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Ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ çàêîíîìåðíîñòåé ðàñïðîñòðàíåíèÿ óïðóãîãî ïîëÿ
â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåäàõ. Ïðè ýòîì àíèçîòðîïèÿ ââîäèòñÿ êàê ýôôåêòèâ-
íûå (óñðåäíåííûå) ïàðàìåòðû òîíêîñëîèñòîé ñðåäû, ÷òî îïðåäåëÿåò ìàêðîàíèçîòðîï-
íûå óïðóãèå ïàðàìåòðû ãîðíîé ïîðîäû. Ïîêàçàíî, ÷òî ýôôåêòèâíûå óïðóãèå ïàðà-
ìåòðû, ïîëó÷åííûå èç òåîðèè óïðóãîñòè (óðàâíåíèé Ëàìå), íå ñîâïàäàþò ñ ýôôåê-
òèâíûìè ïàðàìåòðàìè, ïîëó÷åííûìè ñ èñïîëüçîâàíèåì êèíåìàòè÷åñêîãî ïîäõîäà. Íà
îñíîâå ñâåäåíèÿ óðàâíåíèé òåîðèè óïðóãîñòè ê ñèñòåìàì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ïîëó÷åíî ðåøåíèå ïðÿìîé çàäà÷è ñåéñìîðàçâåäêè
(êàê êðàåâîé çàäà÷è) äëÿ ãîðèçîíòàëüíî-ñëîèñòîé è àíèçîòðîïíîé ìîäåëè ãåîëîãè÷å-
ñêîé ñðåäû. Ïðèâåäåííûé ðåçóëüòàò ðàñ÷åòà ñåéñìè÷åñêîãî ïîëÿ, çàðåãèñòðèðîâàííîãî
íà äíåâíîé ïîâåðõíîñòè, â ñëó÷àå íàëè÷èÿ àíèçîòðîïíîãî îáúåêòà ïðèâîäèò ê ñëîæ-
íîé êàðòèíå âîëíîâîãî ïîëÿ. Ýòî îçíà÷àåò, ÷òî íåîáõîäèìî ñîâåðøåíñòâîâàòü ìåòîäèêè
ñåéñìîðàçâåäêè ïðè èçó÷åíèè àíèçîòðîïíûõ ñâîéñòâ ãåîëîãè÷åñêîé ñðåäû.

Êëþ÷åâûå ñëîâà: ñåéñìè÷åñêàÿ àíèçîòðîïèÿ; ýôôåêòèâíûå ïàðàìåòðû; ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé; óðàâíåíèå ýéêîíàëà.

Ââåäåíèå

Ñåéñìè÷åñêàÿ àíèçîòðîïèÿ ÿâëÿåòñÿ àêòóàëüíûì îáúåêòîì èññëåäîâàíèé â òåî-
ðèè ñåéñìîðàçâåäêè. Àíàëèç ñâÿçè ñåéñìè÷åñêîé àíèçîòðîïèè (êàê ìåðû óïîðÿäî÷åí-
íîãî ñòðîåíèÿ) ñ âíóòðåííèì ñòðîåíèåì ãîðíîé ïîðîäû ïðåäñòàâëÿåò ñîáîé âàæíóþ
çàäà÷ó äëÿ ïðàêòèêè ñåéñìîðàçâåäêè è èíòåðïðåòàöèè ðåçóëüòàòîâ ïîëåâûõ ðàáîò.
Ñóùåñòâóåò äâà ïîäõîäà ââåäåíèÿ àíèçîòðîïèè ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðóãèõ
âîëí: ïåðâûé îñíîâàí íà îñðåäíåíèè çàêîíà Ãóêà (äèíàìè÷åñêèé), âòîðîé � íà âû÷èñ-
ëåíèè ñêîðîñòåé íà îñíîâå ðåøåíèÿ óðàâíåíèÿ ýéêîíàëà (êèíåìàòè÷åñêèé). Â ðàáîòå
ïîêàçàíî, ÷òî ýòè ñêîðîñòè íå ñîâïàäàþò äëÿ íàèáîëåå ïðîñòîé ìîäåëè àíèçîòðîïèè �
êâàçèàíèçîòðîïèè, ïîÿâëÿþùåéñÿ â ðåçóëüòàòå åñòåñòâåííîãî îñðåäíåíèÿ òîíêîñëîè-
ñòîé ñðåäû.

Ïåðâûé ïîäõîä ìîæíî ïîäðàçäåëèòü íà äâå ÷àñòè � ïåðâàÿ ñâÿçàíà ñ àïïðîêñè-
ìàöèåé ìèêðîíåîäíîðîäíîé óïðóãîé ñðåäû, çàäàííîé ìîäåëüþ âèäà ìàòåðèàëüíûõ
óðàâíåíèé (çàêîíîì Ãóêà), êîòîðàÿ òðåáóåò îïðåäåëåíèÿ îêðåñòíîñòè êîìïàêòà, ò.å.
âèäà ìàòåðèàëüíûõ óðàâíåíèé. Ýòîò ïîäõîä ðàçâèâàåòñÿ È.Î. Áàþê è èçëîæåí â åå
äîêòîðñêîé äèññåðòàöèè [1]. Äðóãàÿ ÷àñòü ñâÿçàíà ñ îñðåäíåíèåì çàêîíà Ãóêà ìèêðî-
íåîäíîðîäíîé óïðóãîé ñðåäû ñ ó÷åòîì äëèíû ñåéñìè÷åñêîé âîëíû [2�4]. Â ïîñëåäíåì
ñëó÷àå, äëÿ íàèáîëåå ïðîñòîé îäíîìåðíîé òîíêîñëîèñòîé ìîäåëè ñðåäû, ïà÷êè ïåðå-
ñëàèâàþùèõñÿ ïðîïëàñòêîâ, ïîëó÷åí îñðåäíåííûé çàêîí Ãóêà, êîòîðûé ïðîâèäèò ê

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 2. Ñ. 5�13

5



Ï.Í. Àëåêñàíäðîâ, Â.Í. Êðèçñêèé

àíèçîòðîïèè óïðóãèõ ïàðàìåòðîâ èëè, êàê ïðèíÿòî â ëèòåðàòóðå ïî ñåéñìîðàçâåäêå, ê
êâàçèàíèçîòðîïèè. Äëÿ òàêîé ìîäåëè ìàòåðèàëüíûõ óðàâíåíèé ìîæíî íàéòè ðåøåíèå
ïðÿìîé çàäà÷è äëÿ óðàâíåíèé Ëàìå è ïðîâåñòè èññëåäîâàíèÿ âëèÿíèÿ àíèçîòðîïèè
íà âîëíîâîå ïîëå â íàçåìíîé ñåéñìîðàçâåäêå.

Â îáùåì ñëó÷àå, ñâÿçü íàïðÿæåíèé è äåôîðìàöèé â çàêîíå Ãóêà, êîòîðàÿ â âåê-
òîðíîì ïðåäñòàâëåíèè áóäåò èìåòü âèä P = H e, ãäå P � 9-òè êîìïîíåíòíûé âåêòîð
íàïðÿæåíèé, e � 9-òè êîìïîíåíòíûé âåêòîð äåôîðìàöèé, ÿâëÿåòñÿ ëèíåéíîé è îïèñû-
âàåòñÿ ìàòðèöåé óïðóãèõ ïàðàìåòðîâ H ðàçìåðíîñòè 9õ9 ýëåìåíòîâ, êîòîðàÿ ìîæåò
çàâèñåòü îò âðåìåííîé ÷àñòîòû â ÷àñòîòíîé îáëàñòè è, òàêèì îáðàçîì, îïèñûâàòü
äèñïåðñèþ óïðóãèõ ïàðàìåòðîâ.

1. Ðåøåíèå ïðÿìîé çàäà÷è ñåéñìîðàçâåäêè

äëÿ ñëîèñòî-àíèçîòðîïíûõ ñðåä

Ðåøåíèå ïðÿìîé çàäà÷è äëÿ àíèçîòðîïíûõ ñðåä íå ÿâëÿåòñÿ òðèâèàëüíûì, åñ-
ëè èñïîëüçîâàòü ñòàíäàðòíûé ïîäõîä ê ðåøåíèþ óðàâíåíèé Ëàìå � êàê ñâåäåíèå ê
äèôôåðåíöèàëüíûì óðàâíåíèÿ âòîðîãî è áîëåå âûñîêîãî ïîðÿäêà. Ñ äðóãîé ñòîðîíû,
âñå ìàòåìàòè÷åñêèå ìîäåëè ôèçè÷åñêèõ ïîëåé ÿâëÿþòñÿ ñèñòåìàìè äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ, äëÿ êîòîðûõ ðàçðàáîòàíû
ýôôåêòèâíûå ìàòåìàòè÷åñêèå ìåòîäû ðåøåíèÿ.

Ðàññìîòðèì ìîäåëü ãîðèçîíòàëüíî-ñëîèñòîé àíèçîòðîïíîé ãåîëîãè÷åñêîé ñðåäû
â äåêàðòîâîé ñèñòåìå êîîðäèíàò ñ îñüþ z, íàïðàâëåííîé âãëóáü Çåìëè. Ââîäÿ âåêòîð

X =

(
Pz

S

)
, ãäå Pz � 3-õ êîìïîíåíòíûé âåêòîð íàïðÿæåíèé, ïîÿâëÿþùèéñÿ ïîä

äåéñòâèåì âåðòèêàëüíûõ ñèë, S � âåêòîð ñìåùåíèé, è ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôó-
ðüå ïî ãîðèçîíòàëüíûì êîîðäèíàòàì x, y è ïî âðåìåíè t, ñèñòåìó óðàâíåíèé Ëàìå
äëÿ ýòîé ìîäåëè ìîæíî ñâåñòè ê âèäó

∂X

∂z
= AX,

ãäå A � êâàäðàòíàÿ ìàòðèöà, âêëþ÷àþùàÿ óïðóãèå ïàðàìåòðû ñðåäû, ïðîñòðàíñòâåí-
íûå ÷àñòîòû kx, ky è âðåìåííóþ ÷àñòîòó. Ðåøåíèå ýòîé ñèñòåìû âûðàæàåòñÿ ÷åðåç
ôóíêöèþ (ýêñïîíåíòó) îò ìàòðèöû.

Ïðîäîëæàÿ ïîëå X ÷åðåç ãîðèçîíòàëüíî ñëîèñòóþ ñðåäó îò äíåâíîé ïîâåðõíîñòè

äî ïîäîøâû ïîñëåäíåãî ñëîÿ, ïîëó÷èì Xn(zn) =

(
n−1∏
j=0

eA
jhj

)
X0, ãäå hj � òîëùèíà

j-ãî ñëîÿ, n � íîìåð ïîñëåäíåãî ñëîÿ áåñêîíå÷íîé òîëùèíû, X0 � âåêòîð-ñòîëáåö,
çàäàííûé íà äíåâíîé ïîâåðõíîñòè, zn � ãëóáèíà çàëåãàíèÿ ïîñëåäíåé ãðàíèöû, Aj �
ïåðåäàòî÷íàÿ ìàòðèöà j-ãî ñëîÿ. Ïîñêîëüêó ïëîñêîñòü z = z0 ñîâïàäàåò ñ ïîâåðõíî-
ñòüþ Çåìëÿ/Âîçäóõ, òî âûïîëíÿåòñÿ óñëîâèå X1(z0) = X0.

Â íèæíåì ñëîå áåñêîíå÷íîé òîëùèíû, îñíîâûâàÿñü íà çíàêå äåéñòâèòåëüíîé ÷à-
ñòè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû An, èç ïðåäñòàâëåíèÿ Xn(z) = eA

n(z−zn)Xn(zn)
âûäåëèì ðåøåíèå X−, âîçðàñòàþùåå ïðè z → +∞, è ðåøåíèå X+, óáûâàþùåå ïðè
z → +∞: Xn(z) = X+ + X−. Óäîâëåòâîðÿÿ óñëîâèþ íà áåñêîíå÷íîñòè, íåîáõîäèìî
ïîëîæèòüX+ = CS̃C−1Xn(z) = 0 âåçäå, â òîì ÷èñëå è ïðè z → zn. Çäåñü C � ìàòðèöà,
ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû An, à S̃ � ìàòðèöà, ïîëó÷àþùàÿñÿ
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èç åäèíè÷íîé ìàòðèöû çàìåíîé äèàãîíàëüíûõ ýëåìåíòîâ íóëåì, åñëè äåéñòâèòåëü-
íàÿ ÷àñòü ñîîòâåòñòâóþùåãî ñîáñòâåííîãî çíà÷åíèÿ ìåíüøå íóëÿ, è åäèíèöåé, åñëè
äåéñòâèòåëüíàÿ ÷àñòü ñîîòâåòñòâóþùåãî ñîáñòâåííîãî çíà÷åíèÿ áîëüøå íóëÿ.

Îòñþäà âûòåêàåò ñâÿçü ìåæäó êîìïîíåíòàìè ïîëÿ X0: CS̃C−1Xn(z) =

CS̃C−1

(
n−1∏
j=0

eA
jhj

)
X0 = DX0 = 0, D =

(
d11 d12
d21 d22

)
, Z = −d11

−1d12 = −d21
−1d22.

Íà äíåâíîé ïîâåðõíîñòè çàäàäèì ñòîðîííèå íàïðÿæåíèÿ Pz = Pst
z (íàïðèìåð, â

âèäå ïëèòû âèáðàòîðà êîíå÷íûõ (ðåàëüíûõ) ðàçìåðîâ), òîãäà ðåøåíèå ïîñòàâëåííîé
çàäà÷è áóäåò èìåòü âèä S = Z−1Pst

z . Ïðè ýòîì íèêàêèõ îãðàíè÷åíèé íà ñòðóêòóðó
ìàòðèöû óïðóãèõ ïàðàìåòðîâ íå íàêëàäûâàåòñÿ, è, êðîìå ýòîãî, îíà ìîæåò áûòü
÷àñòîòíî çàâèñèìàÿ.

Èñïîëüçóÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî ïðîñòðàíñòâåííûì è âðåìåííîé ÷à-
ñòîòàì, ìîæíî ïåðåéòè â ïðîñòðàíñòâåííî-âðåìåííóþ îáëàñòü.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïðîâåäåíû äëÿ ìîäåëè òðåõñëîéíîé ñðåäû
(ðèñ. 1), ó êîòîðîé âòîðîé ñëîé ÿâëÿåòñÿ ìàêðîàíèçîòðîïíûì è ýôôåêòèâíûå ïà-
ðàìåòðû êîòîðîãî ÿâëÿþòñÿ ðåçóëüòàòîì îñðåäíåíèÿ òîíêîñëîèñòîé ñðåäû ñ ïàðà-
ìåòðàìè ïðîñëîåê óêàçàííûõ â òàáëèöå. Â òàáëèöå èñïîëüçîâàíû ñëåäóþùèå îáîçíà-
÷åíèÿ: h � òîëùèíà ïðîïëàñòêà, Vp � ñêîðîñòü ïðîäîëüíûõ âîëí â ñëîå, Vs � ñêîðîñòü
ïîïåðå÷íûõ âîëí â ñëîå, ρ � ïëîòíîñòü ãîðíîé ïîðîäû â ñëîå.

Ðèñ. 1. Ìîäåëü òðåõñëîéíîé ñðåäû ñ êâàçèàíèçîòðîïíûì âòîðûì ñëîåì. Ïàðàìåò-
ðû êâàçèàíèçîòðîïèè âû÷èñëåíû â ðåçóëüòàòå îñðåäíåíèÿ òîíêîñëîèñòîé ñðåäû, ñ
íàêëîíîì ñëîèñòîñòè ïîä óãëîì 45◦ ê îñè y

Òàáëèöà

Ïàðàìåòðû òîíêîñëîèñòîé ïà÷êè

h, ì Vp, ì/ñ Vs, ì/ñ ρ, êã/ì3

0,01 565,6854 332,7561 2000
0,02 126,4911 74,4065 2000
0,03 565,6854 332,7561 2000
0,01 126,4911 74,4065 2000
0,02 565,6854 332,7561 2000
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Äëÿ êàæäîé ïðîñëîéêè âòîðîãî ñëîÿ âû÷èñëÿëèñü ïàðàìåòðû Ëàìå ïî ôîðìóëàì:
λ = ρ(Vp

2 − 2Vs
2), µ = ρVs

2. Ïîñëå ÷åãî ïðîâîäèëîñü îñðåäíåíèå è îñóùåñòâëÿëñÿ

ïîâîðîò ñ íàïðàâëÿþùèìè êîñèíóñàìè

 1 0 0
0 0, 7071 −0, 7071
0 0, 7071 0, 7071

.
Â ñëó÷àå âîçäåéñòâèÿ íà ñðåäó èìïóëüñîì ñòîðîííèõ âåðòèêàëüíûõ íàïðÿæåíèé,

çàäàííûõ ïî ïëîùàäêå 1x1 ì â íà÷àëå êîîðäèíàò ñ ôîðìîé, ïðåäñòàâëåííîé íà ðèñ. 2,
âû÷èñëèòåëüíûì ýêñïåðèìåíòîì ïîëó÷åíî ñåéñìè÷åñêîå ïîëå, ôðàãìåíò âåðòèêàëü-
íîé êîìïîíåíòû êîòîðîãî èçîáðàæåí íà ðèñ. 3. Çäåñü: ìîìåíò âðåìåíè t = 0, 31 ñ,
ïëîùàäêà èçìåðåíèé � êâàäðàò íà ïëîñêîñòè z = 0 ðàçìåðàìè 120õ120 ì ñ öåíòðîì â
íà÷àëå êîîðäèíàò.

Ðèñ. 2. Ôîðìà èìïóëüñà äëÿ ñòîðîííèõ âåðòèêàëüíûõ íàïðÿæåíèé, çàäàííûõ ïî ïëî-
ùàäêå 1x1 ì â íà÷àëå êîîðäèíàò

Ðèñ. 3. Ôðàãìåíò âåðòèêàëüíîé êîìïîíåíòû ñåéñìè÷åñêîãî ïîëÿ, ðàññ÷èòàííîãî â
ìîìåíò âðåìåíè t = 0, 31 ñ ïî ïëîùàäè 120õ120 ì
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Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîêàçûâàåò, ÷òî àíèçîòðîïèÿ ïðîÿâëÿåòñÿ íà ïðå-
ëîìëåííûõ âîëíàõ â âèäå ýëëèïñà ðàâíûõ âåëè÷èí ñìåùåíèé, âëèçè æå èñòî÷íèêà �
â âèäå êðóãà ñ ðàçíîé àìïëèòóäîé ïî àçèìóòó.

2. Ñîîòâåòñòâèå ýôôåêòèâíûõ ñåéñìè÷åñêèõ ñêîðîñòåé

èõ ñðåäíåâçâåøííûì âåëè÷èíàì

Ñåéñìè÷åñêàÿ àíèçîòðîïèÿ ïîíèìàåòñÿ êàê àíèçîòðîïèÿ ñåéñìè÷åñêèõ ñêîðîñòåé.
Ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ Ôóðüå ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì, îñòàâ-
ëÿÿ ïðîèçâîäíóþ ïî âðåìåíè äëÿ îäíîðîäíîé àíèçîòðîïíîé ñðåäû, ìîæíî, àíàëèçè-
ðóÿ òðè êîìïîíåíòû âåêòîðà ñìåùåíèÿ, ðàññìîòðåòü ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðó-
ãîãî ïîëÿ ïî âñåì òðåì íàïðàâëåíèÿì, êîòîðûå ïîä÷èíÿþòñÿ âîëíîâîìó óðàâíåíèþ.

Â îäíîðîäíîì àíèçîòðîïíîì ïðîñòðàíñòâå óðàâíåíèÿ òåîðèè óïðóãîñòè ìîæíî
çàïèñàòü â âèäå

∂2

∂t2
S =

1

ρ
MS,

ãäå M = D ∗ H ∗ E, D =

 ikx iky ikz 0 0 0 0 0 0
0 0 0 ikx iky ikz 0 0 0
0 0 0 0 0 0 ikx iky ikz

, H = cij,

i, j = 1, 9, E =

 ikx[1]
iky[1]
ikz[1]

.
Äëÿ ñëó÷àÿ ïëîñêîé âîëíû, ðàñïðîñòðàíÿþùåéñÿ â íàïðàâëåíèè îñè z, èìååì

ikx = iky = 0, îòñþäà

∂2

∂t2
S = −kz

2 1

ρ

 < 1
µ
>−1 0 0

0 < 1
µ
>−1 0

0 0 < 1
λ+2µ

>−1

S,

Vz =

 122, 878 0 0
0 122, 878 0
0 0 208, 8932

 .

Äëÿ ñëó÷àÿ ïëîñêîé âîëíû, ðàñïðîñòðàíÿþùåéñÿ â íàïðàâëåíèè îñè y, èìååì
ikx = ikz = 0, îòñþäà

∂2

∂t2
S = −ky

2 1

ρ

 < µ > 0 0

0 < 4µ(λ+µ)
λ+2µ

> + < λ
λ+2µ

>2 < 1
λ+2µ

>−1 0

0 0 < 1
µ
>−1

S,

Vy =

 275, 0695 0 0
0 449, 5187 0
0 0 122, 878

 .

Äëÿ ñëó÷àÿ ïëîñêîé âîëíû, ðàñïðîñòðàíÿþùåéñÿ â íàïðàâëåíèè îñè x, èìååì
iky = ikz = 0, îòñþäà

∂2

∂t2
S = −kx

2 1

ρ

 < 4µ(λ+µ)
λ+2µ

> + < λ
λ+2µ

>2 < 1
λ+2µ

>−1 0 0

0 < µ > 0
0 0 < 1

µ
>−1

S,

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Vx =

 449, 5187 0 0
0 275, 0695 0
0 0 122, 878

 .

Àíàëèçèðóÿ êîýôôèöèåíò âîëíîâîãî óðàâíåíèÿ, êîòîðûé õàðàêòåðèçóåò ìàòåðè-
àëüíûå ñâîéñòâà âåùåñòâà (ãîðíîé ïîðîäû), ïîëó÷åíû ñêîðîñòè, êîëè÷åñòâî êîòîðûõ
ðàâíî 9, èç êîòîðûõ 5 ðàâíû äðóã äðóãó. Â ðåçóëüòàòå, â àíèçîòðîïíîé ñðåäå ðàñïðî-
ñòðàíÿþòñÿ âîëíû ñ ðàçíûìè ñêîðîñòÿìè â ðàçíûõ íàïðàâëåíèÿõ. Äëÿ ðàññìàòðèâà-
åìîé ìîäåëè íåçàâèñèìûõ ñêîðîñòåé ÷åòûðå: Vp

1 = 449, 5187 ì/c, Vs
1 = 275, 0695 ì/c,

Vp
2 = 208, 8932 ì/c, Vs

2 = 122, 878 ì/c.
Ñ äðóãîé ñòîðîíû, ìîæíî âû÷èñëèòü ñêîðîñòè, îñíîâûâàÿñü íå íà äèíàìè÷åñêîì

ïîäõîäå (÷åðåç óðàâíåíèÿ Ëàìå), à íà êèíåìàòè÷åñêîì ïîäõîäå (÷åðåç ñðåäíèå ñêî-
ðîñòè è ñðåäíèå èíòåðâàëüíûå ñêîðîñòè). Äëÿ ñðåäíèõ ñêîðîñòåé, âû÷èñëåííûõ íà
îñíîâå óðàâíåíèÿ ýéêîíàëà, ïîëó÷èì:

< Vp>τ =

5∑
i=1

hiV
i
p

5∑
i=1

hi

= 419, 2873 ì/c , < Vp>m = 1
5∑

i=1

hi
V i
p

5∑
i=1

hi

=

5∑
i=1

hi

5∑
i=1

hi
V i
p

= 262, 2096 ì/c,

< Vs>τ =

5∑
i=1

hiV
i
s

5∑
i=1

hi

= 246, 6396 ì/ñ , < Vs >m=
1

5∑
i=1

hi
V i
s

5∑
i=1

hi

=

5∑
i=1

hi

5∑
i=1

hi
V i
s

= 154, 2409 ì/ñ.

Ýòè âåëè÷èíû ñêîðîñòåé íå ñîâïàäàþò ñî ñêîðîñòÿìè, ïîëó÷åííûìè ïî îñðåäíåíèþ
çàêîíà Ãóêà.

Êèíåìàòè÷åñêèé ïîäõîä ïî âû÷èñëåíèþ àíèçîòðîïèè ñêîðîñòåé íå ïðèìåíèì â
ñëó÷àå, åñëè äëèíà âîëíû áóäåò ïðåâûøàòü òîëùèíó ïðîïëàñòêà. Ýìïèðè÷åñêèå îöåí-
êè òîëùèíû ïðîïëàñòêà äàþò òîëùèíû, ñîñòàâëÿþùèå çíà÷åíèÿ, ìåíüøèå 0,1 äëèíû
âîëíû. Â ïðîòèâíîì ñëó÷àå àíèçîòðîïèÿ ñêîðîñòåé íå áóäåò ñîîòâåòñòâîâàòü ôèçèêå
ïðîöåññà.

Ìîæíî ïðåäëîæèòü ñëåäóþùèé àëãîðèòì âû÷èñëåíèÿ àíèçîòðîïèè â êèíåìàòè-
÷åñêîì ïîäõîäå. Ïî ñêîðîñòÿì è ïëîòíîñòè çàäàííîé òîíêîñëîèñòîé ìîäåëè ïåðåéòè ê
ïàðàìåòðàì Ëàìå, ïðîâåñòè îñðåäíåíèå çàêîíà Ãóêà, íàéòè ñêîðîñòè è èñïîëüçîâàòü
èõ äëÿ àíàëèçà êèíåìàòèêè (ãîäîãðàôîâ) ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêîãî èìïóëüñà
(ôðîíòà âîëíû) íà îñíîâå óðàâíåíèÿ ýéêîíàëà.

3. Óðàâíåíèÿ ýéêîíàëà â ïðîèçâîëüíî-àíèçîòðîïíîé

íåîäíîðîäíîé ñðåäå

Â ïðîèçâîëüíî-àíèçîòðîïíîé è íåîäíîðîäíîé ñðåäå óðàâíåíèÿ ýéêîíàëà ÿâëÿþòñÿ
ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû ðàçìåðíîñòè 3x3 [5]:

A =


 gradt [0] [0]

[0] gradt [0]
[0] [0] gradt

T

H

 gradt [0] [0]
[0] gradt [0]
[0] [0] gradt

− ρ

 1 0 0
0 1 0
0 0 1


 .

Ñëåäîâàòåëüíî, â ïðîèçâîëüíî-àíèçîòðîïíîé è íåîäíîðîäíîé ñðåäå èìååòñÿ òðè
óðàâíåíèÿ ýéêîíàëà âèäà

(gradt)TV gradt = 1.
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Ìàòðèöó óïðóãèõ ïàðàìåòðîâ ìîæíî ïðåäñòàâèòü â âèäå ñîñòàâíîé ìàòðèöû

H =

 h11 h12 h13

h21 h22 h23

h31 h32 h33

 ,

ãäå ïîäìàòðèöû hij ÿâëÿþòñÿ ìàòðèöàìè ðàçìåðíîñòè 3x3. Ïðè ýòîì, èñõîäÿ èç ñòðóê-
òóðû ìàòðèöû A, â ïîñòðîåíèè óðàâíåíèé ýéêîíàëà áóäóò ó÷àñòâîâàòü òîëüêî äèà-
ãîíàëüíûå ïîäìàòðèöû h11, h22, h33. Îñòàëüíûå ïîäìàòðèöû ìàòðèöû óïðóãèõ ïàðà-
ìåòðîâ íå ó÷àñòâóþò â ôîðìèðîâàíèè ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðóãîãî ïîëÿ.

Ðàññìîòðèì ðåøåíèå óðàâíåíèÿ ýéêîíàëà. Ïóñòü ìàòðèöà ñâÿçàíà ñ îäíîé èç ïîä-
ìàòðèö h11 , h22 èëè h33. Ðåøåíèå óðàâíåíèÿ ýéêîíàëà âèäà (gradt)TV gradt = 1, ãäå
ìàòðèöà V ðàçìåðíîñòè 3x3 ïðåäñòàâèìà â âèäå V = v[λ]v−1. Çäåñü ìàòðèöà v åñòü
ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû V , äèàãîíàëüíàÿ ìàòðèöà

[λ] =

 λ11 0 0
0 λ22 0
0 0 λ33


� åñòü ìàòðèöà ñîáñòâåííûõ çíà÷åíèé ìàòðèöû V .

Ïóñòü â îäíîðîäíîé ñðåäå èìååò ìåñòî ñîîòíîøåíèå gradt = vgradt̃, òîãäà ôóíêöèÿ
t̃ áóäåò óäîâëåòâîðÿòü óðàâíåíèþ ýéêîíàëà âèäà

gradtTV gradt = gradt̃Tv−1V vgradt̃ = gradt̃T [λ]gradt̃ = 1.

Èëè

λ11(
∂t̃

∂x
)2 + λ22(

∂t̃

∂y
)2 + λ22(

∂t̃

∂z
)2 = 1.

Îòêóäà

t̃ =

√
1√
λ11

x2 +
1√
λ22

y2 +
1√
λ33

z2.

Ñëåäîâàòåëüíî, ïîâåðõíîñòüþ èçîõðîí ÿâëÿåòñÿ òðåõîñíûé ýëëèïñîèä. Â îáùåì ñëó-
÷àå èõ òðè. Ïðè ýòîì, âäîëü êàæäîé îñè ýëëèïñîèäà ïîëå áóäåò ðàñïðîñòðàíÿòüñÿ ñî
ñâîèìè, â îáùåì ñëó÷àå íå ðàâíûìè äðóã äðóãó, ñêîðîñòÿìè, âñåãî êîòîðûõ äåâÿòü.

Çàêëþ÷åíèå

Ðàññìîòðåííûå äâà ïîäõîäà ê ââåäåíèþ àíèçîòðîïèè ñêîðîñòåé íàòàëêèâàþòñÿ
íà ïðîáëåìó ïðàâèëüíîãî îïðåäåëåíèÿ ýòèõ ñêîðîñòåé. Äëÿ ýôôåêòèâíîãî èñïîëüçî-
âàíèÿ êèíåìàòè÷åñêîãî ïîäõîäà ê îïèñàíèþ ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêîãî ïîëÿ â
ïðîèçâîëüíî àíèçîòðîïíîé íåîäíîðîäíîé ñðåäå íåîáõîäèìî èñïîëüçîâàòü òðè óðàâ-
íåíèÿ ýéêîíàëà. Ïðåäñòàâëåííûé âûøå ðåçóëüòàò âûâîäà ýòèõ óðàâíåíèé ïîçâîëÿåò
êîíñòðóêòèâíî îïðåäåëÿòü àíèçîòðîïèþ ñêîðîñòåé ïðè êèíåìàòè÷åñêîì ïîäõîäå. Â
îáùåì ñëó÷àå, äëÿ ïðîèçâîëüíî àíèçîòðîïíîé ñðåäû êîëè÷åñòâî ñêîðîñòåé, îïðåäå-
ëÿåìûõ ïî óðàâíåíèÿì ýéêîíàëà, ðàâíî äåâÿòè. Ýòî îáîáùàåò äîìèíèðóþùåå â íàñòî-
ÿùåå âðåìÿ ïðåäñòàâëåíèå î òîì, ÷òî â àíèçîòðîïíîé ñðåäå ðàñïðîñòðàíÿþòñÿ âñåãî
òðè âîëíû � äâå ïîïåðå÷íûå ñ ðàçíûìè ñêîðîñòÿìè è îäíà ïðîäîëüíàÿ.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 2. Ñ. 5�13
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Ïðèâåäåííûé ðåçóëüòàò ðàñ÷åòà ñåéñìè÷åñêîãî ïîëÿ, çàðåãèñòðèðîâàííîãî íà
äíåâíîé ïîâåðõíîñòè, â ñëó÷àå íàëè÷èÿ àíèçîòðîïíîãî îáúåêòà ïðèâîäèò ê ñëîæíîé
êàðòèíå âîëíîâîãî ïîëÿ. Ýòî îçíà÷àåò, ÷òî íåîáõîäèìî ñîâåðøåíñòâîâàòü ìåòîäèêè
ñåéñìîðàçâåäêè ïðè èçó÷åíèè àíèçîòðîïíûõ ñâîéñòâ ãåîëîãè÷åñêîé ñðåäû.
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The article is devoted to the study of the laws of elastic �eld propagation in

inhomogeneous anisotropic media. At the same time, anisotropy is introduced as e�ective

(averaged) parameters of a thin-layered medium, which determines the macroanisotropic

elastic parameters of the rock. It is shown that the e�ective elastic parameters obtained from

the theory of elasticity (Lame equations) do not coincide with the e�ective parameters
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& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 2, pp. 5�13
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obtained using the kinematic approach. On the basis of reduction of equations of the theory
of elasticity to the systems of the ordinary di�erential equations of the �rst order the solution
of a direct problem of seismic exploration (as a boundary value problem) for horizontally
layered and anisotropic model of the geological environment is received. The given result of
calculation of the seismic �eld registered on the daily surface in the case of an anisotropic
object leads to the complex picture of the wave �eld. This means that it is necessary to
improve the methods of seismic exploration in the course of the studying of anisotropic
properties of the geological environment.

Keywords: seismic anisotropy; e�ective parameters; systems of di�erential equations;

eikonal equation.

References

1. Bayuk I.O. Mezhdisciplinarny podkhod k prognozirovaniyu makroskopicheskikh i �ltracionno

emkostnykh svoystv kollektorov uglevodorodov [Interdisciplinary Approach to Prediction of
Macroscopic and Filtration-Capacitive Properties of Hydrocarbon Reservoirs. Thesis of
Doctor of Physical and Mathematical Sciences], Moscow, 2013. 228 p. (in Russian)

2. Wait J.E. Underground Sound � Application of Seismic Waves, Elsevier Science Publishers,
Amsterdam, 1983.

3. Backus G.E. Long-Wave Anisotropy Produced by Horizontal Layering. Journal of Geophysical
Research, 1962, vol. 67, no. 11, pp. 4427�4440. DOI: 10.1029/JZ067i011p04427

4. Rytov S.M. [Acoustic Properties of Fine-Layered Medium]. Akusticheskiy zhurnal, 1956, vol. 2,
no. 1, pp. 71�83. (in Russian)

5. Aleksandrov P.N. [Derivation of the Eikonal Equation for Aanisotropic Inhomogeneous
Media]. X Annual International Conference "Halperin Readings � 2010". Innovative

Technologies and Fundamental Researches in 2Q, 3D VSP Well-Surface Exploration and

Seismology Commemorating 90 Year Anniversary of Y.I. Galperin, Moscow, 2010, pp. 53�59.
(in Russian)

Received April 24, 2018

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 2. Ñ. 5�13

13




