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We provide an extension of inferential criteria C1-C5 to the case of several
covariates. From now on we assume the following notation: let K ≥ 2 be the
number of covariates taken into account and suppose that the kth covariate has (lk+
1) levels denoted by 0, 1, . . . , lk, where 0 is the reference category (k = 1, . . . ,K).
Thus we have

∏K
k=1(lk + 1) strata and each of them can be represented by a K-

dim vector (c1, . . . , cK), where ck denotes the level of the kth covariate (with ck ∈
{0, . . . , lk} and k = 1, . . . ,K). At each stratum (c1, . . . , cK), let Nn(c1, . . . , cK)
be the number of subjects within this stratum after n assignments, Ñn(c1, . . . , cK)
denotes the number of allocations to A and πn(c1, . . . , cK) is the corresponding
proportion, where Ñn(c1, . . . , cK) = πn(c1, . . . , cK)Nn(c1, . . . , cK). Let

%n(c1, . . . , cK) = {Nn(c1, . . . , cK)πn(c1, . . . , cK)[1− πn(c1, . . . , cK)]}−1 ,

then inferential criteria C1-C2 are given, respectively, by:
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Letting now K = {1, . . . , l1} ⊗ {1, . . . , l2} ⊗ . . . ⊗ {1, . . . , lK} (in order to set
for simplicity

∑l1
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cK=1 :=

∑
c1,...,cK∈K), criterion C3 can be

simplified as follows:
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where we use the convention that, if does not exist a multi-index i1, i2, . . . , it satis-
fying i1 < i2 < . . . < it, then the corresponding term of the sum is treated as zero.
The rationality of this formula is the following: each stratum (c1, . . . , cK) ∈ K
(which does not involve any of the reference categories of the covariates) gives its
contribution %n(c1, . . . , cK) with weight equal to 1, whereas the contribution of ev-
ery stratum involving the reference category of one or more covariates is weighed
by the product of the number of levels of the covariates that are fixed to their ref-
erence categories (for t = 1 we sum over the strata with exactly one covariate at
the reference category, for t = 2 the sum is over all the strata with a pair of factors
fixed at their reference levels, etc...).

Moreover, criterion C4 coincides with C5 and is given by
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Sketch of the proof. The proof follows directly from those in Appendix A.1
generalized to the case of K ≥ 2 covariates. Taking into account criterion C1, let
(Z1, . . . , ZK) be the vector of covariates of interest, where each Zk is represented
by a lk-dim vector Zk of dummy variables (k = 1 . . . ,K). Now δtF contains the
number of allocations to A at each level of every covariate (except the reference
categories), as well as at each interaction of every order among covariates, namely
δtF = (Ñt
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, . . . , Ñt
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). Using the same partition

of the matrix ΩA given in equation (A.1) with C = diag(ÑZ1⊗Z2⊗...ZK
) (whereas

matrices A and B must be rearranged accordingly), then
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that involves the products of the terms Ñn(c1, . . . , cK)’s at each stratum with
at least one covariate in the reference category, except stratum (0, . . . , 0). Since∑n

i=1 δi − δtF(ΩA)
−1Ftδ = Ñn(0, . . . , 0), thus criterion C1 follows directly.

Inferential criteria C2-C5 can be derived analogously, after tedious calculations.
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