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A wi de vari ety of quantum opti cal coherence ẽ ects, as well as exp erimenta l
techni ques, are based on doubl e resonance. However, spati al propagati on of two
Ùelds tha t are coupl ed in a doubl e-resonance intera cti on has not previ ously been
inv estigated. Thi s m ay be im porta nt in l ight of the increasing use of double reso-
nance in new e˜ects such as lasing wi tho ut inversion (LW I) and electrom agneti cal ly
induced tra nsparency (EIT) [1, 2].

The area theo rem for evoluti on of a coherent pul se in an inhomogeneously
bro adened two- level medium deri ved by McCa l l and Ha hn in 1967 pl ays a centra l
ro le in the nonl inear opti cal theo ry of resonant system s [3, 4]. It pro vi des us wi th a
uni que intui ti ve guide thro ugh com plex matter- Ùeld behavi or, relyi ng only on the
kno wl edge of the ini ti al value of the pul se's area. The McCa l l{ Hahn area theo rem
stands on such sol id physi cal ground tha t i ts predi cti ons extend beyond the regim e
where i ts deri vati on has a ri gorous character (see [5]).

It would be attra cti ve to have a theo rem of sim i lar general i ty tha t can be
appl ied for t w o Ùelds intera cti ng wi th tw o di ˜erent resonant tra nsiti ons. The most
stra ightf orward appro ach is im plem ented in [6, 7], where area theo rem s are deri ved
for V and Ê system s under the restri cti on of ini ti al ly identi cal pul se shapes, in
whi ch case the three- level media exhi bi t onl y f ami li ar two -level behavi or. Ano ther,
nontra di ti onal , appro ach would be to step away from the two- level phi losophy
by focusing on tho se elements speciÙc to three- level systems wi th no analogy in
two - level physi cs, namely the physi cs of the well -known \ dark state" [8].
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The m ost attra cti ve features of three- level systems occur in a Ê conÙgura ti on
as shown in Fi g. 1a. The long-l ived stabi li ty of the two lower states gives ri se to
num erous e˜ects ranging from coherent populati on tra ppi ng [9], to counteri ntui tiv e
exci ta ti on [10], m atched pul se pro pagati on [11], adi abato ns [12], and many others.
The dark state of lam bda system s m ani f ests i tsel f as a coherent sup erpositi on
of the ground levels whi ch is decoupl ed from the inci dent Ùelds by destructi ve
interf erence of the absorpti on paths.

Fig. 1. (a) and (b) Sketches of the bare- state and bright /dark- state pictures of a typical

atom in a Ê -typ e medium. (c) Dark area ˚ D versus distance for ¢ = 0 , see Eq. (4).

Distance is measured in Beer ' s lengths, ˜ ± .

Evo luti on equati ons for a generic lamb da conÙgurati on can be wri tten using
the standard tra vell ing-wav ecoordi nates ± = z , and § = t À z =c , the local ti me in
a reference f ram e movi ng wi th the vel ocit y of l ight in the m edium
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The nota ti on involvi ng Rabi frequenci es ¨ and pro babi l ity am pl itudes (g ; g ; a )
is conventio nal (see Fi g. 1a). W e assume tha t the Ùelds are ini ti al ly unchi rp ed and
rem ain so. The angular bra ckets in (1) refer to the D oppl er averages. W e do not
requi re ñ = ñ for the two coupl ing constants but we trea t only tha t case here [13].

The usual dressed basis fo llows from a rota ti on in g À g space:
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where the dressing angle ˚ i s deÙned (up to Ï n ¤ ) by cos ˚ =2 ² ¨ g =¨ and sin ˚ =2 ²

¨ g =¨ , and the auxi l iary \ bri ght Ùeld" is deÙned as ¨ ² ¨
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, and the

bri ght- dark coupl ing scheme is indi cated in Fi g. 1b. It is al ready kno wn [14] tha t ˚
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is importa nt f or tem pora l evoluti on: the m agni tude of _˚ separates non-adiabati c
from adiabati c regim es.

There are unexp ected advanta ges in trea ti ng the dressing angle ˚ as the pri -
m ary dyna mical vari abl e for spati al evoluti on. Here we use the \ dark R abi frequen-
cy" ¨ D vi a the Fl eischhauer{ Ma nka relati on [15]: ¨ D = À i( _¨ g ¨ g 0 À _¨ g 0 ¨ g ) = ¨ 2

B ,
whi ch suppl ies the form ula: ˚ ( ± ; § ) = i

R§

À 1
d§ 0 ¨ D ( ± ; § 0 ) . Note tha t the form ulae

Ùx the ori gin and thereby elim inate the Ï n¤ ambigui ty in ˚ deÙned as the rota ti on
angle in Eq. (3). Any T fol lowing the passage of the pul ses is e˜ecti vel y an inÙni te
ti m e, so we deÙne the dark area as ˚ (± ) ² l im(T ƒ § ) ˚ ( ± ; T ) . W e Ùnd tha t i t
obeys the nonl inear pro pagati on law
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where ¢ i s a constant determ ined by the ini ti al (i .e. before the pul ses com e)
ground- state coherence of the m edium, and ˜ i s the norm al inv erse Beer length
for an inhom ogeneously broadened m edium .

The analogy of Eq. (4) to the McCa l l { Ha hn area theorem is obvi ous. D e-
pending on ini ti al condi ti ons, there are inÙnitel y m any branch soluti ons for the
dark area ˚ , as indi cated in Fi g. 1c. An area theorem does not specify pul se
shapes, and we expect shapes to change as the pul sesevolve to reach a stable area
wi th m atched form s, as is shown in Fi g. 2. Note tha t the Ùgure shows tha t, perhaps

¨
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unexp ectedly, an ini ti al ly m atched pai r of pul ses does not rem ain m atched, but
m ay change dram ati cal ly before evolvi ng into a stable Ùnal matchi ng, whi ch wi l l
not be at al l sim i lar to the ini ti al matchi ng.

W e wi ll report elsewhere [13] the detai ls of the metho ds we have used to
obta in Eq. (4). Interm ediate resul ts include a new wa ve equati on for ˚ ( ± ; § ) and
spati al evoluti on equati ons for D and B . The ro le of inhomogeneous broadening
is emphasized.
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