2(R") and LP(R") respectively. The semilinear reaction-diffusion equation is recast as a
continuous random dynamical system and asymptotic compactness for this demonstrated by using uniform
a priori estimates for far-field values of solutions as well as the cut-off technique.
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1. Introduction

T In this article, we investigated the existence of the (L?(R"),L?(R"))-random attractor and the
(L2(R"),LP(R"))-random attractor for the following semilinear reaction-diffusion equation with
distribution derivatives and multiplicative noise on R":

du+ (Au— Au)dt = (f(x) — g(u) + Djf/)dt + bu o dW(t); in RT x R" 1)

with the initial value condition
u(x,0) =up(x); xeR”, ()
where —A is the Laplacian operator with respect to the variable x € R", u = (x,t) is a real function of

9
0x;
fl,f € L>(R") (j=1,2,..n)(n > 3), W(t) is a two-sided real-valued Wiener process on a probability space
(Q), F,P), (where QO = {w € C(R,R) : w(0) = 0}, F is the Borel ¢ -algebra induced by the compact-open
topology of ), and P is the corresponding Wiener measure on F), o denotes the Stratonovich sense in the
stochastic term. We identify w(t) with W(t), i.e., is a Wiener process defined on a standard probability space
(), F,P), where Q) = {w € C(R,R) : w(0) = 0}, and F is the Borel ¢ -algebra induced by the compact-open
topology of (2 and P is the corresponding Wiener measure on F. And g is a Lipschitz function which satisfies
the following conditions:

x € R"and t > 7, uc(x) € L2(R"), A and b are non-negative constants, D; = is distribution derivatives,

§(0) =0, (g(s1) — g(s2))(s1 — s2) > wols1 —s2|* Vs1,5 €R, ®3)

Balsl? — &afsl? < g(s)s < Palsl” +aulsP, 2 < p < oo, @
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where g, B1, B2, B3, 51and J; are non-negative constants and
by < A. 5)

A random attractor of a random dynamical system is a measurable and compact invariant random set
attracting all the orbits. The notion of a random attractor is very useful for many infinite-dimensional random
dynamical systems (RDS), see [1,2].

Many authors have studied the existence of a random attractor for an RDS. For instance, Crauel and
Flandoli in [1] introduced the notion of a random attractor and obtained a general theorem on the existence of
arandom attractor for the RDS. Their theorem has been successfully applied to the stochastic reaction-diffusion
equations and the stochastic Navier-Stokes equations.

The existence of random attractors without distribution derivatives has been studied by several authors,
see [2-10] and the reference therein. Notice that the partial differential equations (PDEs) studied in these
literatures are all defined on the bounded domains. In the case of unbounded domains, the existence of random
attractors without distribution derivatives was established for the stochastic reaction-diffusion equation with
additive noise in [11], and with multiplicative noise in [12].

Recently, in case of distribution derivatives on unbounded domains, the existence of global attractors was
established for the deterministic reaction-diffusion equation with distribution derivatives in [13,14], and for
the stochastic reaction-diffusion equation with distribution derivatives and additive noise in [15], and with
multiplicative noise in [16].

Furthermore, there are no results on random attractors for stochastic reaction-diffusion equation with
distribution derivatives and multiplicative noise on unbounded domain in (L?(R"), LF(R")). It is worth
mentioning that Sobolev embedding is not compact on domains of infinite volume (see [17]). This leads to a
major obstacle for proving the existence of attractors for PDEs on unbounded domains. For some deterministic
equations, the difficulty caused by the unboundedness of domains can be overcome by the energy equation
approach. The energy equation method was developed by Ball in [18] and used by many authors (see, for
example, [19-22]). Under certain circumstances, the tail-estimates method can be used to deal with the problem
caused by the unboundedness of domains (see [11,23,24]). In this article, we will use the idea of uniform
estimates on the tail of solutions to study the existence of a random attractor of the stochastic reaction-diffusion
equation with distribution derivatives and multiplicative noise on unbounded domain.

This article is organized as follows. In Section 2, we recall some basic concepts and properties for general
random dynamics system. In Section 3, we provide some basic settings about Equation (1) and show that it
generates a random dynamical system on L?(IR"). In the last section, firstly we prove the uniform estimates
of solutions which include the uniform estimates on the tails of solutions. Then establish the asymptotic
compactness of the solution operator by given uniform estimates on the tails of solutions and prove the
existence of a random attractor.

In the sequel, we use || - ||, be the norm of L7 (R")(p > 1), |v| the modular of v, m(e), sometimes we also
write it as |e| the Lebesgue measure of e C R”,R"(Jv| > M) £ {x € R" | |v(x)| > M}, and C an arbitrary
positive constant, which may be different from line to line and even in the same line, and || - ||, (-, -) to denote
the norm and inner product of L?(R"), respectively.

2. Preliminaries and abstract results

2.1. Preliminaries

As mentioned in the introduction, our main purpose is to prove the existence of the
(L2(R™), LP(R"))-random attractor. For that matter, first, we will recapitulate basic concepts related to
random attractors for stochastic dynamical systems. The reader is referred to [3,25] for more details.

Let (X, || - ||x) be separable Hilbert space with the Borel o-algebra B(X). Let (), F, P) be a probability
space.

Definition 1. (Q), F, P, (8);cr) is called a metric dynamical system if ¢ : Rx Q — Qis (B(R) x
F, F)-measurable, ¥y is the identity on Q), 954+ = 0,0 s foralls,t € Rand &P = P forall t € R.
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Definition 2. A continuous random dynamical system (RDS) on X over a metric dynamical system
(€0, F, P, (9t)icr) is a mapping

PR xQOxX—X, (twx)— ¢(twx),

which is (B(R™) x F x B(X), B(X))- measurable and satisfies, for P-a.e. w € Q.

1. ¢(0,w, -) is the identity on X,
2. p(t+s,w,) =t 0w, )od(s,w,-) forallt,s € RT,
3. ¢(t,w,-) : X — X is continuous for all t € R™.

Hereafter, we always assume that ¢ is continuous RDS on X over (Q), F, P, (0¢);er)-

Definition 3. A set-valued mapping {D(w)} : Q — 2%, w — D(w), is said to be a random set if the mapping
w — d(u, D(w)) is measurable for every u € X.If D(w) is also closed (compact) for each w € Q), {D(w)} is
called a random closed(compact) set. A random set {D(w)} is said to be bounded if there exist 1y € X and a
random variable R (w) > 0 such that D(w) C {u € X : ||u — up||x < Ry(w)} forall w € Q.

Definition 4. A random bounded set {D(w)} is called tempered provided for P-ae, w € Q,
lim;_, ;oo e Ptd(D(d_tw)) = 0 for all B > 0, where d(D) = sup{||b||x : b € D}.

Definition 5. Let © be a collection of random subset of X and {K(w)} € ©. Then {K(w)} is called a random
absorbing set for ¢ in © for every D € D and P-a.e, w € Q), there exist to(w) such that ¢(t, 9_w, D(d_;w)) C
K(w) forall t > ty(w).

Definition 6. A random set {K;(w)} is said to be a random attracting set if for every tempered random set
{D(w)}, and P-a.e, w € ), we have

lim dy(¢(t 0w, D(8_1w), Ky (w))) = 0,

t—4o0

where dp is the Hausdorff semi-distance given by dy (E, F) = sup,, . infycr ||[u — v||x for every E, F C X.

Definition 7. Let © be the set of all random tempered sets in X. Then ¢ is said to be asymptotically compact
in X if for P-a.e. w € Q, {¢(ty, 0_1,w, Xy)}57_; has a convergent subsequence in X whenever t, — oo, and
X, € B(9_t,w) with {B(w)} € D.

Definition 8. A random compact set {A(w)} is said to be a random attractor if it is a random attracting set
and ¢(t, w, A(w)) = A(9_tw) for P-a.e. w € Qand all t > 0.

Definition 9. Let ¢ be a continuous random dynamical system on X over (QQ, F, P, (0¢);cr). If there is a closed
random tempered absorbing set {K(w)} of ¢ and ¢ is asymptotically compact in X, then { A(w)} is a random
attractor of ¢, where

Aw) = U ¢(r,9-cw,K(¥_rw)), we Q.

t>0T1>t

Moreover, {A(w)} is the unique attractor of ¢.

Theorem 1. [13] Let X be a Banach space and {¢(t)}i>0 be a continuous random dynamical system on X. Then
{¢(t) }+>0 has a random attractor in X provided that the following conditions hold:

1. {¢(t)}¢>0 has a bounded absorbing set in X.
2. For any bounded subset B(w) of X, we have x(¢(t)B(w)) — 0 ast — oo.

2.2. Abstract results

In the following, we will give some simple properties of bounded sets in L?(R"), which are useful for
establishing the asymptotic compactness of the random dynamical system in L” (R").
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Lemma 1. [26,27] Suppose a RDS ¢ has a bounded absorbing set B(w) in LP(Q)). Then for P-a.s. w € Q, { > 0 and
bounded B C LP(Q), there exist T = T(B,w) and M = M({,w) such that

m(Q(|p(t, 0_tw)u| > M)) < (foranyu € Band t > T.

Lemma 2. [13,28] Let B be a bounded subset in LF(Q)(p >
M = M(B, ) such that for every v € B, fQ(|v\zM)(|U| — M)P

1) and ¢ > O be arbitrary. Assume that there is an
< C, then we have

o|P < 2PHY7 forallv € B.
/Q(\v|221\71) lol” < ¢ f

Lemma 3. [13] Let B C L?(R") N LP(R")(p > 2) and be bounded in both L2(R™) and LP(R"). Then for every
¢ > 0, B has a finite {-net in LP(R") if there exists a positive constant M = M(, w) which depends on {, such that

(i) B has a finite (3M)>~P)/2(7 /2)P/2 — net in L2(R").

(ii) (/R (o1 |v\pdx)1/p < 27@r27/P ¢ for every v € B. (6)
n(|y|>

Motivated by Theorem 1, we will provide a simple and convenient criterion for the existence of random
attractors in R”, which will be used later:

Corollary 1. [13,24,29] Let {¢(t) }1>0 be a continuous random dynamical system on L?(R"™). Then {¢(t)} >0 has a
(L2(R™), L2(R™))-random attractors if and only if

1. {¢(t)}r>0 has a (L?(R™), L2(R"))-bounded absorbing set.

2. Forany { > 0, there exist Ry > 0 and T; > 0, such that fR”\B(w)(O,R) |p(t)vg|>dx < { forany vy € By,
provided that t > Ty and R > Rg.

3. Forany R > 0 and any bounded set B C Y, we have x(¢(t)B|p(,r)) — 0as t — oo, where B(O,R) = {x €

o(x) if x| <R,

R™: |x[ < R}, ¢(t)Blpo,r) = {¢(t)volpo,r) : v0 € B} and v(x)|p(or) = { 0 ofhers wise

As mentioned ahead, it is very hard to obtain the continuity of the random dynamical system in
LP(R"™), and the norm-to-weak continuity is also not available since there is no nested relation between
L?(R") and LP(R") for p # 2. So it is very difficult to obtain the invariance of the random attractor by the
continuity or norm-to-weak continuity of the random dynamical system. In this paper, we will establish
the invariance of the (L?(R"), LP(R"))-random attractor by the continuity of {¢(t)}s>o in L?>(R") and the
asymptotic compactness in L”(R"), see Theorem 2. For that matter, we give the convenient lemma as
following.

Lemma 4. [13] Let X and Y be two Banach spaces with norm || - ||x and || - ||y, respectively, B C D(X) ND(Y).

Assume that {x,}%’ ; C B and x, M X0, X & Yo, X0, Yo € B(w). Then xo = yo, where D(X) denotes the
collection of all bounded subsets of X.

Theorem 2. [27] Let ¢(t,w) be a quasi-continuous random dynamical system on LF(R") over an ergodic system
(Q, F,P;8). suppose that ¢ has a (L>(R"), L?>(R"))-random attractor. Then ¢ has a (L?(R™), LP(R"))-random
attractor provided that the following condition hold:

1. ¢ hasa (L2(R"), LP(R"))-bounded absorbing set By(w),
2. ¢ is (L?(R™), LP (R™))-omega-limit compact, that is for any bounded non-random set B C LP(R™), we have

lim x(| ) ¢(t,8_4w)B) =0, P-as.w e Q. 7)
T—o0 ST

Under the assumptions in Theorem 2, we will prove one of the random attractors is

Aw)= |J A(Bw) ®)

BCLP(R")
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where the union is taken over all bounded subsets of LP(R"), and A(B, w) is the weakly sequence omega-limit set, that
is,

AB,w) = (] U ¢(t8_1w)BWS )
T>0t>T
for any bounded set B C LP(R™).
Using the same method as in [28], one can prove that if ¢ is omega-limit compact then A(B,w) has the following
character:
x € A(B,w) iff 3x, € B, ty, — oo such that ¢(t,, 0_t,w)xy — X. (10)

Remark 1. [13,27] From the proof of the Theorem 2, obviously, we have that the (L?(R"), L>(R"))-random
attractor coincides with the (L?(R"), LP (R"))-random attractor.

Secondly, going by the idea of [30], we give a criterion or detailed scheme for verifying the existence of
the (L?(R"), LP(R"))-random attractor, which is very useful in our later discussion.

Theorem 3. Let {¢(t)};>0 be a continuous random dynamical system on L2(R") and a random dynamical system on
LP(R™), where 2 < p < 0. suppose that {¢(t) }+>o has a (L2(R™), L2(R™))-random attractor. Then {¢(t)}s>0 has a
(L2(R™), LP(R™))-random attractor provided that the following condition hold:

1. {¢(t)}i>0 has a (L*(R"), LP(R™))-bounded absorbing set By(w),
2. For any { > 0 and any bounded (with respect to || - ||2) subset B, there exist positive constants M =
M(Z,B(w),w) and T = T(Z, B(w), w), such that

/R"<\¢<t> > M) |p(t)ool? < 2722 for any vy € B(w) and t > T.
U=

Proof. Using Theorem 2, we only need to verify that {¢(t)}+>o is (L?(R"), LP(R"))-asymptotically compact.
As in Theorem 2, denote the (L%(R"), L>(R"))-bounded absorbing set by B(w) and let By(w) = By(w) N
By (w). Then it is sufficient to prove that

for any x, € By(w), tn — oo, {¢(tn)xn};—1 is precompact in LF(R"), (11)

which is equivalent to prove that for any > 0, {¢(t,)x,}_; has a finite {-net in LP (R").

In fact, from the assumption that {¢(¢)};>0 has a (L?(R"), L?(R"))-random attractor, we know that there
is a T; which depends on ¢ and M, such that {¢(t,)x,|t, > T;} has a finite (3M)(2-7)/2(¢ /)P/2-net in L(R").
Taking Ty = max{Ty, T}, then from Lemma 3, we know that {¢(t,)xn|t, > Ty} has a finite {-net in LP(R").
Since t;, — oo, we obtain that {¢(t,)x,}$>; has a finite {-net in LP(R"), too. Then from the arbitrariness of ¢,

we get that {¢(t,)x, };_; is precompact in LV (R"). O

3. The random dynamical system

In this section, we show that there is a continuous random dynamical system generated by the stochastic
reaction-diffusion equation defined on R" with distribution derivatives and multiplicative noise:

du+ (Au— Au)dt = (f(x) — g(u) + Djff)dt +buodW(t), inRT x R", (12)

with the initial value condition

u(x,0) = up( x € R", (13)

x),
where A, b are a non-negative constant, f/, f € L2(R"), D; = aix,- is distribution derivatives, and g is a Lipschitz
function which satisfies the conditions (3)-(5).
To model the random noise in Equation (12), we need to define a shift operator {9; };cg on Q) (where Q is
defined in the introduction) by

hw(-) =w(-+t) —w(t), teR,

then (Q, F, P, {8 };cr) is an ergodic metric dynamical system, see [3,25].
For our purpose, it is convenient to convert the Equation (12) into a deterministic system with a random
parameter, and then show that it generates a random dynamical system.
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We now introduce an Ornstein-Uhlenbeck process given by the Brownian motion. Put

0
z(%w) = —/ e’ (dw)(s)ds, t €R, (14)

—00

which is called the Ornstein-Uhlenbeck process and solves the Itd equation dz + zdt = dW ().

From [3,11,31,32], it is known that the random variable z(w) is tempered, and there is a ¢;-invariant set
Q c Q of full P measure such that for every w € Q, t— z(94w) is continuous in t; limy— ‘Z(‘ftfr")l = 0; and
lim;—+eo % fotz(ﬂsw)ds =0.

To show that Equation 12 generates a random dynamical system, we let

o(t) = e 0@y (p), (15)

where u is a solution of Equation (12). Then we can consider the following evolution equation with random
coefficients but without white noise:

dv _ ;
=+ Ao — Av = e P2O9) (£(x) — g(et* 1)) 4 Djf!) + bz(8:w)v, (16)

with the initial value condition
0(x,0) = vo(x) = e P20y (x), x e R™. (17)

We will consider Equations (16) and (17) for w € Q) and write Q) as Q from now on. By using the Galerkin
method we can show that if ¢ satisfies (3)-(5), then for every vg in L*(R"), Equation (16) possesses a unique
weak solution

o(t,w,v9) € L®(0, T, L*(R")) (| L*(0, T, H(R")) (\ L*(0, T, LF(R")) T > 0,

which is continuous with respect to vg in € L?(R") for all t > 0. Then equation (16) generates a continuous
random dynamical system {¢(t) };>o over (Q}, F,P, {0 };cr), where

p(t,w,v0) = v(t,w,vy), forvy € LZ(R”), t >0 and forall w € Q.

We define mapping ¢ : R* x Q x L2(R") — L?(R") by
o(t,w,up) = u(t,w,up) = ebz(ﬂf“’)gb(t,w, Vo),

for vg € L>(R"),t > 0 and for all w € Q.

Then g is a continuous random dynamical system associated with the Equation (12) on L?(R"). Note that
the two random dynamical system are equivalent. It is easy to check that ¢ has a random attractor provided ¢
possesses a random attractor. Then, we only need to consider the random dynamical system ¢.

4. Existence of random attractors

In this section, we prove the existence of a global random attractor for the random dynamical system ¢
associated with the semilinear reaction-diffusion Equation (12)-(13) on R". The main result of this section can
now be stated as follows. Firstly, we derive uniformly a priori estimates on the solutions of Equations (12)-(13)
defined on R"” when t — co with the purpose of proving the existence of a bounded random absorbing set and
the asymptotic compactness of the random dynamical system associated with the equation. In particular, we
will show that the tails of the solutions for large space variable are uniformly small when time is sufficiently
large.

From now on, we always assume that © is the collection of all tempered random subsets of
L*(R"), LP(R") with respect to (Q, F,P, {8};cr). The next lemma shows that ¢ has a random absorbing
setin ©.
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Lemma 5. Assume that fI, f € L?(R"), and (1.3)~(1.5) hold. Then there exists a random ball {K(w)} € D centered at
0 with random radius p(w) > 0 such that {K(w)} is a random absorbing set for ¢ in D, that is, for any {B(w)} € ©
and P-a.e. w € O, there is Tg(w) > 0 such that

¢(t,9_tw,B(0_4w,)) C K(w) forall t > Tg(w). (18)

Proof. Taking the inner product of Equation (16) with v in L2(R"), we have

0|2 4 Al|o||2 + || V0|2 = —e b2(0) 209 p)odx + e 2O ((f,0) + (Difl,0)) + bz(8iw) ||o|? . (19)
Zdt .8 j

By the condition (4), we obtain that
e—bz(ﬂ,w) / g(ebz(ﬁtw)v)vdx — e—2bz(19ta1) / g(u)udx > ‘Bzeb(p—Z)z(ﬂtw) ”va _ (52”0”2 ) (20)
By the Holder inequality and the Young inequality, we conclude

_ _ 1 5
e O (f,0) < OO £ o) < 2, e £17 + 2o (1)

) o - = 1
) (D, 0) = O (£, V0) < e 0| P W0l < e O AP 42 Vol?, @)

where f = (f',..., f") and [|f|> = T/ |f/|*
Then substituting Equations (20) (22) into (19), it yields

d _ 1 _ =
Zlol? = @bz(8iw) = &) [[o]* + (| Vo[|® +2Bpel P20 g < %’ PO AP+ Sl AP, (23)
where 6y = A — &, By the condition (5), dy is non-negative constant. Hence, we can rewrite (23) as
d 1 _ .
Tlol? = (@bz(8w) = do) [o]]* < %" 2O (|| £117 + ol FII) - (24)

By applying the Gronwall's Lemma to (24), we find that

[o(t, w, vo(w)) >

< ) fot bz(ﬁsw)ds—éotnvo(w) H2 + ||f”2 250”];”26217 fotz(ﬁsw)ds—égt /t o—2bz(8sw)—2b fosz(ﬁTw)dr-&-éost ) (25)
0 0

By replacing w by ¢_;w in (25), we get

[o(t, 810, vo(8—1w))||?

2 £112
< eZbfotz(ﬁs,tw)dsféotHUO(ﬂ_tw)”2 + Hf” + ‘SOHfH ezbjgz(ﬁs,tw)ds—égt /t e—zbz(ﬂs,tw 2bj0 z(Or— fw)dTJréost
0

do
< e2bf z(Osw)ds— 5otHv (19 w)H2 ||f”2 —;50||f”2 / 72bz(l9sw +2bf b“Tw)dTthSOst
0 —t
< 2 [ 2 (Ow)ds— 0y (80 | + I£1I? 4;550||f|\2 /O o~ 2b2(850)+2b [0 2(Ocw)dT+dos g (26)
0 —00

By the properties of Ornstein-Uhlenbeck process,
/ 0 e~ 2b2(850) +2b [ 2(0rw)dTH00s gg 1 oo 27)
Notice that {B(w)} € © is tempered, then for any vy (9_;w) € B(9_;w),

im 2 LA (0 10)]2 0. (28)
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We can choose

2 712
o(w) =1+ LAl J;‘50||f|| / o 202(c00) 420 [ 2(Bcw)d-+0s g (29)
0 —00

and let
K(w) = {u € L*(R") : [|[ul]* < p(w)} .

Then {K(w)} € ®, and {K(w)} is a random absorbing set for ¢ in D, which completes the proof. [

Lemma 6. Assume that fi, f € L?(R"), and Equations (3)-(5) hold. The random dynamical system {¢(t)};>0 has a
(L2(R™), LP(R")) and (L?(R™), H' (R™))-bounded absorbing set, that is, there exists a random radius p(w) such that
for any {B(w)} € © and vo(w) € B(w), there exists a Tg(w) > 0 such that the solution ¢ of (27) satisfies for P-a.e.
w e, forallt > Tp(w),

(t, 9—tcw, 00 (8—10)) [P + |9 (8, 81w, 0o (9-1))||* + | Vp(t, 9w, 00 (8-1w)) > < plw). (30)

Proof. Taking the inner product of Equation (16) with v in L2(R"), we have

%ol + Aol + | Vol)2 = —e~=(0) [ g @)oo =0 ((f,0) + (Dyf,2)) + be(Bheo)o]
(31)

2dt

Using Equations (20)-(21) and Lemma 5, we conclude from (31) that

1d 1 _ 1 _ _ ;
3 312 + Dol + Vol + pacP DOl < e O 12 4 ba(Brco)p(@) +¢ 0Dy ).
(32)
Hence, we can rewrite Equation (32) as
1 _ 5 - .
ol + Lol + 2 [ 70l + B P20 ol < p(ao) + 724 Dy, 0). (33)
Noticing that
Vo + fII* < 2[Vol* +2|| fI? (34)
by (34), we conclude from (33) that
d 2 7112 2 P ~
g lol”+CAVo+ fII7 + ol + [lo]l") < plw) - (35)

Integrating the Equation (35) from ¢ to t + 1, and using Lemma 5, we can find a Tg(w) > 0, such that for
allt > TB(CU),

t+1 - )
/t ([IVo+ fII* + [lol* + [lo]|I”) < p(w). (36)

On the other hand , multiplying Equation (16) with v;, and integrating over R” we find that

1 1
Joul+ 5 17017 +2(7, Vo) + Al +2 [ gludx) = =05, ) + Splz(8r)] ol + 5 el @)

By the Holder’s inequality and the Young’s inequality, we conclude

1
et (f,0) <O £ o] < 5

_ 1
3¢ I 42 o 2. (38)

Now, let G(s fo T)dT; then by condition (4) again, we can conclude that
Palsl? = &als* < G(s) < Pals|? +dils[.
Therefore

Ba / |u\pdx—52/ \u|2dx</ dx<ﬁ1/ |u|de+51/ u|dx . (39)
JRn n Rn



Open ]. Math. Sci. 2020, 4, 126-141 134

Then inserting (38)-(39) into (37) and by Lemma 5, it yields

SVl 4207, 90) + 112 = IFIP+ Mol + 2 [ JuPax =5 [ |uPax) < plw).  @0)
Hence, we can rewrite (40) as
d 712 2 ~
g Vo FIIP ol + [lo]]?) < plw). (41)
Combining with (36) and (41), by the uniform Gronwall's Lemma, we deduce that
Vo + FII? + 1o + [lo]l” < plw). (42)
Using || Vo2 < 2||Vo + f||> + 2| f||? and Equation (42) implies that for t < Tz(w) + 1,
Vol + [l + o]l < plw). (43)
The proof is concluded. O

Lemma 7. Assume that fi, f € L>(R"), and (3)-(5) hold. Then there exists a tempered random variable Ry(w) > 0
such that for any {B(w)} € © and vo(w) € B(w), there exists a Tg(w) > 0 such that the solution ¢ of (16) satisfies
for P-a.e. w € Q, forall t > Tp(w),

t+1 ~
/t IV (s, 0110, 00(8_s—1))|Pds < R (). (44)

Proof. By substituting t by T and w by 9_;w in (25) for any T > 0, we find that

[o(T, 81w, v(8—1w))|*

A . 2 A2 1

< eZbfOTz(ﬂs,,w)ds—(SOT”vO(ﬁ_tw)||2 + Hf” -;50Hf|| ebeoTz(ﬁs,ta;)ds—(SoT /T e—zbz(ﬂs,,w)—beosz(&T,tw)dT+Jost_
0 0

(45)

Multiplying two sides of the equation (45) by 2’ J1 2(Oc-sw)dr—0o(t=1)

allt > T

, then simplifying it, we find that for

¢2b J12@@)dT=e0(t=1)|15, (P, 9_ 00, vy (8_10)) |2

< ezbfOtZwsftw)dsfé‘otﬂvo(ﬁ,tw)H2 + ||f”2 —}(—550”]?”2 / o 2bz(0s— 1w +2hf 2(Bs—pw)ds—dy(t—s) g (46)
0 0

By the Gronwall's Lemma, of the Equation (23) we get that for all t > T

o, (@) | < 2 01580t o7, 0, (@) 2 — [ 212 2000 T(s, ,w0(w)) Pl
T

||f|2+(5o||f|2/ —2bz(Becw) 42D [} 2(Brw)dT+do(s—1) g 47)
o T

which obviously gives
/ 2bj z2(0rw)dT+80(s—t) va s, w, UO ))Hst
T

. 2 2
ge2bthZ(‘9S“’)d5*‘50(t*T)||U(T,w,vo(w))||2 M/ ~2bz(Bs0w)+2b [ 2(Brew)dT+d0(s—1) g (48)
0 T

By replacing w by ¢_;w into (48), we get
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/ 2bj (O rw)dT+3o(s—t) HVU(S O_tw, v (09— ))szs
T

< ebeth(ﬁs,tw)dsféo(th)HU(T, d_w, 00(1971‘(4]))”2 Hf||2 + (SOHfHZ / 72bz (Bs—tw +2bf 2(O7r—pw)dT+60 (s— t)d
- T

do
(49)
By using (46) into (49), we have
t
[ eZb f;z(l%_tw)d’r-&-ég(s—t) va(sl O, vo(ﬁ,tw)) szs
T
< ebeotz(ﬂs*tw)dsf(Sot||Uo(l9,tw)||2 + Hf||2 +50Hf||2 / 72bz(195 rw +2bj z(8s—tw)ds—bp (s— t)ds
- %0 0
||f||2 +dollf 17 / o= 2b2(85 1) +2b [! 2(8c_w)dT+d0(st) g
%0 T
< e2bf(;z(195,tw)ds—§0t||vo(l9_tw)”2 Hf||2 "(_S(Souf”z / —2bz(0s—tw +2bf (Yr—rw)dT+80(s— t)ds
0 0
2 £112
< 202 (sw)ds— 0t (8_sc0) |2 + LA ;50||f\| /0 o 202(050)+2b [0 2(Breo)drdos 1 (50)
0 —t
Replacing T by t and t by ¢ + 1 in (50), we have
t+1 t+1
/ o2b Ji7 20— pqw)dT+80(s—t—1) H V"U(S, 9 1w, 00(197,571(4))) ||2dS
t
< ebe 11 2(8sw)ds—do (t+1) HU ( w)H2+ ||f“2+50||f“2 /0 e—ZbZ(ﬂsw)+2bfsoz(ﬂ-[w)d"r-&-&osds. (51)
) t—1
Fors € [t,t + 1], to yield that
t+1
/ —+ €2b fst+l 2(8¢_p_qw)dT+8(s—t—1) HVZ)(S, 8 1w, vo(ﬂ—t—lw)) ||2dS
t
t+1 .
> /t e maxosest E(0w) =00 || (s, 0y, vo(9_1—1w)) | ds . (52)

By the property of z(w) and temperedness of ||vg(w)||, there exists Tg(w) > 0 such that for all t > Tp(w),
from (51) and (52), we find that

t+1 2
/t Vo(s, 01w, v0(8—t-1w))||"ds

0
< o2 J= -y 2(Bsw)ds+2b maxo<r<1 |z(9rw)|—bot ||Uo(l9_t_1w) ||2

+ Hf”Z + stHsz /0 e—2bz(195w)+2bmaxoggl |z(Orw)|+2b fso z(ﬂTw)dT-&-&g(s-&-l)dS
do t—1
+ 6ol f11?

2
<1 I

a /O o—2bz(8sw)+2be maxo< <1 |2(8rw) |+2bf (Orw)dt+do(s+1) 7o — Rl( ) (53)
0 —00

It is easy to check that R; (w) is tempered. This completes the proof. [
Lemma 8. Assume that fi, f € L2(R"), and (3)-(5) hold. Let {B(w)} € © and vy(w) € B(w). Then, for any { > 0,

there exist T = T({,w,B) > 0and K = K({,w) > 0, such that the solution ¢ of Equation (16) satisfies for P-a.e.
weQvt>T,
e

Proof. We first need to define a smooth function ¢(-) from R™ into [0,1] such that ¢(-) = 0 on [0,1] and
o(-) = 1on [2, +00), which evidently implies that there is a positive constant ¢ such that the |0’ (s)| < ¢ for all

P(t, 8 1w, v9(0_1w))|?dx < . (54)
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s > 0. For convenience, we write 0, = (7( I ). Now multiplying equation (16) with oyv and integrating over

R", we have

1d

2 2
i A
2 dE e oy |v|“dx + /R" o |v|“dx

= /Rn(AU)UKdeijZ(ﬂtw)/Rn 0-K|U|2dx_efhz(l9tw) (/R" aKg(u)vdx+/Rn (TKfdejL/Rn D]«ff(f,(vdx) , (55)

where

2x
/H(Av)(rxvdx: —/Rn |Vv|2(7,<dx—/R 00} = (Vo)dx < —/Rn |vU|20—de—/KS|x‘SfK ,QK (Vo)dx
2v2
K

| /\

/ |Vo|2oedx + == |o| - |og| - [Voldx

K<x|<v2x

2V2
Y2E [ ol Vold < - [ [VoPodr+ (ol + |7ol?)

| /\

/ |Vo|2odx +
where Cj is a non-negative constant. Now by condition (4), we get
bz (0w) / oxg(u)vdx = e~ 2bz(0rw) / o g(u)udx > ,Bzeb(p_z)zwf“’) / ox|v|Pdx — (52/ ox|o?dx.
Rn JRn Rn R®
For the fourth term on the right-hand side of (55), we have that
¢ b2(0w) / oy fodx < % / o |o*dx + Leiﬂ’zw'f“’) / o | f|dx.
Rn -2 Rn 250 Rn

Next, we estimate the last term on the right-hand side of (55), we get that

e-bZ(b“tw)/R D;floxvdx = e b2(8w) f—a vdx — (ﬂ’w)/R ox f (Vo)dx
< %e*bz(ﬁt“’ / |f|[v]dx 4 e~ b2(®0) / |Flow|Voldx
e ) 1
< SHAR + olP) + e 250 [ ovlfPaz+ 5 [ x|Vl

where C; is a non-negative constant. Then inserting (56) - (59) into (55) to see that

i/ ox|v]?dx — (2bz(8;w) —(50)/ (TK|ZJ|2dX+/ \Vv|2(7,cdx+2,Bzeb(’”_2>z(0f“’)/ oy |v|Pdx
dt R~ JRn R~ R~
1 ob(sw) / 2 22 Copziz . G2, Ca 2
< t 2 s =
< [ o (FP + 8ol fR)dx + 271 + 2ol + =2 Vel
where Cy, C3 and Cy are non-negative constants. Hence, we can rewrite (60) as

d
E/]Rn Jxly‘zdx— (2bz(19tw) —(50) /I‘{” UK|U|2dx

1 ~ -
< Lo 209 [ a((fP +solfP)ax+ 2R+ 2ol + &
%0 R K

— Vol

By applying the Gronwall's lemma to (61), for every ¢t > T, we find that

/]R o |o(t, w, v (w))|?dx

(56)

(57)

(58)

(59)

(60)

(61)

Sezbfj{z(l?-[w)d'r*§0(t*f)/ UK|U(T,w,vo(w))|2dx+ / be (8rw)dt—Ey(t—s)— ZbZ(ﬁsw)/ |f|2+50‘f| )

+ % be (Yrw)dt—6p(t—3) ||U(S w, UO( ))H2ds + ?/A e2bfs z(Brw)dTt—6) t*S)HVZJ(s,w,vo(w))szs
T T
+ é At 2b fstz(ﬂTw)drféo(tfs) HfHZdS )
K JT

(62)
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Then, substituting w by #_;w into (62), we have that

/ o|o(t, 81w, vo(B_sw)) |Pdx
Rn

< ebeTtZ(ﬂT*f“’)dT*‘SO(t*T)/ UK|U(T,19,tw,UO(19,tw))\de

n

+51 / 20 ! 2O 1ot (t—s) ~2bz (05 tw)/ o (|f 2 + 60| f|?)dxds
0

+ % / ebes z(O7—tw)dT—30 (t—5) HU(S/ 8w, Uo(ﬂ—tCU))szS‘i‘
T

+%ﬂﬁ#%wW%WwW@wmmwwm%+%ﬁ”“%wwwwwww.wm

Then, we estimate every term on the right-hand side of (63). Firstly by Equation (25), replacing t by T and
w by ?_;w, then we get

ethth(ﬂT_tw)dT—éo(t—T)/ UK|U(T, 0w, vo(ﬁ,tw))\zdx
Rn
< e2b ff‘:z(ﬂT,tw)deég(tff)( 2b fOTZ(ﬂS#w)ds*(sOTH?J()(ﬁ,tw)H2

o AP+ GollFII2 2 20, sopds—so / Tefzbzwsffw)f%f;z(ﬂHw)dwéosds)
0

o
< ethotz(ﬁT,fw)deéotHvo(ﬂ_tw)||2 n I £112 +50|’f\|262b132(19“w)d1(sot/T o= 2b2(85—10)—=2b [§ 2(87—)dT-+305 g
o 0
< o2 fOtZwT*tw)dT_‘sot||vo(l9,tw)||2 + ||f||2 —;50”]?”2 /Te_zbz(ﬂs,tw)-&-.?b fstz(ﬂffrw)dl'—éo(t—s)ds ) (64)
o 0 0

It easy to see that there exists T; = T1(B,{,w) > T, such that for all t > Ty, then

20 J1 2(berw)dr=do(t=T) /R ox|o(T, 04w, vo(8_1w))[2dx < C. (65)

For the second term on the right-hand side of (63), Since f, f € L?(R"), there are To = T>({,w) > T and
Ky = K1(Z,w) > 0, such that for all t > T, and x > Ky, then

1 / Zhj 2(Or—tw)dT—E0 (t—5) —2bz(s_tw) /Rn UK<|f|2+60‘f|2)dXdS

b
<L / o2b J1 2(Bc—)dT—00 (t—5)—2bz (85 1w) / (fPaxds + /t o2b J1 2(Bc—)dT—00 (t—5)—2bz (85 1w) / |F PPdxds
) |x|>% T |x|>%
<. (66)
For the third term on the right-hand side of (63). By replacing t by s and w by #_;w in (25),we get
S [ A9 o, 100, 00(8-100)) s
T
- @ /t ezb‘fsfz(ﬂr,,w)dr—éo(t—s) (ezfos bz(ﬁT,tw)dr—aosHvo(ﬂ_tw)”2
K JT
ik J; SllFI2 b f5 2(6e—sco)dr—s0s / " o 2b2(05-10) 20 [§ 2(0e- )T Ho05 g g
0 0
< %(t _ T)eZb fgz(&T,tw)dT—ﬁotHvO(ﬁ_tw) ”2 + C3(Hf||2 + (50Hf”2) /t /s o2b fgfz(ﬁT,ta;)dT—Jo(t—@—2bz(19§_fw)d§ds ]
- K Ko T Jo
(67)

Then, by f, f € L?(R"), there exist T3 = T5(B,{,w) > T and K, = K»({,w) > 0, such that for all t > T3
and x > K, we see that

@/ o2 [l 2(Br4w)dT—do (ts) 0(s, 8w, v (9_1w))||?ds < . (68)

K JT
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Next, we estimate the fourth term on the right-hand side of (63). Since f, f S LZ(R”), by using (50), there
exist Ty = Ty(B,{,w) > T and K3 = K3({.w) > 0, such that for all t > Ty and k¥ > K3, we get that

t .
% / €20 [\ 2(0e1)dT=00(t=5)| 75, 8 _yc0, 0o (8_yc0)) | 2ds < €. (69)
T

Finally, we estimate the last term on the right-hand side of (63). Since f € L?(R"), there exist Ts =
T5(¢,w) > T and K4 = K4(Z.w) > 0, such that for all t > T5 and x > K,, we obtain that

@ /t o2b fstz(ﬁT_fw)dT—zSO(t—s) ”f'HZdS <. (70)
K JT

By letting

T = max{Ty, T>, T5, T4, T5},
K = max{Ky, Kp, K3, Ky} . 71)

Then, inserting Equations (65)-(66),(68)-(70) into Equation (63), for all t > T and x > K, we obtain that
/R oclv(t, 0w, vo(ﬂ_tw))|2dx <57, (72)

which shows that
/ 1t B 10, 0o (9—w)) [Pdx < 5C. (73)
|x[>K

The proof is concluded. [

Theorem 4. Assume that fI, f € L2(R"), and (3)-(5) hold. The random dynamical system {¢(t)}+>0 generated by the
solution of Equation (16) with initial data vg € L*(R™). Then {¢(t)}s>0 has a (L*(R"), L?>(R"))-random attractor,
which is nonempty, compact, invariant in L>(R™) and attracts every bounded subset of L>(R™) with respect to L*(R")
norm.

Proof. From Lemmas 5, 6 and 8, we know that all the conditions in Corollary 1, are satisfied. [

In the following, we will give the asymptotic a priori estimates of {¢(t)};>¢ with respect to LP-norm,
which play a crucial role in the proof of the (L?(R"), LF (R"))-asymptotic compactness.

Lemma 9. Assume that f/,f € L?(R"), and (3)-(5) hold. Let {B,(w)} € D and vy(w) € By(w). Then, for any
> 0, there exist a random constant T = T({,w, By) > 0and M = M({,w) > 0, such that the solution ¢ of equation
(16) satisfies for P-a.e. w € Q,Vt > T,

t’ﬂ* ’ 9_ pd S -
/Q(W(t)lzz\?f)‘qb( 1w, 0o (8—w))[Pdx < e o1

where {Bp(w)} is the (L?(R"), LP(R"))-bounded absorbing set obtained in the preceding lemma, and constant € is the
independent of M, T and (.

Proof. For any fixed { > 0, first, we know that there exists ¢ > 0 such that if e C R" and m(e) < o, then

[1F)Pax <, 1< <n 75)

and

J1fPax <. 76)

Furthermore, by Lemmas 1, 2 and Theorem 4, there exist T = T({,w,B,) > 0 and M; = M({,w) > 0,
such that for every vp(w) € B(w) and t > T, we get

m(R"(|p(t)] = M1)) < {Z, 0} (77)
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and
(k81w vp(8-1w))|Pdx < 8. (78)
/R”(\fl)(t)\EMl) 4 ( )
Additionally, it follows by (4) that f(s) > 0 provided that s > (6,/B2)"/(P=2. Let M =
max{My, (6/B2)"P=2)} and t > T. Multiplying equation (16) with (v — M), and integrating over R”,
we find that

1d r
2 dt Jge
4 e b2(8w) /]R” g(u)(v— M) dx = e bz(8rw) / f

n

|(v— M) |%dx + /”(v>]\71) V(v — M) 4 |2dx + (A — bz(8iw)) /n v-(v—M)y)dx
V(o= M)pdx + e OO (F, (0 M) (79)

where (v — M) ) denotes the non-negative part of (v — M), that is

Let Rl = R"*(v > M), then, we can rewrite (79) as
1d
2dt

= —b2(0w) / F-Vodx e b200) . f(v—M)dx. (80)
JRY JR?

/,1 (0 — M) |Pdx + /R IVol2dx + (A — bz(8iw)) / o (0 M) )dx + 20 [ g(u) (o — M)dx

By the Cauchy inequality and the Hdlder inequality, it yields

%\|(U—M)+|\2+e </]R’f |VU]2dx+/Rillv- (U—M)+dx+/mg(u)(u—]\7[)dx)

< 72d / 2dx) . 81
<el [, 1ffa+ [ 17Pa) (51
Then inserting (75)-(78) into (81) and integrating from f to ¢ + 1, we find that
t+1 .
/ (/ |Vo|?dx —i—/ |o|*dx +/ g(u)(u— M)dx) dx <e(. (82)
t RY R? RY
Hence,
" F12d 2d dx | d
v / <e. 83
/t (/R"(vzzz\?l) | U+f| e R" (v>2M) oz + Rn(vzzM)g(u)u x) xsed ®3)

On the other hand, multiplying Equation (16) with [(v — 2M)]; and denote R" (v > 2M) by R%, then we

have p
dt(/Rvi—i-flzdx—i-/Rg |v|2dx+/Rgg(u) dx> dx < e (84)

in the same method as in proving (41).
Combining with (83)- (84), by using the uniform Gronwall lemma, we see that

/ |w+f|2dx+/ |v|2dx+/ g(u)dx <e. (85)
R7 Ry R7
Hence, we can rewrite (85) as
/ Vo|?dx gz/ |Vv+f|2dx+2/ FPdx <eg (86)
Ry Ry Ry

and

/n g(u) dx = /n g (et )y) dx .

2 2
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Since g is Lipschitz
/ g (et dx = / [g(eP* 09y — ¢(0)] dx < C / e?0) o) dx < Ce 7. (87)
R R Jry

Repeating the same steps as above and taking (v + M)_ and [(v + 2M)_]; instead of (v — M) and [(v —
2M) ], respectively, we conclude that

Vol2dx < 88
/Rn(vg,zm' offdx <eg (89)

and

/R"(vg—zl\Z) g(u)dx <e(. (89)

Then from (86) - (89), we conclude that
Vo((t)2dx < { 90
/n(‘v|>2~)\ o((8)] =€ (90)

and

Sy S0 dx <2 o

Thus, due to (39) and (78), Lemma 9 follows from (91).
By theorem 3, we directly get. O

Theorem 5. Assume that fI, f € L2(R"), and (3)-(5) hold. The random dynamical system {¢(t)}+>0 generated by the
solution of Equation (16) with initial data vy € L?(R™). Then {¢(t)}s>0 has a (L*(R"), LP(R™))-random attractor,
which is nonempty, compact, invariant in L (R") and attracts every bounded subset of L>(R") with respect to LF (R")
norm.

Remark 2. From Theorem 2, we have that the (L?(R"),L?(R"))-random attractor coincides with the
(L2(R™), LP(R"))-random attractor.
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