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Experimental observations show that the nematic order parameter is signi�cantly enhanced as the thickness
of the cell is reduced. Calculations of earlier theories do not agree well with the experimental data. We propose a
simple extension of Maier�Saupe theory to account for the enhancement. A molecule near the surface is assumed
to feel the mean �eld potential (the Maier�Saupe type) and also the surface induced potential. This is included in
the Maier�Saupe theory. Our calculations are in better agreement with the experimental data.
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1. Introduction

Nematic liquid crystals have a long-range orientational
order of the long axes of the molecules [1]. The orienta-
tional order parameter is given by S = ⟨P2 cos θ⟩. Studies
of liquid crystal (LC) in con�ned geometries are partic-
ularly very important both from fundamental and tech-
nological point of view. LCs are used in display devices.
The typical thickness used in bistable displays is about
2 µm. Twisted nematic LC is widely used in many dis-
play systems. The d/p ratio a�ects the switching time,
where d is the cell thickness and p is the pitch. The ratio
d/p shows the deviation in thin cells. Such deviation is
observed to increase as the cell thickness decreases and
can be appreciable for d ≤ 7 µm. It is found that the
order parameter at the surface of the substrate as well
as in the interior of the sample increases with decreasing
cell thickness. There are several theoretical and experi-
mental studies to show that the enhancement is larger as
the thickness is reduced [2�8]. We discuss this signi�cant
enhancement of birefringence ∆n (∝ S, where S is the
orientational order parameter) in thin cells.
Assuming a perfect orientational order at the surface,

calculations based on the Landau�de Gennes theory show
that the thickness averaged enhancement of S increases
as the temperature is close to the nematic�isotropic tran-
sition temperature [9]. The measured order parameter S
is further enhanced in thin cells because of the sti�ening
of the elastic constant. This reduces the thermal �uctu-
ations of the nematic director. The combined e�ect is
too small at low temperatures to account for the exper-
imental data [10]. We propose a simple extension of the
Maier�Saupe (M�S) theory to account for the enhance-
ment.
In our model, a molecule near the surface is assumed

to feel the mean �eld potential (M�S type) and also sur-
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face induced potential. This is included in M�S theory.
Our calculations are in better agreement with the exper-
imental data [10].

2. Theoretical model

The distance from the surface of the cell into the
medium is taken along the z-axis. The medium is as-
sumed to be made up of layers of thickness dz parallel
to the cell wall. All calculations are made for a layer and
then integrated over z. Ui is the molecular mean �eld
potential of i-th molecule at z. Sz is the order parameter
for molecules in the layer between z and z + dz. F/N
is the average Helmholtz free energy per molecule in the
layer between z and z + dz.
A molecule at z feels the mean �eld potential (M�S

type) and also surface induced potential. The exact na-
ture of the variation of surface potential with respect to
z is not known experimentally. The potential has the
maximum at z = 0 and zero at large distances from the
surface. Thus, the surface induced potential is taken em-
pirically to decay exponentially as

Ui = Us e
−z/r0 , (1)

where Us is surface potential at z = 0 and r0 is the char-
acteristic length. The layer thickness is taken to be quite
small, comparable to molecular length.
The mean �eld is not provided by the bulk medium

since the interaction beyond few layers is negligible. Also
the e�ect of gradient dS/dz and its elastic energy e�ects
are shown to be very small [10]. Hence, also for M�S
type mean �eld, we use S instead of Sz. Variation in
the density of the medium due to the variation of S is
ignored.
The order parameter, averaged over the full thickness

of the cell is

⟨S⟩ =
∫ t/2

0
Sz dz∫ t/2

0
dz

, (2)

where t is the cell thickness. The integration is done up
to half the cell thickness since the other half is symmetric.

(625)
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This is to be compared with the experimental values
of ⟨S⟩.
Surface potential at z = 0 is Us = AU0 where A is a

constant and U0 is the constant in M�S theory with

U

kTNI
= 4.541, (3)

k being the Boltzmann constant and TNI � the nematic�
isotropic transition temperature.

3. Expression for free energy and order

parameter

As explained above, the potential of the i-th molecule
at z is written as

Ui = −U0SP2 (cos θi) , (4)

where P2 is the 2nd Legendre polynomial and θi is the
angle between nematic director and the long axis of the
i-th molecule.
The average internal energy per molecule is

U

N
=

U0S
2

2
− Us e

−z/r0S, (5)

where N is the Avogadro number and S = ⟨P2(cos θi)⟩
is the order parameter at z, with ⟨ ⟩ representing the
statistical average.
The molar entropy is ℑ = Nk⟨ln f⟩ where f is the

probability distribution function.
The average Helmholtz free energy per molecule is

F

NkT
= −U0S

2

2kT
− Us

kT
e−z/r0S + ⟨ln f⟩, (6)

where ⟨ln f⟩ =
∫ 1

0
f ln f dx with x = cos θ.

Hence the order parameter is

S =

∫ 1

0

fP2(x)dx, (7)

minimizing F with respect to (w.r.t.) f we get

f =
exp

(
U0

kT

(
S +Ae−z/r0

)
P2(x)

)
Z

, (8)

where Z =
∫ 1

0
f dx is the partition function.

Substituting for ⟨f ln f⟩ we get
F

NkT
=

U0S
2

2kT
− lnZ. (9)

Minimizing F w.r.t. S we get

S =

∫
fP2(x)dx, (10)

which satis�es the self-consistency condition.

4. Method of calculation

The necessary integrals are evaluated numerically us-
ing 32 point Gaussian quadrature method in double pre-
cision. Numerical iteration is used to adjust S for self-
-consistency. The constant A is taken to be 10 as in
[9]. After calculating S at di�erent values of z, the av-
erage value ⟨S⟩ is found for a given thickness (t) using
Eq. (2). This is repeated for di�erent values of t and also
for thicknesses 1 µm and 10 µm, respectively. In each

case the percentage change in nematic order parameter
dS1%, dS2% and dS% are calculated using

dS% =
⟨S⟩1 µm − ⟨S⟩10 µm

⟨S⟩10 µm
× 100, (11)

dS%1 µm =
⟨S⟩1 µm − ⟨S⟩b

⟨S⟩b
× 100, (12)

dS%10 µm =
⟨S⟩10 µm − ⟨S⟩b

⟨S⟩b
× 100, (13)

where Sb is the bulk value, corresponding to large value
of z at which Us has become negligible.

We have tried for another surface induced potential
with inverse square dependence of the type

Ui = Us
1

1 + (z/r0)
2 (14)

with Us = U0A as earlier.

Minimising the free energy per molecule we get

f =
exp

(
U0

kT

(
S +A 1

1+(z/r0)
2

)
P2(x)

)
Z

. (15)

The value of ⟨S⟩ is found for di�erent values of T , for
thicknesses 1 µm and 10 µm, respectively, as earlier.

5. Results and discussion

Calculated variations of order parameter (SZ) with dis-
tance from surface (z) for a cell of thickness 1 µm and
10 µm, at T = TNI − 1◦ and T = TNI − 10◦ are shown
below in Figs 1 and 2. The variations are plotted up to
a middle of cell since the other half is symmetric. The
X-axis is taken as z/r0, with r0 = 0.01 µm.

Fig. 1. Variation of order parameter Sz with distance
from surface z for a cell of thickness 1 µm, up to middle
of cell, with r0 = 0.01 µm, at t = TNI−1◦ and TNI−10◦.

Fig. 2. Variation of order parameter Sz with distance
from surface z for a cell of thickness 10 µm, up to middle
of cell, with r0 = 0.01 µm, at t = TNI−1◦ and TNI−10◦.
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Note that the Sz at the surface is nearly 0.98 since the
surface potential at z = 0 is strong. It decreases to the
bulk value away from the surface.
Tables I and II show the variation of Sb and dS%

at di�erent temperatures near TNI. The experimental
values are as reported in Ref. [10]. It can be seen that,
close to TNI, the enhancement is large and decreases as
the temperature is lowered. This trend is expected, as
the surface potential has a larger e�ect in increasing the
order parameter when the bulk order parameter is lower.
The bulk order parameter increases with the decrease in
temperature and the e�ect of surface order is reduced.
Experimentally it is found [10] that the enhancement is

not signi�cantly reduced at lower temperatures. Consid-

ering the �rst potential (exponential decay) the percent-
age enhancement of the order parameter between thick
and thin cells reduces by 1.5 times with the decrease
in temperature, while for the second potential (inverse
square law) the reduction is 1.7 times. However, the re-
duction as per the calculations in Ref. [10] is 50 times.
Thus, the simple empirical equations used for the decay
of surface potential give results which are in better agree-
ment with experimental data compared to earlier theories
[10]. Of the two potentials used, the second potential is
better than the �rst as seen in Table III. This gives an in-
sight about the realistic variation of surface e�ects which
may be investigated more rigorously.

TABLE I

Comparison of calculated values of order parameters (S) in cells of thick-
nesses 1 µm and 10 µm for the �rst potential (exponential decay).

Temperature Sb [10] Sb ⟨S1⟩ ⟨S2⟩ dS1% dS2% dS% dS% [10]

TNI − 0.2◦ 0.297 0.4311 0.4835 0.4363 12.15% 1.21% 10.8% 30%

TNI − 1◦ 0.373 0.4407 0.4918 0.4458 11.58% 1.16% 10.3% 9%

TNI − 5◦ 0.566 0.4799 0.5257 0.4845 9.55% 0.96% 8.5% 1.5%

TNI − 10◦ 0.714 0.5165 0.5578 0.5206 8% 0.8% 7.1% 0.6%

TABLE II

Comparison of calculated values of order parameters (S) in cells of thick-
nesses 1 µm and 10 µm for the second potential (inverse square type).

Temperature Sb [10] Sb ⟨S1⟩ ⟨S2⟩ dS1% dS2% dS% dS% [10]

TNI − 0.2◦ 0.297 0.4311 0.5136 0.4403 16.67% 2.11% 16.49% 30%

TNI − 1◦ 0.373 0.4407 0.5192 0.4494 15.66% 1.95% 15.53% 9%

TNI − 5◦ 0.566 0.4799 0.5257 0.4871 12.36% 1.479% 12% 1.5%

TNI − 10◦ 0.714 0.5165 0.5726 0.5225 10% 1.142% 9.6% 0.6%

TABLE III

Comparison of dS% in �rst and second potentials.

Compound [10] Thickness of the thin and thick cells [µm] dS% [10] dS% (�rst potential) dS% (second potential)

S1014 1.5 and 6.7 15% 3.85% 10.10%

CN 1.5 and 14 11% 4.26% 12.58%

Due to increased orientational order, the smectic phase
may be stabilised near the surface. In fact, experiment [9]
shows that layers of smectic are possible near the surface.
This can be discussed by including the surface potential
to extend McMillan theory for the smectic phase. Further
work in this direction is under progress.

6. Conclusions

Experimental observations show that the nematic or-
der parameter is signi�cantly enhanced as the thickness
of the cell is reduced and that this enhancement does not
signi�cantly reduce as the temperature is lowered below
TNI. Calculations of earlier theories do not agree well
with the experimental data. We use an empirical vari-
ation of surface potential and have proposed the simple
extension of the Maier�Saupe theory to account for the
enhancement. Our results are in better agreement with
experimental results.
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