
Vol. 127 (2015) ACTA PHYSICA POLONICA A No. 6
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Transverse electric surface waves are analyzed in a plasma medium bounded by a left-handed material. A dis-
persion relation is obtained by applying the boundary conditions for the tangential �eld components. Numerical
investigations show the dependence of e�ective wave index on the propagation frequency for di�erent thicknesses
and number densities of the plasma medium and also for di�erent values of the �lling factor of left-handed material.
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1. Introduction

The analyses of parallel-plate, sandwiched and slab
waveguide structures exhibit many interesting features
in the research of microwave devices [1�8]. The practical
implications of these studies are very important in mi-
crowave research when applied to optical and communi-
cation engineering, etc. In these structures, various elec-
tromagnetic and magnetostatic modes have been inves-
tigated and many advances in theoretical and numerical
analysis have been published. Over the last few decades,
much attention has been paid to the waveguide struc-
tures consisting of left-handed materials (LHMs) i.e. the
materials with negative e�ective permittivity and perme-
ability in a certain frequency range and as a consequence
di�ers substantially in the propagation properties from
conventional dielectric media [9�18]. For example, in a
symmetric slab waveguide structure the dispersion char-
acteristics of electromagnetic surface waves of a ferrite
slab bounded by LHMs have been investigated by El-
Khozondar et al. [5]. Their results show that surface
waves in the microwave region can only be satis�ed under
the condition of negative e�ective permeability of the fer-
rite slab. Properties of magnetostatic surface waves have
been investigated by Ma et al. [4] in a magnetic struc-
ture with one LHM �lm sandwiched between two ferro-
magnetic �lms. They showed the possibility of manufac-
turing a sandwich structure over some frequency range
and on modeling these structures so that they may be
used to control the dispersive e�ects of materials. In an-
other symmetric slab waveguide structure constructed
from SiO2 dielectric guiding core sandwiched between
lossy LHMs, Ashour [18] derived the modal dispersion re-
lation for transverse electric (TE) modes. He showed that
the waveguide structure is a good candidate for coupling
or guiding of electromagnetic waves. Similarly, guided
modes have been studied in asymmetric LHM slab wave-
guide structures. For example, He et al. [19] and Wang
and Dong [20] investigated the dispersive characteris-
tics of the metal�LHM�air and dielectric�LHM�dielectric
asymmetric waveguide structures, respectively.
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The research of plasma-�lled waveguide structures is
motivated by small-sized electronic devices, which are
able to operate in the microwave frequency band and
are continuously tunable over a broad frequency range
(see, for example [21] and references therein). In the
waveguide structures, a plasma �lling strongly e�ects the
dispersion properties of the di�erent wave modes. Inter-
est has been shown in studying plasma-�lled waveguides
in the past. For example, Mukherjee [22] investigated
TE modes in a plane-parallel waveguide �lled with warm
plasma and obtained the dispersion relation and the cut-
o� frequencies. He has also presented numerical results
of the cuto� frequencies for di�erent parameters char-
acterizing electron-plasma temperature, velocity and the
applied magnetic �eld. Ghosh and Pal [1] investigated
the dispersion relations of TE and transverse magnetic
(TM) modes in a plasma-�lled parallel plate waveguide
with one boundary corrugated. In another paper with a
similar geometry, Prasad et al. [2] investigated the rela-
tivistic e�ects on the TM mode and found that the ef-
fect of temperature is remarkably insigni�cant unlike for
the non-relativistic case. Plasma-�lled cylindrical wave-
guides have also been investigated in the research of com-
munication devices, e.g. Assis and Sakanaka [23] studied
electromagnetic waves propagation in a bounded magne-
tized and warm plasma. In recent years, a lot of e�ort
has been made to study di�erent physical and geometri-
cal parameters for the wave propagation in plasma-�lled
waveguides (see e.g. Khalil and Mousa [24] and references
therein).

Since most of the waveguides structures used in the
research of wave propagation in the microwave region
of communication devices include LHMs (e.g. [3�5]).
We are thus motivated to explore a symmetric slab wave-
guide structure consisting of a plasma medium sand-
wiched between lossless LHMs. This work may be useful
for potential applications in the designing of antennae,
microstrips, and waveguide couplers [16�18]. The fea-
tures of our proposed structure may provide exciting
ideas for the designing of other waveguide structures,
with possible applications in this area of research.

In this work, we discuss the dispersion properties of
TE surface waves in the plasma medium bounded by
a LHM. This paper is organized as follows. In Sect. 2,
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mathematical formulation for the proposed structure is
presented. Section 3 is devoted to the derivation of the
dispersion relation. Results and discussion are presented
in Sect. 4, where we plot and discuss the e�ective wave
index versus propagation frequency. The conclusion is
presented in Sect. 5.

2. Mathematical formulation

The geometry of the sandwich structure for the prop-
agation of TE surface waves to be analyzed is shown
in Fig. 1. We consider a plasma medium (0 ≤ x ≤ d)

Fig. 1. A schematic representation of
LHM/plasma/LHM structure.

bounded by LHM at (x < 0) and (d < x). For simplic-
ity, we assume that the propagation of these TE surface
waves are in the +z direction and that all �eld compo-
nents are proportional to e i (kz−ωt) which are indepen-
dent of y (i.e. ∂/∂y = 0), where k is the wave number in
the z direction and ω is the propagation frequency. In the
present geometry, TE �eld components are taken as

E = (0, Ey, 0)e i (kz−ωt), H = (Hx, 0, Hz)e i (kz−ωt).

2.1. Calculations for the plasma medium (0 ≤ x ≤ d)

For the plasma like medium, using time dependent per-
turbations, the following linearized equations are used to
describe the plasma motion in the absence of an equilib-
rium electron drift velocity and electric �eld [1, 23, 25]:

iωp = n0mU
2∇ · V , (1)

n0m (− iωV + νV ) = −en0E −∇p, (2)

∇×H = −en0V − iωε0E, (3)

∇×E = iωµ0H. (4)

In the above set of equations m, V , p, n0, ν, and

U = (γ́KT/m)
1/2

are the mass, velocity, pressure, num-
ber density, collision frequency, and thermal velocity of
the electrons, respectively, whereas γ́, K and T are ratio
of speci�c heats, the Boltzmann constant, and tempera-
ture of the plasma. Eliminating velocity V from Eq. (3)
by using Eqs. (1) and (2) we get

∇×H = − iωε0εpE −
iωε0U

2

ω2 + ivω
∇(∇ ·E), (5)

where

εp = 1−
ω2
p

ω2 + ivω
, (6)

ωp is the electron plasma frequency and is given by

ωp =
(
e2n0/ε0m

)1/2
. Equations (4) and (5) give

∇(∇ ·E)−∇2E =

iωµ0

[
− iωε0εpE −

iωε0U
2

ω2 + ivω
∇(∇ ·E)

]
. (7)

Since in the present geometry of TE surface waves we
have taken E = Ey ĵ and ∂/∂y = 0, this yields

∇ ·E =
(
î∂/∂x+ k̂∂/∂z

)
·
(
Ey ĵ

)
= 0.

Thus Eq. (7) reduces to

d2Ey

dx2
− k2pEy = 0, (8)

where k2p = k2−k20εp and k20 = ω2/c2. For Eq. (8), subse-
quently we can write the following surface wave solution:

Ey = A cosh (kpx) +B sinh (kpx) , (9)

The corresponding magnetic �eld components are ob-
tained from Maxwell Eq. (4):

Hx =
−k
ωµ0

[A cosh (kpx) +B sinh (kpx)] , (10)

Hz =
− ikp
ωµ0

[A sinh (kpx) +B cosh (kpx)] . (11)

2.2. Calculations for the LHM (x < 0 and d < x)

Here we carry out similar calculations as were done in
the previous section, but now for the LHM. The Maxwell
�eld equations for the LHM are

∇×H = − iωε0ε(ω)E, (12)

∇×E = iωµ0µ(ω)H, (13)

The dielectric constant and relative magnetic permeabil-
ity of the LHM are given by

ε(ω) = 1−
ω2
pL

ω2
, (14)

and

µ(ω) = 1− Fω2

ω2 − ω2
r

, (15)

where ωpL is the plasma frequency for the LHM, F is the
�lling factor of the split ring resonator, ωr is the reso-
nance frequency [3, 26�30]. Here the losses have been ne-
glected and consequently from Eqs. (12) and (13), we ob-
tain

d2Ey

dx2
− k2LEy = 0, (16)

where k2L = k2 − k20ε(ω)µ(ω). We write the surface wave
solution in the following form:

Ey = C ekLx +De−kLx. (17)

The �eld components of TE surface waves for the LHM
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at x < 0 are

Ey = C ekLx, (18)

Hx =
−k

ωµ0µ(ω)
C ekLx, (19)

Hz =
− ikL

ωµ0µ(ω)
C ekLx. (20)

Here we consider that the �eld penetration length in
LHM layer is much shorter than their thickness. Sim-
ilarly, we can obtain the �eld components of TE surface
waves for the LHM at x > d as

Ey = De−kLx, (21)

Hx =
−k

ωµ0µ(ω)
De−kLx, (22)

Hz =
ikL

ωµ0µ(ω)
De−kLx. (23)

3. Dispersion relation

The dispersion relation for TE surface waves can be
obtained by applying the boundary conditions for the
continuity of the tangential components of the electric
and magnetic �eld vectors. For this purpose, continu-
ity of the tangential components of electric �eld Ey and
magnetic �eld Hz at x = 0 and x = d gives the following
dispersion relation for the TE surface waves:

tanh (kpd) =
−2kpkLµ(ω)

k2L + k2pµ
2(ω)

. (24)

The above dispersion relation (24) can be solved nu-
merically for the TE surface waves propagating in the
LHM/plasma/LHM structure. For this purpose, we use
expressions of kp and kL as indicated in Eqs. (8) and (16),
respectively and establish a relationship between the ef-
fective wave index β = ck/ω and the propagation fre-
quency ω in the following form:

tanh

(
ωd

c

(
β2 − εp

) 1
2

)
=

−2µ(ω)
[
β2 − εp

] 1
2
[
β2 − ε(ω)µ(ω)

] 1
2

[β2 − ε(ω)µ(ω)] + µ2(ω) [β2 − εp]
. (25)

To analyze the dispersion characteristics, the expressions
for εp, ε(ω) and µ(ω) can be used from Eqs. (6), (14)
and (15), respectively.

4. Results and discussion

In this section, we numerically investigate the disper-
sion Eq. (25) for a LHM/plasma/LHM sandwiched struc-
ture. In this connection, we discuss the dependence of ef-
fective wave index β on the propagation frequency ω for
di�erent values of thickness d and number density n0 of
the plasma medium. Similarly, we also show a plot for the
di�erent values of the �lling factor F of the LHM. In the
present analysis, we have assumed that ν/ω � 1 [1].

Figure 2a shows the dependence of e�ective wave in-
dex β on the propagation frequency ω for di�erent values
of the thickness d of the plasma medium i.e. d = 10−4 m,
d = 0.5 × 10−4 m and d = 0.1× 10−4 m. The param-
eters values chosen for the LHM are ωpL = 1010 Hz,
ωr = 4 × 109 Hz and F = 0.56. For these numerical
values, the frequency band extends from 4 × 109 Hz to
6×109 Hz, for which the permittivity and permeability of
LHM have negative values simultaneously [3, 28, 30]. For
the plasma medium, we consider typical values of elec-
tron number density n0 for an over-dense plasma regime
with εp = 1 − ω2

p/ω
2 < 0 when ω < ωp. Thus for

n0 = 1017 m−3 Fig. 2a shows that for each thickness d of
the plasma medium, there are two propagation regions
around a gap (or region of non-propagation) within the
frequency band from 4 × 109 Hz to 6 × 109 Hz. We ob-
serve that with the increase of e�ective wave index β,
the propagation gap decreases. To show this trend we
have chosen large values of β. It may be noted that in
Refs. [5, 31] much higher values of β have been used to
show such trends. It is observed that in the upper region
of propagation the frequency ω shows a decrease with
the increase of e�ective wave index β. Since a dispersion
curve's slope gives the group velocity, thus a negative
slope means that backward wave propagation occurs and
our proposed structure in the upper region of propaga-
tion behaves like a LHM [28], whereas the lower region
of propagation shows an opposite trend. It should fur-
ther be noted that as the thickness d of plasma medium
decreases, the propagation gap increases. This shows
that propagation characteristics of the proposed struc-
ture are very sensitive to the thickness of the plasma
medium within a certain frequency band for which the
permittivity and permeability of LHM have negative val-
ues simultaneously.

Figure 2b shows the dependence of e�ective wave in-
dex β on the propagation frequency ω for di�erent val-
ues of the number density n0 of the plasma medium i.e.
n = 1017 m−3, n = 5× 1019 m−3, and n = 1021 m−3,
with F = 0.56 and d = 10−4 m. Here we observe that,
at some higher number density e.g. n = 5× 1019 m−3 or
n = 1021 m−3, the lower region of propagation shifts up-
wards with negative slope (at smaller values of e�ective
wave index β) whereas the upper region of propagation
remains almost insensitive. Thus, for a certain range of
the number densities (or dielectric constant εp of plasma
medium), the upper region of propagation remains in-
sensitive in the frequency band. It means for a given
thickness d = 10−4 m, our proposed structure has some
�exibility for the values of number density (or dielectric
constant of plasma medium). It is also noticed that at
some higher values of number densities e.g. n = 1019 m−3

the propagation gap increases and then decreases with
the increase of e�ective wave index. This shows that the
propagation band or gap can be controlled by varying the
number density.

Figure 2c shows the dependence of e�ective wave in-
dex β on the propagation frequency ω for di�erent values
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Fig. 2. A plot of e�ective wave index β versus prop-
agation frequency ω for a LHM/plasma/LHM struc-
ture. (a) For di�erent thicknesses of the plasma medium
i.e. d = 10−4 m (��), d = 0.5× 10−4 m (� �)
and d = 0.1 × 10−4 m (. . . . . . ), with F = 0.56 and
n = 1017 m−3; (b) For di�erent values of number den-
sities i.e. n = 1017 m−3 (��), n = 5× 1019 m−3

(· · · · · ·), and n = 1021 m−3 (. . . . . . ), with F = 0.56
and d = 10−4 m; (c) For di�erent values of �lling fac-
tor i.e. F = 0.4 (��), F = 0.5 (� �) and F = 0.6
(. . . . . . ), with d = 10−4 m and n = 1017 m−3.

of the �lling factor F of the LHM i.e. F = 0.4, F = 0.5
and F = 0.6, with d = 10−4 m and n = 1017 m−3. We ob-
serve that the propagation gap increases with an increase
of the �lling factor F of the split ring resonator in the
LHM. This shows more �exibility in designing the split
ring resonator of the LHM for the proposed structure.

5. Conclusion

The dispersion characteristics of TE surface waves have
been investigated theoretically for a LHM/plasma/LHM
structure. These investigations have been carried out in
the speci�c frequency band for a LHM. For each thick-
ness d of the plasma medium, there are two propagation
regions around a gap within the frequency band. In the
upper region of propagation, the propagation frequency
shows a decrease with the increase of e�ective refractive
index. This negative slope indicates that our proposed
structure behaves like LHM for upper region of propa-
gation. Whereas, in the lower region of propagation, we
observe an opposite trend. We have found that with the
increase of e�ective wave index, this propagation gap in
the frequency region decreases. We have also observed
that as the thickness of the plasma medium decreases,
the propagation gap in the frequency region increases.
Further it is seen that the propagation characteristics

are also sensitive to the number density of the plasma
medium and it is noticed that the propagation band or
gap can be controlled by varying the number density.
Also, we have found that the propagation gap increases
with the increase of the �lling factor of the split ring
resonator.
The present work is based on a simple model of a

plasma-�lled waveguide. Hence, some experimental work
is de�nitely required in complementing the proposed the-
ory developed in this study. Taking into account advan-
tages of our plasma-�lled waveguide over the other mod-
els applied in communication devices, it is evident that
our model shows a band-gap structure which supports
TE surface wave propagation in a narrow frequency in-
terval where permittivity and permeability coexist with
negative values. The main advantage of our proposed
structure is that the propagation characteristics are not
only dependent on the LHM parameters and thickness
of the sandwich layer but also on the number density of
the plasma medium. A plasma medium can have a sig-
ni�cant e�ect if the plasma density is controlled and the
geometry of the proposed structure is properly designed.
This work may provide potential applications in the de-
sign of communication devices and components e.g. an-
tennae, microstrips and waveguide couplers, etc., capable
of supporting TE surface waves, with more �exibility on
the thickness and number density of the plasma medium
and also in the designing of the split ring resonator of
the LHM.
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