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1 Introduction

Integral inequalities play a fundamental role in the theofydifferential equations, functional analysis and apgplie
sciences. Important development in this theory has beemaathfor the last two decades. For these, §&¢11] and the
references there in. Moreover, the study of fractional tiyy@gjualities is also of vital importance. Also se§-[5] for
further information and applications.

The researchers have studied Fractional Calculus sinentanth century. From this date, mathematicians as well as
biologists, chemists, economists, engineers and phisibhave found this new theory very attractive. Many différen
derivatives were introduced.

2 Fractional integrals

Now we will give fundamental definitions and notations fadtional integrals.

Definition 1. Letabe R,a<b,anda > 0. For f € L3 (a,b)

a _ 1 p a—
(Ja+f)(x)_l_—a)g(x—t) Ht)dt, a >0, x>a (1)
and X
1
(92 1) (x) = Faylt — X)L (t)dt, b> 0, b> x. @)

These integrals are called right-sided Riemann-Liouviléetional integral and left-sided Riemann-Liouville ét#onal
integral respectively12]-[ 17].
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This integrals is motivated by the well known Cauchy formula

Th-1

/dn/drz /frndrn%a/ 1 (1 3)

Definition 2. Let (a,b) be a finite interval of the real lin® and (a) > 0. Also let h(x) be an increasing and positive
monotone function ofa, b], having a continuous derivative (x) on (a,b). The left- and right-sided fractional integrals
of a function f with respect to another function h[anb] are defined by17]

(32.1) 00 = g7 00O ~R@I W (O F (dt x> (4)
and 1
(301) 00 = Frgy IO -G O F )t x<b (5)

For (4) and ()
e (Jgﬂhf)(a): (Jg,’hf)(b):o.

If we take Hx) = x in (4) and () integral formulas, we have

Jgth =J¢ and Qg’,yh =J.

p-+1

Also if we choose(x) = 1 for p > 0, then the equalitiest) and 6) will be

(3% ,Hx) = % .}((x"*l—tP”)"*ltPf(t)dt, X>a (6)
and Lah
3g 1 = % [(tPHL —xp+ 110§ (t)dt, x < b 7)

respectively. This kind of generalized fractional intdgrare studied in12], [ 13], [ 16], [ 18].

In [16], Katugampola gave a new fractional integration which galised Riemann-Liouville fractional integrals. This
(6) and (/) generalizations is based on the following equality,

/ dn / 0d1... / P £ (10)dTH = (;3:_71)11)!”/()@“ PHYN-100 £ (7)dT. ®)
Fora=0in (4), we can write
(38:.7) 09 = 77 [ (100 ~h(0) () F (0t x> 0 (9)

For the convenience of establishing the results, we giveeh@group property:

38 B 00 =31 £, a>0,B>0,

at,h“at.h at.h
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which implies the commutative property:

Ja. 3B fx) =3P 39 f(x).

at,h¥at h at h“at h

To show the being unit operator property 85 {ntegral operator, we chooddunction specially as (x) = h(x) we obtain
the following equality

(98.,0) (9 = = [(h(x) —h(t)* )N (1)t

Ma)g
(10)
_ (h(x —h(0)”
= rat2 [h(x) +ah(0)].
Leta =0in (10), then we have
(Jg+ hh) (X) = h(x).
Let f(x) =1 andh(x) = ’SH in (9), then we have
I n(D) = 7(,5)(221) tale+d),
Definition 3. Leta > 0 and x> 0, defined by 14], [ 19]
(J9F) (X) = kl'kl(a) b}((x—t)%*lf(t)dt. (11)

Where k-gamma function is defined by

and .
Bi(x,y) = %/&E*l(l—t)f*ldt
0
Also L
Bi(xy) = 0B and B () = Bl %)

Definition 4. Let (a,b) be a finite interval of the real lin® andO (a) > 0. Also let h(x) be an increasing and positive
monotone function ofe, b], having a continuous derivative (x) on (a,b). The left- and right-sided fractional integrals
of a function f with respect to another function hjanb] are defined by

U

(92.7) 00 = g T GO (O (0 1 . k>0, 0 (@) >0 12)

and

/

(t)f(t)dt, k>0, O(a)>0. (13)

b a 4
(8 ) 00 = gy 00 =0

If we take Hx) = xin (12) and (13) integral formulas, we will obtain

g1
(kJ+ kl'k /x t) f(t)dt, x>a
a
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b
(WJEF) (X) = Wl(a)/(tx)gl f(t)dt, b>x.

Note that when k> 1, then it reduces to the classical Riemann-Liouville fragtibintegral.

p+1

Also if we chooséh(x) = X
p+1

for p € R/ {—1}, then the equalitiesl@) and (L3) will be

(p+1) kX

(RI%, £)(x) = ) af(xp+1 — o) kP f(t)dt, x> a (14)

and g
RIL)(x) = % [t —xkrhya=lgkf(t)dt, x < b (15)

k X

respectively. This kind of generalized fractional intdgrare studied inZ0].
Fora=0in (12), we can write

(8. ) 0 = g7 1000 ~he) E 3 (0 T, x> 0 (16)

(kJ8+7hf) () = f(x).

Semi group and commutative properties b)(integral operator is the following

[(ng+,h) (k‘lfhh)} f(X) = ‘]::tﬁ f(X), a> 0, B >0

(92.0) (8. 100 (2. ) 16

To show the being unit operator property d#6] integral operator, we choosefunction specially ad (x) = h(x) we
obtain the following equality

and

(17)

Fora =0andk=1in (17), we have
(J8+7hh) () = h(x).

The main aim of this work is to establish a new fractional gné inequality for(k, h) —Riemann-Liouville fractional
integral. Using the technique ()] a key role in our study.

3 Main results

Theorem 1.Let f and g are two synchronous functions[Brw). Then fort> 0, a > 0;

38t 0 = < (g0 Y (92,) ot (18)

(h(t) —h(a))

(© 2016 BISKA Bilisim Technology



NTMSCI 4, No. 1, 138-146 (2016)www.ntmsci.com BISKA 14
Proof. For f andg synchronous functions, we have
(f(1) = f(p)) (9(1) —9(p)) = 0. (19)
From (19) it can be written as following
f(Da(r) + FP)alp) = F(1)a(p) + F(P)9(T). (20)
If we multiply two sides of theZ0) with (ht)— h(T))%ilh' (1), T € (a,t), we obtain
kl'k(a)
Ch()Et, ()i
G (0 f(ma(n)+ P (@) fp)ale)
(21)
_ g-1 _ g1
> AUk @ mate)+ ML (@ et
Integrating 21) inequality on(a,t), then
a7 A0 =R E I (@) e+ s ) ~h() (1) p)alp)dr
(22)
> kria) [3(h(®) ~h(2) £ (1) {(D)gPIAT + = (D) () & (1) Fp)g(r)de
Therefore
W2 n(F9) () + F(P)a(P) iy Ja(h(t) (1)) *h (1) dr
1 t 1 ; (23)
1l — k1
2 9(P) = o7 (O~ ) E I (0 F(D)dT+ F(p) = a(h(©) (1) & (1)g(r)dr
and
(k32.1,) (F9)(®) + T(P)g(p) (2 1) = 9lp) (32 ) FO)+ F(p) (K32 ) 1), (24)
Now multiplying two sides of24) with (h(t) h(p))%ilh' (p), p € (at), we have
kl'k(a)
- k-t - k1,
U ()32 (10) 0+ L Bt () f(p)a(p) 2. (1)
(25)
— %71 — %71 /
(h“)krf((j’)” W (0)a(p)3C, ,F (1) + (h“)krf((j;))) W (p) f(p)JZ. ().
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By integrating to 26) on (a,t), then

o (h®) —h(p)&* (W5 0(0) -
(95.1) (19)0) Ja g S () dp- S e 4 (@)a(P) (1 (1)~ () 24 (p) dlp
(26)
(k32 ,) F(0) - (k32 1,) ot -
I Ja(h®) =h(p)) %~ (p)g(p)dp + e Ja(h(®)=h(p))**h'(p) f(p)dp.
This inequality is can be written as the following at the sdime
2 (o) > —LIR_ga ri9 o). (27)

(h(t) —h(a))*

So the proof is completed.

Theorem 2.Let f and g are two synchronous functions|arb]. Then fort>a, a >0, 3 > 0and k> 0,

% [(22.,) (fo 0+ (2.,) (F 0]

> (%) 10 () 9+ (W) at) (k8- ) (0.

Proof. Since thef andg are two synchronous functions ¢e b] then for allt,p > 0. If we multiply two sides of 24)
B_
(h®)~h(p)k*

with S (p), then we obtain
%&Q’)”%lh’ (0) (2. ) (fyt) + " krf((g’)”%lh/ (0) (P)a(p) (2. ) (1)
(28)
o k,_:(([f)))%lh/ () alp) (2. ,) Foy+ 2 krffg)))%l” (0)1(0) (12 1) 9t
Integrating to 28) on (a,t), then
a}—(h(t) l:,_:(([%))%lh' (0) (2. ,) (fg)(t)dt+£—(h(t) Izr:((;’)))%lh’ (0) t(p)a(P) (2. (1)) dt
(29)
> f%&%”“h (0)a(p) (2.,) f<t>dt+a}“‘“+$”%lh/ () 1(p) (122, ) gty
This is the proof of the theorem
(3 0) @ (32) (Fo) O+ (W8 ) (@) (W) (F9) )
(30)

> (k32) 10 (6 ) 90+ (22 1) 90) (W5, 1) FO)

Remarklt is obvious that if we taker = 3 in this theorem we will obtain Theorem 1.

(© 2016 BISKA Bilisim Technology
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Theorem 3.Let f,g and h be tree monotonic functions defined@wmp) satisfying the following inequality

(f (1) = f(p))(9(1) —9(p)) (h(1) —h(p)) > O

forall p,7 € [at], thenforallt>a>0, a >0, B > 0, the following inequalities fofk, H)—fractional integrals hold:

{ng+7h (fgh) (t)} (kaJr,h) (1) - (ng+7h) (1) [k‘]f+,h (fgh) (t)}
> (32, () O] [k, a0)] + [k (@) 0] [ o f )]
— [ h®)] [WE  (Fa) (0] + [(32, (fa) 0] [k hv)]

+ {ng+7hf(t)} [ngﬂhg(t)} - [ng+7hg(t)} [kaﬂh(fh) (t)} :

Proof. Since the function$, g andh monotonic functions ofD, «), then for allt, p > 0, we have

(f(1)—"f(p))(9(r)—9(p)) (h(r) —h(p)) = 0.

From 32) it can be written as following

Therefore

f(r)g(r)h(r)-f(p)a(p)h(p)—f(1)g(p)h(t) - f(p)g(r)h(1)

+f(P)g(p)h(1)—f(1)g(1)h(p)—f(T)g(P)h(p)+ f(pP)g(T)h(p) > 0.

kg (fOh) (1) = f(p)g(p)h(p) (ngﬂh) (1) =2 g(P) Iz n (FN) () + F () I5s (G (1)

—f(P)g(P)iJ5: ph(t) +h(p) I 1 (fa) () +9(p) h(p) 5 nf(t) — f (P) () I5: ().

(31)

(32)

(33)

(34)

(35)
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(h(t) —h(p)*~*

Now multiplying two sides of§5) with h (p), p € (at), we have

kr(B)
[ () —h(p)ft [ (h(t)—h(p))f~2 :
ke n(fa )] [ e oo () () / Wf (P)g(P)N(p)N (p)dp
t B B4 t £_q /
> [ o] [ O (o) (0)dp+ [z e ] [ T o (p1dp 0

g(p)h(p)h (p)dp — kJa+ h

t B B 4 / t B

-z o] [ELE Bt p)a(en (0)dp + [ (fa) ()] | ('““’Whm)h (p)dp
at ta
/ 00] [F

This is the proof of the theorem,
[z (Fan) (0] (F ) (0 = (W ) @) [k (o) ()]
> 2 (1) O] [ (0] + 138 1 (@M O] 22 F 1)
= [z ho] [ (f9) 0] + [ (f9) O] [k )]

+ 2 pf 0] [l 0] — 2 00] [k () ).

4 Conclusion

The paper deals with inequalities of Hermite-Hadamard tygieg synchronous and monotonic function for Fractional
integrals. First several theorems on Hermite-Hadamare tyequalities are given. Moreover several result of
Hermite-Hadamard type inequalities are mentioned.
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