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Dynamics of a Charge Qubit Encoded
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We study the short time dynamics of a charge qubit encoded in two coherently coupled quantum dots connected
to external electrodes. In the regime of sequential tunneling the waiting time distribution is used to investigate
in details statistics of the tunneling events and their correlations. We show that the coherent rotation of the
qubit state on the Bloch sphere can be seen in tunneling events when an electron is injected and leave the system.
Decoherence, relaxation of the qubit state as well as leakage processes are studied by means of transient currents.
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1. Introduction

Quantum computation requires qubits which can be
encoded, controlled and read-out in a very short time
scale. Nowadays, qubits based on quantum dots (QDs)
are very promising due to great progress in fabrication of
systems of many coherently coupled QD which can act
as a quantum register. Qubits can be encoded in a sin-
gle [1], in two [2] as well as in three electron states [3].
One of the simplest setup, in which a qubit can by re-
alized, is a double quantum dot (DQD) system with a
single electron [1]. The charge degrees of freedom allows
to encode the qubit with a long coherence time and a gate
operation time in a picosecond time scale [4]. In this case
the qubit states, which corresponds to the north and the
south pole of the Bloch sphere, are set by position of the
electron in the double well potential. The control of the
qubit states can be performed by applying voltage pulses
to a drain contact of the DQD [5] or by detuning between
local site energies [1], whereas the read-out by a nonin-
vasive quantum point contact QPC detector [1]. In this
paper we investigate the charge qubit encoded in a single
electron in the DQD system connected to external elec-
trodes. The main idea is to use the transient transport to
study the coherent qubit dynamics and the read-out pro-
cess in a short time scale. We use the waiting time distri-
bution [6] to investigate in details statistics of tunneling
events when an electron is injected and leave the DQD.
Coupling with the external electrodes can cause decoher-
ence processes which destroy the information encoded in
the qubit. Therefore, we study transient currents flow-
ing through the system to find characteristic times for a
relaxation, a decoherence and leakage processes.

2. Model of charge qubit

We consider a system of two coherently coupled quan-
tum dots (DQD) in which one of the dots is connected to
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the source (left) and drain (right) electrodes (see insert
in Fig. 1). The isolated DQD is described by the Hamil-
tonian

H �
¸
i

εic
:
ici � tij

�
c:icj � c:jci

	
, (1)

where εi is a local energy at the dot i, t is a hopping
parameter and c:i pciq denotes a creation (annihilation)
operator of an electron. We assume strong Coulomb in-
teractions which means that in the system can be only
one electron. The charge qubit states are defined as |10y
and |01y, with the electron on the first and the second
dot, respectively. They correspond the qubit oriented to-
ward the north and the south pole on the Bloch sphere.
There is also the leakage state |00y — without any elec-
tron in the system.

The dynamics of the system is govern by the mas-
ter equation 9ρ � � i rH, ρs � Dpρq, where Dpρq
is the Lindblad dissipator [7] describing connections
with the electrodes. For the considered model it
is convenient to express the density matrix as ρ �
tρ10,10, ρ01,01, ρ10,01, ρ01,10, ρ00,00u

T and rewrite the Mas-
ter equation in the form 9ρ � Lρ with the Liouvillian op-
erator
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Here, ∆ε � ε1� ε2 is the detuning parameter of the local
energy levels and Γ� � ΓL� � ΓR�. The transfer rates
from the left (L) and right (R) electrode to the first dot
of the DQD system are given by the Fermi golden rule:
ΓLpRq� � γLpRqf

�pε1�µLpRqq, where γLpRq is a parame-
ter characterizing tunneling probability through the bar-
rier LpRq, f� denotes the Fermi distribution function,
f� � 1� f� and µLpRq the electrochemical potentials in
the left and the right electrode.

Our studies focus on short time dynamics of the charge
qubit described by the Hamiltonian (1) with a single elec-
tron. The qubit dynamics is studied first by the waiting
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time distribution and next by means of the transient cur-
rents.

3. Analysis of waiting time distribution

The waiting time distribution (WTD) is a probability
for the delay time between two subsequent jumps pro-
cesses k and l when the system is initially in the station-
ary state ρ0 [6]

wkl �
Tr
�
Jl eL0τJkρ0

�
Il

, (3)

where Jl is the jump operator contains off-diagonal el-
ements of the Liouvillian (2) which correspond to the
tunneling processes through the barrier l. Il � TrrJlρ0s
is a stationary current due to this jump process with the
density matrix ρ0 given by Lρ0 � 0. For k � l the Liou-
villian L0 � L � Jk � Jl describes the evolution of the
system without the jump processes l and k.

Figure 1 presents wLR (black curve), which corre-
sponds theWTD for the occupation time of an electron at
the first jump to the drain electrode. The red curve shows
wRL for the distribution of the waiting time in the empty
state to the first jump from the source electrode. At the
initial time τ � 0, the system is in the stationary state for
which all three states are occupied with probability 1/3,
therefore wLRpτ � 0q � wRLpτ � 0q. One can see that
wRL (red curve) decreases with time monotonously and
is given by the expression wRL � ΓL� ep�ΓL�τq. The
situation is different for wLR which exhibits oscillatory
behaviour. First the system is charged by the jump pro-
cess JL from the L electrode. The qubit is encoded in the
state |10y corresponding to the north pole of the Bloch
sphere. Next one can observe the coherent rotation of the
qubit state which evolution is described by epL�JL�JRqτ .
If the electron occupies the second dot, the qubit points
the south pole of the Bloch sphere, then the jump process
JR cannot occur and wLR � 0. In this case the transport
through the system is blocked until the electron returns
to the first QD. The waiting time distribution wLR is
given by (for ∆ε � 0)

wLR �
ΓR�
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ΓR�τ
2

"
8t2

�
1 � cos

�
φτ

2


�

� ΓR�
�
ΓR� cos

�
φτ

2



� φ sin

�
φτ

2


�*
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where the period φ �
a

16t2 � pΓR�q2.

4. Analysis of transient currents

The studies of the waiting time distribution tells about
delay time between subsequence jump processes. How-
ever to investigate the qubit dynamics in more details
one needs to analyse relaxation and decoherence times.
Here we consider transient currents which can be used to
read-out of the qubit state and give information about
dynamics as well as relaxation, decoherence and leakage
processes. The transient currents are defined as
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Fig. 1. The waiting time distribution wLR - black
curve and wRL - red curve for ∆ε � 0, t � 1, γL �
γR � 0.1, kT � 0.01. Insert shows the model of the
system..

ILpτq � e
�
ΓL�ρ00,00pτq � ΓL�ρ10,10pτq

�
,

IRpτq � e
�
ΓR�ρ10,10pτq � ΓR�ρ00,00pτq

�
, (5)

for the left and the right tunnel junction, respectively.
Notice, that in general ILpτq � IRpτq due to time-
dependent charge accumulation in DQD. The both cur-
rents are equal only in the stationary limit for τ Ñ8.

In order to have better insight into dynamics of the
qubit we use the Bloch base sz � ρ10,10 � ρ01,01, sx �
ρ10,01 � ρ01,10 and sy � ipρ10,01 � ρ01,10q. The equation
of motion for the qubit is given by

9sx � � 1
2
ΓR�sx � ∆εsy, (6)

9sy � � 1
2
ΓR�sy � ∆εsx � 2tsz,

9sz � � 1
2
ΓR�sz � 2tsy � pΓL� � 1

2
ΓR�qρ00,00 �

1
2
ΓR�,

9ρ00,00 � �pΓL� � 1
2
ΓR�qρ00,00 �

1
2
ΓR�sz �

1
2
ΓR�.

These equations are similar to the optical Bloch equa-
tions and therefore, by analogy, one can extract the re-
laxation rate 1{T1 � ΓR�{2 and the decoherence rate
1{T2 � ΓR�{2. Notice that in the optical Bloch equa-
tion T2 � 2T1, but here T2 � T1 because the thermal
transitions between the qubits states are neglected and
we consider the relaxation processes only. The time T2
describes how fast the coherence between qubit states is
lost due to interaction with the electrodes. The relax-
ation time T1 gives information about the evolution of
the z component of the pseudospin. These equations de-
scribe the qubit rotation in the presence of a pseudo mag-
netic field B � p2t, 0,∆εq. The last equation describes a
leakage process from the qubit subspace to the state |00y,
which causes the collapse of the Bloch sphere. One can
estimate the leakage time as 1{Tleak � ΓL� � ΓR�{2.

Figure 2 presents the transient currents ILpτq (red
curve) and IRpτq (black curve) for the initial state |10y.
For low temperature and unidirectional transport, IRpτq
is proportional to the occupation probability ρ10,10pτq.
It means, that the qubit states can be read-out by mea-
surement of the transient currents. The oscillatory be-
havior of IRpτq is similar to wLR in Fig. 1, because the
both quantities give information about the dynamics of
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Fig. 2. Time dependence of the transient current IL
(black curve) and IR (red curve) flowing through the
left and right tunnel junction, respectively, for the qubit
encoded in the state |10y at τ � 0. The parameters
are the same as in Fig. 1. b) Rotation of the qubit
on the Bloch sphere. The black vector corresponds to
the initial state, whereas the green one to the final state.
Dumping is due to relaxation and leakage processes with
rates 1{T1 and 1{Tleak, respectively.

the qubit state and its coherent rotation on the Bloch
sphere. The minimum value of IRpτq is reached when the
qubit state becomes oriented to the south pole and the
maximum is for the orientation to the north pole. More-
over IRpτq shows also the relaxation to the stationary
state with time T1. The red curve shows the transient
current ILpτq flowing through the left tunnel junction
which is proportional to the state ρ00,00pτq. At the ini-
tial time the current is zero and then increases with the
ratio 1{Tleak which is related to the leakage processes out
of the qubit subspace. For longer times the current relax
to the stationary state with 1{T1. One can see that cur-
rent measurements give information about the relaxation
and the leakage processes which cannot be obtained from
WTD analysis.

The bottom panel in Fig. 2 shows the rotation of
the pseudospin vector of the qubit on the Bloch sphere.
The black vector corresponds to the initial ρ10,10pτq
state which is directed to the north pole on the Bloch
sphere, and the final state is represented by the green ar-
row. The vector rotates around a pseudo magnetic field
B � p2t, 0,∆εq with the radius which is diminished in
time due to decoherence rate 1{T1. The leakage process
manifest itself in the short time scale in a few first cycles.

5. Conclusion

We considered the dynamics of the charge qubit en-
coded in two coherently coupled quantum dots. The
system was weakly coupled to the external electrodes
by tunnel junctions and its dynamics was assumed to
be Markovian. Two complementary methods were used:
the waiting time distribution (WTD) and the tran-
sient currents. In particular the mutual correlations
between jump events when an electron is injected and
leave the DQD show oscillatory behaviour which corre-
sponds to the coherent rotation of the qubit state on
the Bloch sphere induced by a pseudo-magnetic field
B � p2t, 0,∆εq. Contact with the external electrodes
leads to decoherence and relaxation processes which af-
fect the qubit evolution. These processes were analysed
by the transient currents, which showed oscillations due
to coherent evolution and the characteristic decoherence
and relaxation times (inversely proportional to the tun-
neling rate to the drain electrode). Moreover, we showed
that the leakage process to the non-qubit state |00y man-
ifest itself in a short time scale.
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